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Consider the set

S={(xy)ly—v2x—x=0}
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from codac import *

f = Function("x","y","y-sqrt(2*x-x)")

S = SepFwdBwd(f,Interval(0,00))
SIVIA(IntervalVector([[-10,10],[-10,10]]),S,0.01)
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Consider the set inversion problem [4]
X = f1(Y).
A set inversion algorithm relies on the two tests:

f(x)cY = [xcX
f((x)NX=0 = [xNX=0
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Consider the set inversion problem [4]
X = f1(Y).
A set inversion algorithm should rely on the two tests:

f([x]) CY and [x] Cdom(f) = [x]CX
f(xNNX=0 = [XNX=0
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How to check that [x] C dom(f) for functions 7
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For

sin x

f(x) = log(—)

x
We have
domf = {x|x-sinx > 0}
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For
1+siny/x2 —log(x2)

f(x1,x2) = log Ty

el —x, >0
domf : X12 —log(x2) >0

(1= VET=3a) - (1+siny/x2 — log(xe) ) >0
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Our goal is to show that the test [x] C dom(f) can be done
automatically using a new interval arithmetic.
We include the quantity NaN (not a number : 1)  [1], [2], [3].
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Not a number
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We have
f_l(y) = {[3,}/,8}
FH(Y) = {a}
domf = {a,B,v,€}

Now, since f({y,0}) C Y, the inner test will classify § inside
f~1(Y) which is wrong.
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We define the extended function of f as:

Flx) = f(x) if xCdomf
)= 1 otherwise
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We now have functions that are defined everywhere.
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With real number
Consider the extended set of reals:

R=RU{1}
Operations on real number can be extended to IR as follows:

f(x)=1 if x¢dom(f)
f1)=1
1OX =1
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Intervals in RU{1}
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On a lattice (A, <a), we can define intervals, interval hull,
contractors.

Examples of lattices are real numbers, integers, trajectories, graphs,
etc.

To be able to use interval methods, the lattice structure is required.
We show here that it is not strictly necessary by considering union
of lattices.


https://www.ensta-bretagne.fr/jaulin/

Intervals in R=RU {1}

R is a lattice:

1<2
2AN3=2
2v3=3

We can thus define the set of intervals of R

IR > {[1,2],[1,c],[1,1],0}
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Intervals in R=RU {1}

{1} is a lattice:

1<1
INL=1
IVi=1

We can thus define intervals of {1}

{1} = {[1,1],0}
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Intervals in R=RU {1}

RU{t} is not a lattice :
1AL =7
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Intervals in union of lattices
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Intervals in R=RU {1}

Consider two lattices (A, <a) and (B, <g) that are disjoint.
We define intervals of C = AUB as subsets C which have the form

[c] = [a]U[b]
where [a] € IA and [b] € IB.
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Intervals in R=RU {1}

Example. Take A=R and B={a,b,c,...,z}. Both are lattices.
Examples of intervals for C = AUB are

[a] = [2,5]

[c2] =[e, h]

[c3] = [2,5]U[e, ]
[ca] = [4,9]U[g, ]
[C5] =0

[C5] =AUB

The set of intervals of C is closed under intersection.
As a consequence, contractor methods can be used.
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Extended intervals
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Intervals in R

The set R can be equipped with a partial order <y relation derived
from R:

lS@l
acR,beR then a<zbiffa<gb
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Intervals in R=RU {1}

Examples of intervals of R are

[1,%]
[-1,0]U{t}
{1}
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Interval arithmetic
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[1,2]+[2,3] = [3,5]

[1,2]+ 1] = [1]
[1,2]+([2,3]U[l]) = [3,5]V[1]

og([-1.1]) = [~ 0JU[]

[0.,0] [1]
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Extended contractors
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Extended contractors

[x]~

72 1)

z

Classical contractor € for the set X
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Extended Contractor for the
square root
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Extended contractors

Consider the constraint
y=vx

where all variables belong to RR.
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Extended contractors

We have

y=/x y=vx,xeRT,yeR
xeR & ¢ or x<0,y=1
yeR or X=1y=1
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Cy(Ix], Iv1)

yeR

x e RT

niy?

Y10 VIx)

x€eR™

(s)

X=1

For instance

C/([-4,41U[1],[1,5])

C\/([O’4]v [175]) U C\/([_470]7 [175])U C\/([l]v [175])

[1,4]%[1,2]

= [1,4]x[1,2]

0

0
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Contractor for the addition
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Extended contractors

Consider the constraint
Z=X+Yy

where all variables belong to R. Note that in R, we do not have

Z=Xt+yeox=z—y

Indeed, take x =1,y =1,z=1.
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Extended contractors

Our constraint can be decomposed as

z=Xx+y z=x+y,xeRyeR zeR
x €R or x=1yeRz=1
. &
yeR or xeRy=1,z=1

yeR or X=1Ly=1z=1
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zeR z=1
[XIN (2] = [v]) 0
xeR | yeR V1N ([z] = [x]) 0
[z21N0 ([x] + [¥]) 0
0 [X]
xeR | y=1 0 {1}
0 {t}
0 {1}
x=1|yeR 0 [v]
0 {t}
0 {1}
X=1|y=1 0 {1}
0 {1}

Contractor table for z=x+y
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lllustration
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Extended contractors

Consider the set

{Gay) ly +Vx+y €[1,2]}
We get
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Extended contractors
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Extended contractors

An implementation is given here:
https://replit.com/@aulin/iota
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Extended contractors
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Extended contractors
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