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1 Contractors



The operator C : IRn → IR
n is a contractor for the

equation f (x) = 0, if
�
C([x]) ⊂ [x] (contractance)
x ∈ [x] and f (x) = 0⇒ x ∈ C([x]) (consistence)



Example. Consider the primitive equation:

x2 = sinx1.





Forward contraction



Backward contraction



Building contractors for equations

Consider the primitive equation

x1 + x2 = x3

with x1 ∈ [x1], x2 ∈ [x2], x3 ∈ [x3] .



We have

x3 = x1 + x2⇒ x3 ∈ [x3] ∩ ([x1] + [x2]) // forward
x1 = x3 − x2⇒ x1 ∈ [x1] ∩ ([x3]− [x2]) // backward
x2 = x3 − x1⇒ x2 ∈ [x2] ∩ ([x3]− [x1]) // backward



The contractor associated with x1 + x2 = x3 is thus

C





[x1]
[x2]
[x3]




 =





[x1] ∩ ([x3]− [x2])
[x2] ∩ ([x3]− [x1])
[x3] ∩ ([x1] + [x2])








Consider the following problem





(C1) : y = x2

(C2) : xy = 1
(C3) : y = −2x+ 1















(C1)⇒ y ∈ [−∞,∞]2 = [0,∞]
(C2)⇒ x ∈ 1/[0,∞] = [0,∞]
(C3)⇒ y ∈ [0,∞] ∩ ((−2) .[0,∞] + 1)

= [0,∞] ∩ ([−∞, 1]) = [0, 1]

x ∈ [0,∞] ∩ (−[0, 1]/2 + 1/2) = [0, 12]

(C1)⇒ y ∈ [0, 1] ∩ [0, 1/2]2 = [0, 1/4]
(C2)⇒ x ∈ [0, 1/2] ∩ 1/[0, 1/4] = ∅

y ∈ [0, 1/4] ∩ 1/∅ = ∅



2 Interval trajectories



A trajectory is a function f : R→ Rn. For instance

f (t) =

�
cos t
sin t




is a trajectory.



Order relation

f ≤ g⇔ ∀t,∀i, fi (t) ≤ gi (t)



We have

h = f ∧g⇔ ∀t,∀i, hi (t) = min (fi (t) , gi (t)) ,

h = f ∨g⇔ ∀t,∀i, hi (t) = max (fi (t) , gi (t)) .



Figure 1: The tube [x] (t) encloses the trajectory x (t)

The set of all trajectories is a lattice and interval of trajec-

tories (or tubes) can thus be defined.



Example.

[f ] (t) =

�
cos t+

�
0, t2

�

sin t+ [−1, 1]




is an interval trajectory (or tube).



3 Tube arithmetics



If [x] and [y] are two scalar tubes, we have for all t

[z] = [x] + [y]⇒ [z] (t) = [x] (t) + [y] (t) (sum)
[z] = shifta ([x])⇒ [z] (t) = [x] (t+ a) (shift)
[z] = [x] ◦ [y]⇒ [z] (t) = [x] ([y] (t)) (composito

[z] =
�
[x]⇒ [z] (t) =

�� t
0 x

− (τ) dτ,
� t
0 x

+ (τ) dτ
�

(integral)



4 Tube contractors

Tube arithmetic allows us to build contractors.



Consider for instance the differential constraint

ẋ (t) = x (t+ 1) · u (t) ,

x (t) ∈ [x] (t) , ẋ (t) ∈ [ẋ] (t) , u (t) ∈ [u] (t)

We decompose as follows





x (t) = x0 +
� t
0 y (τ) dτ

y (t) = a (t) · u (t) .
a (t) = x (t+ 1)



Possible contractors are





[x] (t) = [x] (t) ∩
�
x0 +

� t
0 [y] (τ) dτ

�

[y] (t) = [y] (t) ∩ [a] (t) · [u] (t)

[u] (t) = [u] (t) ∩
[y](t)
[a](t)

[a] (t) = [a] (t) ∩
[y](t)
[u](t)

[a] (t) = [a] (t) ∩ [x] (t+ 1)
[x] (t) = [x] (t) ∩ [a] (t− 1)



Example. Consider x (t) ∈ [x] (t) with the constraint

∀t, x (t) = x (t+ 1)

Contract the tube [x] (t) .



We first decompose into primitive trajectory constraints

x (t) = a (t+ 1)

x (t) = a (t) .



Contractors

[x] (t) : = [x] (t) ∩ [a] (t+ 1)

[a] (t) : = [a] (t) ∩ [x] (t− 1)

[x] (t) : = [x] (t) ∩ [a] (t)

[a] (t) : = [a] (t) ∩ [x] (t)

















5 State estimation with intertempo-

ral measurements



Classical state estimation
�
ẋ (t) = f (x (t) ,u (t)) t ∈ R
y (ti) = g (x (ti)) ti ∈ T ⊂ R.



With intertemporal measurements
�
ẋ (t) = f (x (t) ,u (t)) t ∈ R
y (t1, t2) = g (x (t1) ,x (t2)) (t1, t2) ∈ T ⊂ R× R.



6 Mass spring problem



The mass spring satisfies the differential equation

ẍ+ ẋ+ x− x3 = 0

i.e.
�
ẋ1 = x2
ẋ2 = −x2 − x1 + x

3
1

The initial state is unknown.










ẋ1 = x2
ẋ2 = −x2 − x1 + x

3
1

L− x1 (t1) + L− x1 (t2) = c (t2 − t1) .





7 Swarm localization
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