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We consider a trajectory x(t) of R2, t ∈ [0, tmax]. Here, tmax = 1.
De�ne the half-line D = {0}× [0,∞]. De�ne

T+ = {t,0≤ t < tmax |x(t) ∈D ,x1(t+dt)< 0}
T− = {t,0≤ t < tmax |x(t) ∈D ,x1(t+dt)> 0}

The crossing number is η(x(·)) = card(T+)− card(T−).
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x(·) ∈ [x](.)
ẋ(·) ∈ [ẋ](.)

η(x(·)) ∈ [η ]

Contract as much as possible the tubes [x](.), [ẋ](.) and the interval

[η ], without removing solutions.
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Denote by [x](k), [ẋ](k) the kth slides of the tubes [x](·), [ẋ](·).
We assume that for k = 0, [x](k)∩D = /0.
Denote by w(t) the crossing number if we take tmax = t.
We want to compute the tube [w](k) recursively in a forward

manner.
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Proposition 1.
[x](k)∩D = /0
|`− k|= 1
t1 ∈ [t](k)

⇒∃t2 ∈ [t](`) |w(t1) = w(t2)
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Rule 1

[x](k)∩D = /0 ⇒ [w](k) := [w](k)∩ [w](k−1)∩ [w](k+1)
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Proposition 2.
[x](k)∩D 6= /0

0 /∈ [x](k)
t1, t2 ∈ [t](k)

x1(t1)< 0 < x1(t2)

⇒ w(t1) = w(t2)+1
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Rule 2
[x](k)∩D 6= /0
|`− k|= 1
0 /∈ [x](k)

⇒ [w](k) := [w](k)∩ ([w](`)+ [ε])

with

[ε] =


[0,1] if [x1](`)⊂ R+

[−1,0] if [x1](`)⊂ R−
[0,0] if 0 ∈ [x1](`)
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Rule 3
0 ∈ [x](k)
0 /∈ [ẋ](k)
|`− k|= 1

⇒ [w](k) := [w](k)∩ ([w](`)+ [−1,1])
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Rule 4


[x](k)∩D = /0
|`− k|= 1

[x](`)∩D 6= /0
⇒


[w](k) := [w](k)∩ [w−(`),w+(`)−1]

if [x1](k)⊂ R+

[w](k) := [w](k)∩ [w−(`)+1,w+(`)]
if [x1](k)⊂ R−
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Rule 5
0 ∈ [x](k)
0 ∈ [x](`)
|`− k|= 1
0 /∈ [ẋ](k)

sign([ẋ](`)) = sign([ẋ](k))

⇒ [w](k) := [w](k)∩ [w](`)
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Computing the winding

interval
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Initialization {
[w](0) = 0

[w](k) = [−∞,∞],k ≥ 1
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