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1 Set intervals



Given two sets A~ and A™ of R", the pair [A] = [A‘, Aﬂ
which encloses all sets A such that

AT CACAT

Is a set Iinterval.
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Machine representation of [A‘, Aﬂ



The set interval [(), ] is a singleton : 0 € [0, 0].
The set interval [(), R"] encloses all sets of R™.
The empty set interval is denoted by [R", ].



Given two sets A and B of R™. The smallest set interval
which contains A and B is

0{A,B} = [ANB, AUB]

[ANB,AUB]

A / AUB

ANB B




2 Arithmetic



2.1 Specific set interval operations

Set intervals are sets (of sets), the intersection, the union,
the inclusion can thus be defined.



Intersection.

[A]M[B] = {X,X € [A] and X € [B]}
= [A—uB—,MmBﬂ.

Proof.
X e [A] A" CXCAT
{XE[IB%] < {IB%—CXCIB%+ <

A“UB - CXCATNBT & Xc [A—uIB%—,A+mIB%+].
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Inclusion.

[AlC [B] < [A]N[B] = [B].



Set interval envelope.

D{AZ,’LEH}:

(A, U A

vell vell

For instance,

C{[1,4],13,7],[2,6]} = [[3, 4], [1, 7]].



Union. We have

[A]U[B] = O{X,X € [A] or X € [B]}
- [A—mB—,MuBﬂ.



2.2 Set extension

All operations existing for sets such as N, U, reciprocal im-
age, direct image, ... can be extended to set intervals.



foc{nuU,x,\,...}

[A]o [B] =0 {C,A € [A],B € [B],C=AcB}.
We have
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Extension of functions. A set-valued function f can be
extended to set intervals as follows

f([A—,Aﬂ) — D{f(A),A e [A—,Aﬂ}.

When f is inclusion monotonic, we have

Flamat]) =17 (a7). 7 (a7)]-



3 Natural set interval extension

Example. The natural set interval extension associated
with the set expression

f(X1,X2,X3) =X U(XoNg(X3))

[FI([Xa], [X2] 5 [X3]) = [Xd] U ([X2] ng ([X3])) -



Theorem 1. If X € [X{],..., Xy € [Xy] then

f(Xy, X, o, X)) € [fT([X4] [X2] 5 - - [Xn]) -

Moreover, if in the expression of f, all X; occur only once,
the set interval evaluation is minimal.



Dependency problem. For instance,
AT AT\ [AT AT = [AT\AT, ANAT] = [0, AT\AT].
Of course, we have the inclusion property

{A\A,A € A7, AT|} =[0,0] C [0,AT\A".



Example. Consider two equivalent expressions of the ex-
clusive union

f(AB) = (A\B)U(B\A)
g(AB) = (AUB)\(ANB).
The two natural set interval extensions are given by

[FTCA]L [B]) = ([AJ\[B]) U ([B] \ [A])
lo] ([A] [B]) = ([A]JU[B])\ ([A] N [B]).
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I\ [B]
[B]\ [A]
[AT\ [B] U [B] \ [A]

[A]U[B]

[A] N [B]

(h) ([AJUIB])\ ([A] N [B])



4 Contractors
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Consider the SVCSP

ACB
{AE[A],IB%E[IB%].

The optimal contractor is

{ (i) [A] == [A] T ([A] N [B])
(i) [B] := [B] ™1 ([A] U [B])

Proof.

ACB &« A=ANB & B=AUB.



void Set_Contractor_Subset(paving& A,paving& B)
{ paving Z=A&B;

A=Sqcap(A,Z);

Z=B|A;

B=Sqcap(B,Z) ;



Consider the SVCSP

ANB =10
{AEMLBEBL

The optimal contractor is

{ (i) [A]:=[A] ([0, R"] \ [B])
(i) [B] := [B] 1 ([0, R"] \ [A]).

Proof.

ANB=0 < 3Zc[0,R"] such that A = Z\B
& 37 € [0,R"] such that B = Z\A.



Consider the SVCSP

ANB=C
{AE[A],IB%E[IB%],CE[C].

The optimal contractor is
{ (i) [C] = [C] M ([A] N [B])

(i) [A]:=[A] M ([CTU ([0, R™]\ ([B] \ [C])))
(iii) - [B] := [B] 1 ([C] L ([0, R*]\ ([A]\[C]))) -
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Consider the SVCSP

{ f(A) =B
A € [A],B € [B]
where f : R™ — R" is bijective. The optimal contractor
{ (i) [B] := [B] M f([A])
(i) [A]:=[A]N f=1([B]).



5 Application



Consider the following SVCSP

(i) XCA
(ii) BCX
(i) XNC=0

(V) fX) =X,

where X is an unknown subset of R? f is a rotation with
an angle of —¢, and

(A = (:cl,:cz),:c%—l—x%SS}
$ B = {(z1,22), (w1 —0.5)* + 23 < 0.3
C = {(z1,22),(x1—1)°+ (22— 1)° < o.15}
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XNC=40

fX)=X

(h) (5 (X) =X)~




6 Non parameteric SLAM









