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We consider a mobile robot [1]{ _x = f(x,u)
p = g(x)

with an input vector u= (u1, . . . ,um) and a pose vector
p= (p1, . . . ,pm+1).
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Control m+1 state variables and not only m of them.
Perform a path following instead of a trajectory tracking.
The controller makes ṗ collinear (instead of equal) to the required
�eld.
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Dubins car: 
ẋ1 = cosx3
ẋ2 = sinx3
ẋ3 = u
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Output
e = x3+atanx2.

Thus

ė = ẋ3+
ẋ2

1+ x22
= u+

sinx3
1+ x22

.

We want
ė+ e = 0.
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We get:
u = −x3−atanx2− sinx3

1+x22
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Generalization
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We want to follow the �eld ψ(p).
This can be translated into ϕ (ψ(p), ṗ) = 0, where

ϕ (r,s) = 0⇔∃λ > 0, λ r = s.
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We de�ne

e= ϕ (ψ(p),_p) = ϕ

(
ψ(g (x)),

∂g

∂x
(x) · f (x,u)

)
.

Since dime=dimu=m, we can make e→ 0.
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Van der Pol cycle
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The car has to follow the limit cycle of the Van der Pol equation:

ψ(p) =

(
p2

−
(
0.01 p21−1

)
p2−p1

)
.

We take g (x) = (x1,x2)
T to build paths in the (x1,x2)-space.
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We get that �nal controller is

u = −sawtooth
(
x3−atan2

(
−
(

x21
100
−1
)
x2−x1,x2

))
+

((
x21
100−1

)
x2+x1

)
·sinx3+x2·

(
x1x2 cosx3

50 +

(
x21
100−1

)
sinx3+cosx3

)
x22+

((
x21
100−1

)
x2+x1

)2
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We consider sailboat [2]:

ẋ1 = v cosθ

ẋ2 = v sinθ

θ̇ = −ρ2v sin2u1
v̇ = ρ3 ‖wap‖sin(δs −ψap)sinδs −ρ1v

2

σ = cosψap+ cosu2

δs =

{
π +ψap if σ ≤ 0

−sign(sinψap) ·u2 otherwise

wap =

(
−a sin(θ)−v
−a cos(θ)

)
ψap = angle wap
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The path to follow is

e (p) = 10sin
(p1
10

)
−p2 = 0

where e (p) is the error.
We want ė =−0.1e.
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Thus

cos
(p1
10

)
ṗ1− ṗ2︸ ︷︷ ︸

ė(p)

=− 1

10

(
10sin

(p1
10

)
−p2

)
︸ ︷︷ ︸

e(p)

We take ṗ1 = 1, to go to the right. Thus:

ψ(p) =

(
ṗ1
ṗ2

)
=

(
1

cos
(p1
10

)
+ 1

10

(
10sin

(p1
10

)
−p2

) ) (1)

which is attracted by the curve p2 = 10sin
(p1
10

)
.
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The controller is

u1 = −1
2
arcsin

(
tanh

(
ω̂

ρ2v

))
ω̂ = −(sawtooth(θ −atan2(b,1))+ ḃ

1+b2

ḃ = 1
10

cosx3 ·
(
cos
(
x1
10

)
− sin

(
x1
10

))
− 1

10
sinx3

b = cos
(
x1
10

)
+ sin

(
x1
10

)
− 1

10
x2
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