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Introduction - Dynamical system

Equilibrium state - Stability
Attraction Domain

Compute the attraction domain of an asymptotically stable poin

x = f(x)
x € R"

,f € C°(R",R").
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Introduction - Dynamical system

Equilibrium state - Stability
Attraction Domain

Let us denote by {p! : R" — R"},cR the flow, i.e.

—p'x = f(x) and ¢° = Id (1)
dt -

Nicolas Delanoue - Luc Jaulin Attraction domain onlinear dynamical system using inte



Introduction - Dynamical system

Equilibrium state - Stability
Attraction Domain

Let us denote by {p! : R" — R"},cR the flow, i.e.
—p'x = f(x) and ¢° = Id (1)
dt =0

The function t — ¢fx is the solution of x = f(x) satisfying
x(0) = x. J
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Introduction - Dynamical system St S - Sk
Attraction Domain

Definition

A point x € R, x is an equilibrium state if f(x) =0 i.e.
ot(x) = x,Vt € R.
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Introduction - Dynamical system St S - Sk

Attraction Domain

Definition
A set D is stable if :
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Introduction - Dynamical system St S - Sk

Attraction Domain

Definition
A set D is stable if :

+
Y*(D)c D
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Introduction - Dynamical system

Equilibrium state - Stability
Attraction Domain

Example of a non stable set
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Introduction - Dynamical system

Equilibrium state - Stability
Attraction Domain

An equilibrum state x is asymptotically (E, Eg)-stable if
N
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Z
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Introduction - Dynamical system

Equilibrium state - Stability
Attraction Domain

An equilibrum state x is asymptotically (E, Eg)-stable if
o SR (E)C K
N
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Introduction - Dynamical system

Equilibrium state - Stability
Attraction Domain

An equilibrum state x is asymptotically (E, Eg)-stable if
o SR (E)C K
® ©™(E) = {xx}
N
\
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Z
)
0
U ECE
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Introduction - Dynamical system

Equilibrium state - Stability
Attraction Domain

Definition

The attraction domain of x4 is the set

Ax, ={x €D | p*°(x) = X0}

Solver.
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Introduction - Dynamical system Sl s - el

Attraction Domain

Compute the attraction domain A,__.

@ Show that there exists an unique equilibrium point x,
(2]
(8]

N
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Introduction - Dynamical system

Equilibrium state - Stability
Attraction Domain

Compute the attraction domain A,__.

@ Show that there exists an unique equilibrium point x,

@ Prove that x,, is asymptotically stable and compute a
neighborhood of x, included in the attraction domain. (Alg.
A)

o
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Introduction - Dynamical system

Equilibrium state - Stability

Attraction Domain

Compute the attraction domain A,__.

© Show that there exists an unique equilibrium point X,

@ Prove that x,, is asymptotically stable and compute a
neighborhood of x., included in the attraction domain.
© Discretize the vector field to compute a sequence A, such

that A, —p—oco Ax., Where A, is the attraction domain of
Xso- (Alg. B)
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Positivity
Lyapunov theory Lyapunov Theory
Algorithm A

Positivity

A proof that Vx € [x], f(x) > 0. ]
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Positivity
Lyapunov theory Lyapunov Theory
Algorithm A

Positivity

A proof that Vx € [x], f(x) > 0. ]

3 cases :
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Positivity
Lyapunov theory Lyapunov Theory
Algorithm A

Positivity

A proof that Vx € [x], f(x) > 0. ]

3 cases :

@ Vx € [x], f(x) > 0 : interval analysis.
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Positivity
Lyapunov theory Lyapunov Theory
Algorithm A

Positivity

A proof that Vx € [x], f(x) > 0. ]

3 cases :
@ Vx € [x], f(x) > 0 : interval analysis.
@ Vx € [x],f(x) =0 : algebra calculus.
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Positivity
Lyapunov theory Lyapunov Theory
Algorithm A

Positivity

A proof that Vx € [x], f(x) > 0.

3 cases :

@ Vx € [x], f(x) > 0 : interval analysis.

@ Vx € [x],f(x) =0 : algebra calculus.
@ In other cases?
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Positivity
Lyapunov theory Lyapunov Theory

Algorithm A
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Positivity
Lyapunov theory Lyapunov Theory
Algorithm A

Algebra calculus is not enought . ..

In the cases where function are not polynomials.
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Positivity
Lyapunov theory Lyapunov Theory
Algorithm A

Algebra calculus is not enought . ..

In the cases where function are not polynomials.

Interval analysis is not enought . ..

In the general case, one only has :

F(IxD) & [FI(IXD)-
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Positivity
Lyapunov theory Lyapunov Theory
Algorithm A

Algebra calculus is not enought . ..

In the cases where function are not polynomials.

Interval analysis is not enought . ..

In the general case, one only has :

F(IxD) & [FI(IXD)-

@ multiple occurrence of variables.
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Positivity
Lyapunov theory Lyapunov Theory
Algorithm A

Algebra calculus is not enought . ..

In the cases where function are not polynomials.

Interval analysis is not enought . ..

In the general case, one only has :

F(IxD) & [FI(IXD)-

@ multiple occurrence of variables.

@ outward rounding.
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Positivity
Lyapunov theory Lyapunov Theory

Algorithm A
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Positivity
Lyapunov theory Lyapunov Theory

Algorithm A

—

Interval analysis
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Positivity
Lyapunov theory Lyapunov Theory

Algorithm A

/

Algebra calculus and Interval Analysis
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Positivity
Lyapunov theory Lyapunov Theory

Algorithm A

Theorem

Let xp € E where E is a convex set of R”, and f € C?>(R",R). One
has :
If

@ 3xo such that f(xp) = 0 and Df(xp) = 0.
Q Vx € E,D?*f(x) > 0.
then Vx € E, f(x) > 0.
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Positivity
Lyapunov theory Lyapunov Theory
Algorithm A

Example

To prove that f(x) > 0,Vx € [-1/2,1/2]
where f : R? — R is defined by

f(x,y) = —cos(x® +v/2sin? y) + x* + y? + 1.

onlinear dynamical system using inte
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Positivity
Lyapunov theory Lyapunov Theory
Algorithm A

Let f : R? — R the function defined by :
f(x,y) = —cos(x? +v2sin? y) + x% + y? + 1.
© One has: f(0,0) =0 and V£(0,0) =0

V) = 2x(sin(x? + v/2sin% y) 4+ 1)
e/ = 2v2cosysinysin (V2siny +x%) +2y )
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Positivity

Lyapunov theory Lyapunov Theory

Algorithm A
of  Pf
a1 d1.2 > _ 0x? Ox0y
- o°f O*f
a1 axp B0%x  0y°

a1

a2

ajp = az1

2sin (\@sin2 Y+ x2)
+4x2 cos (V/2sin? y + x2) + 2.

—24/25sin? y sin(v/2sin y + x?)
—1—2\@cos2ysin(\ﬁsin2 y + x?)
+8cos? ysin? y cos(v/2sin? y + x?) + 2.

= 4v/2x cos y sin y
cos (ﬂ siny? + x2) .
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Positivity
Lyapunov theory Lyapunov Theory
Algorithm A

Evaluation with interval analysis gives : Vx € [-1/2,1/2],
V2f(x) C [A]

[ [1.9,41] [-13,14]
[A] = ( [-1.3,1.4] [1.9,5.4] )

One only has to check that : VA € [A], A is positive definite.
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Positivity
Lyapunov theory Lyapunov Theory
Algorithm A

Evaluation with interval analysis gives : Vx € [-1/2,1/2],
V2f(x) C [A]

[ [1.9,41] [-13,14]
[A] = ( [-1.3,1.4] [1.9,5.4] )

One only has to check that : VA € [A], A is positive definite.

Definition

A symmetric matrix A is positive definite if
Vx € R" — {0},xT Ax > 0

St denite the set of n x n symmetric positive definite matrices.
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Positivity
Lyapunov theory Lyapunov Theory

Algorithm A

Definition

A set of symmetric matrices [A] is an interval of symmetric
matrices if :

[A] = {(ay)ij> aij = aji> ajj € [a]yj}

[A A] = {A symmetric, A < A < Z} .
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Positivity
Lyapunov theory Lyapunov Theory
Algorithm A

Using R? is a symmetric matrix A

a a
A= 1,1 a1.2
di2 a2
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Positivity
Lyapunov theory Lyapunov Theory
Algorithm A

Remark - Rohn

Let V([A]) finite set of corners of [A]. Since S™* and [A] are
convex subset of 5" :

[A] € S"" < V([A]) c S™F

5™ is a vector space of dimension w #V([A]) = "5
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Positivity
Lyapunov theory Lyapunov Theory
Algorithm A

Theorem- Adefeld

Let [A] a symmetric interval matrix

and C = {z € R" tel que |zj| =1}

If Vz € C, A, = Ac + Diag(z)ADiag(z) is positive definite
then [A] is positive definite.
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Positivity
Lyapunov theory Lyapunov Theory
Algorithm A

Definition
A function L : E C R" — R is of Lyapunov (x = f(x)) if :
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Positivity
Lyapunov theory Lyapunov Theory
Algorithm A

Definition
A function L : E C R" — R is of Lyapunov (x = f(x)) if :
Q L(x) =04 x = X0
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Positivity
Lyapunov theory Lyapunov Theory
Algorithm A

Definition

A function L : E C R" — R is of Lyapunov (x = f(x)) if :
Q L(x) =04 x = X0
Q@ xcE—{xx}=Lx)>0
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Positivity
Lyapunov theory Lyapunov Theory
Algorithm A

Definition

A function L : E C R" — R is of Lyapunov (x = f(x)) if :
Q L(x) =04 x = X0
Q@ xcE—{xx}=Lx)>0
Q (VL(x),f(x)) <0, Vx € E — {xx}
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Positivity
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Positivity
Lyapunov theory Lyapunov Theory
Algorithm A

Lyapunov theorem

Let Eg a compact subset of R” and x,, € Ep.

If L: Ey — R is of Lyapunov (x = f(x)) then

there exists a subset E C Eg such that x., is asymptotically
(E, Ep)-stable.
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If L: Ey — R is of Lyapunov (
there exists a subset E C Eg such that x., is asymptotically

Let Eg a compact subset of R” and x
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Positivity
Lyapunov theory Lyapunov Theory
Algorithm A

Lyapunov theorem

Let Eg a compact subset of R” and x,, € Ep.

If L: Ey — R is of Lyapunov (x = f(x)) then

there exists a subset E C Eg such that x., is asymptotically
(E, Ep)-stable.
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Positivity

Lyapunov theory Lyapunov Theory
Algorithm A
In the linear case :
X = Ax (2)

With L =x"Wx , W e S”
one has (VL(x), f(x)) = xT (AT W + WA)x.

Lyapunov conditions

\ | \

S" is the set of symmetric matrices.
S is the set of positive definite symmetric matrices.
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Positivity

Lyapunov theory Lyapunov Theory
Algorithm A
In the linear case :
X = Ax (2)

With L =x"Wx , W e S”
one has (VL(x), f(x)) = xT (AT W + WA)x.

| A\

Lyapunov conditions
Q@ Wes.

5" is the set of symmetric matrices.
S is the set of positive definite symmetric matrices.
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Positivity

Lyapunov theory Lyapunov Theory
Algorithm A
In the linear case :
X = Ax (2)

With L =x"Wx , W e S”
one has (VL(x), f(x)) = xT (AT W + WA)x.

| A\

Lyapunov conditions
Q@ Wes.
Q@ —(ATW + WA) € S"F.

S" is the set of symmetric matrices.
S is the set of positive definite symmetric matrices.
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Positivity
Lyapunov theory Lyapunov Theory
Algorithm A

Let x = Ax, O is asymptotically stable if and only if the solution
W of the equation

ATW + WA= —|

is positive definite.
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Positivity
Lyapunov Theory
Algorithm A

Lyapunov theory

Algorithm A

Step 1. Prove that Ey contains a unique equilibrium state.
Step 2. Find [xso] C Ep such that xo € [Xoo]-
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Positivity
Lyapunov Theory
Algorithm A

Lyapunov theory

Algorithm A

Step 1. Prove that Ey contains a unique equilibrium state.
Step 2. Find [xso] C Ep such that xo € [Xoo]-
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Positivity
Lyapunov Theory
Algorithm A

Lyapunov theory

Algorithm A

Step 3. Linearize around xc with X (X0 € [X0]) :
(X — Xoo) = DFf (%0)(X — X0)-
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Positivity
Lyapunov

apunov theory

Ly

Step 3. Linearize around xc with X (X0 € [X0]) :

Algorithm A
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Positivity
Lyapunov Theory
Algorithm A

Lyapunov theory

Algorithm A

Step 5. Check that L, is of Lyapunov for the non linear system
x = f(x).

N A

A

A

A A

N\

\
N
\
\
A
A
.
/i

/ /

V) rrrt

77 7777

s

Vv

Eq 22

Nicolas Delanoue - Luc Jaulin

Attraction domain and nonlinear dynamical system using inter



onlinear dynamical system using inter
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apunov theory
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Positivity
Lyapunov Theory
Algorithm A

Lyapunov theory
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Algorithm B
Discretization

Picard-Linderlof
Let x = f(x) and t € R, there exists a guaranteed method able to
compute an inclusion function for o : R" — R".
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Algorithm B

Discretization

Let t € R, and {S;};c; a paving of S, let us denote by R the
relation on / defined by :
S "
iRj < ¢ (S;)NS; #0.
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Discretization

Let t € R, and {S;};c; a paving of S, let us denote by R the
relation on / defined by :

iRj & '(S)NS; # 0.
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Algorithm B
Discretization

Proposition

lfVjel,iRj=S; C A, thenS; C A,_.
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Algorithm B
Discretization

Algorithm B

Input :
e x = f(x),
@ X an asymptotically stable point,
@ A a neighborhood of x., included in A.
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Algorithm B
Discretization

Algorithm B

Input :
e x = f(x),
@ X an asymptotically stable point,

@ A a neighborhood of x., included in A.

© Create a cover of {S;};¢/ of Ep.

Nicolas Delanoue - Luc Jaulin Attraction domain and nonlinear dynamical system using inte



Algorithm B

Discretization

Algorithm B
Input :
e x = f(x),

@ X an asymptotically stable point,

@ A a neighborhood of x., included in A.

© Create a cover of {S;};¢/ of Ep.
@ Compute the relation R.
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Algorithm B

Discretization

Algorithm B
Input :
e x = f(x),

@ X an asymptotically stable point,
@ A a neighborhood of x., included in A.

© Create a cover of {S;};¢/ of Ep.
@ Compute the relation R.
© For each j of /, if

Viel,iRj=S;CA

then A:= AUS;.
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Discretization
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Discretization
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Algorithm B

Discretization

@ Thank you for your attention ! J
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