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1. Dead reckoning



Dead reckoning

Dead reckoning (no exteroceptive measurements)



Dead reckoning

We have
@ a dynamical system x = f(x,u)
@ an uncertain input u(z) € [u]
@ an initial state vector x(0) € X,

Compute in real time the set

X(r) = {a] 3x(0) € Xo,3u(") € [u], a = @y (x(0)) }

where @, ) is the flow.



Dead reckoning
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Interval differential equation

2. Interval differential
equation



Interval differential equation
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Interval differential equation
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Interval differential equation
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Interval differential equation

Define

2= (x],x],....x,,x)).

We want an interval differential equation (IDE)

z=g(z)
such that

X C[xX](1) = [y (1),x (1)) < -+ x [, (1), ().




Interval differential equation

An IDE is :

< X (1) ) _ < £ (x7(1),x"(1),u(1),u™ (1)) >
X" (1) £ (x(2),x* (1), u (1),u" (7))
al1) g(a(r)u (1) u* (1)
We write
X] (1) = [£] ([x](2), [u](2))
where
X](r) = [ (1),x"(1)]
X](r) = [x (1),x*(1)]
() = [u(1),u(2)]
fl = £, £



Interval differential equation

The IDE is self consistent if

x (0) < x7(0)
u_(tl) < ll+(l‘1) WV <t



Interval differential equation

The IDE is an interval enclosure of the system x(¢) = f(x(7),u(z)) if

u(r) Zﬁé){?j } = x(1) € [x](1), vt



Interval differential equation

Proposition. Consider the system
x =f(x,u)
or equivalently

xl = fl(X],X2,--.,xn,u)

in = fulxr,x2,...,x,0)
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An interval enclosure is
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An interval enclosure is

[ ([x]u])




Interval differential equation
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Interval differential equation
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Interval differential equation
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The left face should not go faster than the bold arrow



Interval differential equation

N = u

st = ut

o= b (1[+S][s] - 1+1[s] v [ve ‘)
o= ub (15}[5] —mEvt v !)
d = Vo



Interval differential equation
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Interval differential equation
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Interval differential equation

@ Due to the operator nondifferentiability, integrating the IDE
with guarantee is not trivial.

@ Lohner or Taylor based method cannot be used.



3. Toward a safe and fast
dead reckoning



Toward a safe and fast dead reckoning

We want an integration method for a differential inclusion which is
guaranteed, real-time, fast.



Toward a safe and fast dead reckoning
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Toward a safe and fast dead reckoning
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A tube [x](#) which encloses the trajectory x(7)



Toward a safe and fast dead reckoning

We want a dead reckoning of the form

{ [x] (k)
[x] (k)



Toward a safe and fast dead reckoning

interval observer

memory

1 k=) ‘

The memory is made with gates only



Triangular systems



Toward a safe and fast dead reckoning

Consider the triangular system

xl = f](X],u)
xZ = fZ(xbeau)

Xn = fulxr,x,...,x,,0)



Toward a safe and fast dead reckoning

Assume that at time k, we have

u(k—1k) < [u](k)
x(k=LA) < [ulk)

sia(k= 1K) € il
X,'(k—l) € [X,](k—l)
We want to compute [x;](k), and [x;](k) such that

xi([k— 1K) € [x](k)
xi(k) € [xl(k)



Toward a safe and fast dead reckoning

We have
X = filxi,x1, -+, xi-1,0)
—_————
U
with

U(k—1,K) < [U](k)
xi(k—1) € [xi|(k—1)
This is a scalar differential inclusion which is comfortable, since we
may have an analytical solution.



Scalar interval flow



Toward a safe and fast dead reckoning

V() =f(v(1),u(?))
v(0) =vo € [vo]
u(7) € [u] CcR”

The signal u(z) is inside the box [u] C R™.



Toward a safe and fast dead reckoning

Given 8 >0, an interval flow for v(t) =f(v(¢),u(r)) is

RxIR xIR" — IRxIR

PG ol D) = (LD
with
v(0) € [vo]
vt € [0,8],u(t) € [u] N { v(8) € [v]
#(0) = F(v(1), (1)) v € [0, 8], v(r) € ]
(], [V]) = (8, [vol. [u])



Toward a safe and fast dead reckoning

Example. The integrator

V(1) = u(t)
v(0) = vo € [vo]
u(t) € [u] = [u™,u]
An interval flow is

B [vo] + & [u]
<I>f(5,[VO],[[u]])—< [VO]SF[O,5]~[[M]] >



Toward a safe and fast dead reckoning

Example. First order linear system

An interval flow is

e (v _ M e 4
q>f(5,[v0],[[u]])(ea[076] g[ o] =1 ( )) )



Toward a safe and fast dead reckoning

Example. Riccati system

b(1) = ur (1) —ua (1)v*(7)

v(0) = vy € [vo] CRT

u(?) € [u]



Toward a safe and fast dead reckoning

The solution of the Riccati equation v=a—bv? for a>0,b> 0 is

(ezmrf l) Vab+ (e2mr+1> vob
V(l‘) - (ezm’-‘rl)\/%-‘r(ez\/;b’—l)vob

Thus
q)f(67 [VO]; [[ll]]) =...



4. Online dead reckoning



We want an interval estimator of the form

[s1(k) [s](k—1)
bl | = F | PKk=1) |, [u](k)
[d] (k) [d)(k—1)
[s(k) [s](k—1)
k) | = g MKk=1) |, [ulk)
[d] (k) [d](k=1)



Online dead reckoning

interval observer

memory

s [s](k)

] ’ [v](k)

d|(k)

[l (6) o\es [d] (k)




Online dead reckoning
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The float is a triangular system



Online dead reckoning
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In:
Init

Main loop

Step 1
Step 2

Step 3

Step 4

Step 5

[do], [vol, [s0]
[d] = [do]; [v] = [vol; [s] = [s0]

For k =1 to kpax

Read [u] = [u] (k)
[5] = [5]+ [«] - [0,]
s =[]+ [] 6

[a] = < 1+B[[s]]>

[[b]] 1+ﬁ[[sﬂ

] = [@]fag, g5, ([0, 6])

V] = [@][ag, 161, ()

[d] = [d] + [v]- [ 0]
[d]=[d]+[v]-6

Write(k, [d], [d], [v], V], [s], [s])



Online dead reckoning
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Online dead reckoning
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Online dead reckoning
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Online dead reckoning
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Conclusion



Online dead reckoning

o For strict triangular systems, a basic interval propagation
solves the dead reckoning approach easily

@ When non strict triangular systems scalar interval flows are
needed
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