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We have

a dynamical system ẋ = f(x,u)
an uncertain input u(t) ∈ [u]
an initial state vector x(0) ∈ X0

Compute in real time the set

X(t) =
{

a|∃x(0) ∈ X0,∃u(·) ∈ [u], a = ϕt,u(·)(x(0))
}

where ϕt,u(·) is the �ow.
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ṡ = u
v̇ = s

1+s −
1

1+s v· | v |
ḋ = v
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De�ne
z = (x−1 ,x

+
1 , . . . ,x

−
n ,x

+
n ).

We want an interval di�erential equation (IDE)

ż = g(z)

such that

Xt ⊂ [x](t) = [x−1 (t),x
+
1 (t)]×·· ·× [x−n (t),x

+
n (t)]︸ ︷︷ ︸

≃z(t)

.
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An IDE is :(
ẋ−(t)
ẋ+(t)

)
︸ ︷︷ ︸

ż(t)

=

(
f−(x−(t),x+(t),u−(t),u+(t))
f+(x−(t),x+(t),u−(t),u+(t))

)
︸ ︷︷ ︸

g(z(t),u−(t),u+(t))

We write
[ẋ](t) = JfK([x](t), [u](t))

where
[ẋ](t) = [ẋ−(t), ẋ+(t)]
[x](t) = [x−(t),x+(t)]
[u](t) = [u−(t),u+(t)]
JfK = [f−, f+]
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The IDE is self consistent if

x−(0) ≤ x+(0)
u−(t1) ≤ u+(t1) ,∀t1 ≤ t

}
⇒ x−(t)≤ x+(t),∀t
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The IDE is an interval enclosure of the system ẋ(t) = f(x(t),u(t)) if

x(0) = x0 ∈ [x0]
u(t) ∈ [u](t),∀t

}
⇒ x(t) ∈ [x](t),∀t
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Proposition. Consider the system

ẋ = f(x,u)

or equivalently
ẋ1 = f1(x1,x2, . . . ,xn,u)
...

...
ẋn = fn(x1,x2, . . . ,xn,u)
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An interval enclosure is

ẋ−1
ẋ+1
ẋ−2
ẋ+2
...

ẋ−n
ẋ+n


︸ ︷︷ ︸

ż

=



lb( [f1](x−1 , [x2], [x3], . . . , [xn], [u]) )
ub( [f1](x+1 , [x2], [x3], . . . , [xn], [u]) )
lb( [f2]([x1],x−2 , [x3], . . . , [xn], [u]) )
ub( [f2]([x1],x+2 , [x3], . . . , [xn], [u]) )

...
lb( [fn]([x1], [x2], [x3], . . . ,x−n , [u]) )
ub( [fn]([x1], [x2], [x3], . . . ,x+n , [u]) )


︸ ︷︷ ︸

g(z,[u])
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An interval enclosure is

ẋ−1
ẋ+1
ẋ−2
ẋ+2
...

ẋ−n
ẋ+n


︸ ︷︷ ︸

[ẋ]

=



lb( [f1](x−1 , [x2], [x3], . . . , [xn], [u]) )
ub( [f1](x+1 , [x2], [x3], . . . , [xn], [u]) )
lb( [f2]([x1],x−2 , [x3], . . . , [xn], [u]) )
ub( [f2]([x1],x+2 , [x3], . . . , [xn], [u]) )

...
lb( [fn]([x1], [x2], [x3], . . . ,x−n , [u]) )
ub( [fn]([x1], [x2], [x3], . . . ,x+n , [u]) )


︸ ︷︷ ︸

JfK([x],[u])
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The left face should not go faster than the bold arrow
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ṡ− = u−

ṡ+ = u+

v̇− = lb
(

[s]
1+[s] −

1
1+[s] · v

−· | v− |
)

v̇+ = ub
(

[s]
1+[s] −

1
1+[s] · v

+· | v+ |
)

ḋ− = v−

ḋ+ = v+
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ṡ−

ṡ+

v̇−

v̇+

ḋ−

ḋ+


︸ ︷︷ ︸

ż

=



u−

u+

s−
1+s− −max

(
v−·|v−|
1+s−

v−·|v−|
1+s+

)
s+

1+s+ −min

(
v+·|v+|
1+s−

v+·|v+|
1+s+

)
v−

v+


︸ ︷︷ ︸

g(z,u−,u+)
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Due to the operator nondi�erentiability, integrating the IDE
with guarantee is not trivial.

Lohner or Taylor based method cannot be used.
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3. Toward a safe and fast

dead reckoning
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We want an integration method for a di�erential inclusion which is
guaranteed, real-time, fast.
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We want a dead reckoning of the form{
[x](k) = F

(
[x](k−1) ,JuK(k)

)
JxK(k) = G

(
[x](k−1) ,JuK(k)

)
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The memory is made with gates only
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Triangular systems
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Consider the triangular system

ẋ1 = f1(x1,u)
ẋ2 = f2(x1,x2,u)

...
ẋn = fn(x1,x2, . . . ,xn,u)
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Assume that at time k, we have

u([k−1,k]) ⊂ JuK(k)
x1([k−1,k]) ⊂ Jx1K(k)

...
...

xi−1([k−1,k]) ⊂ Jxi−1K(k)
xi(k−1) ∈ [xi](k−1)

We want to compute [xi](k), and JxiK(k) such that

xi([k−1,k]) ⊂ JxiK(k)
xi(k) ∈ [xi](k)
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We have

ẋi = fi(xi,x1, · · · ,xi−1,u︸ ︷︷ ︸
U

)

with
U([k−1,k]) ⊂ JUK(k)

xi(k−1) ∈ [xi](k−1)

This is a scalar di�erential inclusion which is comfortable, since we
may have an analytical solution.
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Scalar interval �ow
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v̇(t) = f (v(t),u(t))
v(0) = v0 ∈ [v0]
u(t) ∈ JuK ⊂ Rn

The signal u(t) is inside the box JuK ⊂ Rm.
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Given δ > 0, an interval �ow for v̇(t) = f (v(t),u(t)) is

Φf :
R× IR× IRm → IR× IR
(δ , [v0],JuK) → ([v],JvK)

with

v(0) ∈ [v0]
∀t ∈ [0,δ ],u(t) ∈ JuK

v̇(t) = f (v(t),u(t))
([v],JvK) = Φf (δ , [v0],JuK)

⇒
{

v(δ ) ∈ [v]
∀t ∈ [0,δ ],v(t) ∈ JvK

Luc Jaulin Interval Integration of Triangular Systems



38 / 58

Dead reckoning
Interval di�erential equation

Toward a safe and fast dead reckoning
Online dead reckoning

Example. The integrator
v̇(t) = u(t)

v(0) = v0 ∈ [v0]
u(t) ∈ JuK = [u−,u+]

An interval �ow is

Φf (δ , [v0],JuK) =
(

[v0]+δ JuK
[v0]+ [0,δ ] · JuK

)
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Example. First order linear system
v̇(t) = av(t)+u(t)

v(0) = v0 ∈ [v0]
u(t) ∈ JuK = [u−,u+]

An interval �ow is

Φf (δ , [v0],JuK) =

 eaδ

(
[v0]− JuK

a

(
e−aδ −1

))
ea[0,δ ]

(
[v0]− JuK

a

(
e−a[0,δ ]−1

))
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Example. Riccati system
v̇(t) = u1(t)−u2(t)v2(t)
v(0) = v0 ∈ [v0]⊂ R+

u(t) ∈ JuK
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The solution of the Riccati equation v̇ = a−bv2 for a ≥ 0,b > 0 is

v(t) =

(
e2

√
abt−1

)√
ab+

(
e2

√
abt+1

)
v0b

(e2
√

abt+1)
√

ab+(e2
√

abt−1)v0b

Thus
Φf (δ , [v0],JuK) = . . .
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4. Online dead reckoning
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We want an interval estimator of the form [s](k)
[v](k)
[d](k)

 = F

 [s](k−1)
[v](k−1)
[d](k−1)

 ,JuK(k)


 JsK(k)

JvK(k)
JdK(k)

 = G

 [s](k−1)
[v](k−1)
[d](k−1)

 ,JuK(k)
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The �oat is a triangular system
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In: [d0], [v0], [s0]
Init [d] = [d0]; [v] = [v0]; [s] = [s0]

Main loop For k = 1 to kmax
Step 1 Read JuK = JuK(k)
Step 2 JsK = [s]+ JuK · [0,δ ]

[s] = [s]+ JuK ·δ
Step 3 JaK = g ·

(
1− 1

1+βJsK

)
JbK = cx

2(1+βJsK)ℓ
Step 4 JvK = [ϕ]JaK,JbK,[v]([0,δ ])

[v] = [ϕ]JaK,JbK,[v](δ )

Step 5 JdK = [d]+ JvK · [0,δ ]
[d] = [d]+ JvK ·δ
Write(k, [d],JdK, [v],JvK, [s],JsK)
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Tube for u(t)

Luc Jaulin Interval Integration of Triangular Systems



49 / 58

Dead reckoning
Interval di�erential equation

Toward a safe and fast dead reckoning
Online dead reckoning

.

Tube for s(t)
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.

Tube for v(t)
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Tube for d(t)
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Conclusion
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For strict triangular systems, a basic interval propagation
solves the dead reckoning approach easily

When non strict triangular systems scalar interval �ows are
needed
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