Characterization of trajectories using
constraint programming and abstract interpretation

T. Le Mézo, L. Jaulin, B. Zerr
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Capture set
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Capture set

We consider a state equation x = f(x).
Example: The Van der Pol system

X1 = X2
5(2 = (l—Xlz)-XQ—Xl
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Capture set

Let @ be the flow map.
The capture set of the target T C R" is:

T = Ix0| 3t > 0,0(t,x0) € T}.
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Capture set

To each state, we associate a path.
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Capture set

Graph analogy
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Capture set

A deterministic graph ¢ with a target T (red), a dead path (blue).
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Capture set

It can be approximated by a non deterministic graph %:
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Capture set

Using a backward method, we compute an interval containing T.
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Capture set

Which corresponds to an interval of graphs:

D AT

Our new approach: bracket % we search for paths not for states.
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aracterization of trajectories using constraint program



An interval is a domain which encloses a real number.
A polygon is a domain which encloses a vector of R".
A maze is a domain which encloses a path.
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A maze is a set of paths.
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Mazes can be made more accurate by adding polygones.
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Or using doors instead of a graph
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Here, a maze £ is composed of

e A paving &
@ A polygon for each box of &2

@ Doors between adjacent boxes
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The set of mazes forms a lattice with respect to C.
L, C % means :

o the boxes of .%, are subboxes of the boxes of .Z,.
@ The polygones of %, are included in those of %,
@ The doors of %, are thinner than those of .%}.
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The left maze contains less paths than the right maze.
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Note that yellow polygons are convex.

T. Le Mézo, L. Jaulin, B. Zerr Characterization of trajectories using constraint program



Braketting T

Inner approximation of %
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Braketting T

Main idea: Compute an outer approximation of the
complementary of T :

T = {xo| ¥t > 0,9(t,x0) ¢ T}

Thus, we search for a path that never reach T.
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Braketting T

Target contractor. If a box [x] of & is included in T then remove
[x] and close all doors entering in [X] .
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Braketting T

Flow contractor. For each box [x] of &2, we contract the polygon
using the constraint x = f(x).
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Braketting T

Inner propagation
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Braketting T
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Braketting T
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Braketting T
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Braketting T
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Braketting T
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Braketting T
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Braketting T
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Braketting T




Braketting T

QOuter propagation
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Braketting T
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An interpretation can be given only when the fixed point is reached.
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Applications

Car on the hill
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Applications

X1 = X2
X = 9.81sin (3 sinx3+0.6-sin(1.1-x1)) —0.7-x

Y

T. Le Mézo, L. Jaulin, B. Zerr Characterization of trajectories using constraint program



w
c
o
]
©
Y

Appl

AL LA N A N R R S S S S S e s

INNCNNNNNNNNNNNINSS
A A R R N RS S S S S e e e |
R e
T e e e
FEEEE DU LU AR R s ISt
FISFISIFEFFFEE LA NN NN NS

B e
R N AR

e s SNNNNNNN A AL A LSS I L1007 0 7|
S s
e eterrpor e SSNSNNNNNNNNNN NN IS
NN A

|

S
SSSSssrssrraeEEEEUSS SN SIS SSSS S
e SRR NANNNNNN NN NN NNV
st e e NS SNNANNNNNNNNNNANAA N A
st e W SSNNNNNNNNNNNNN NN
N N N N N R R R S P
S s
e NN AL LLAA LI 1000022004
S et
S AIIIIILLLIILI SIS0
VArrssrrrss s rs s prrrsssse: g
VAPIIPIFLIIFEEEE AN N AN NS TS \\
/7751111111 A AN NN NN NN NS S S LS LS LL LA

e

XZRRE!

PR
AN NS S S

ZRAREEERESS S SN
FEEE L AN A A AR AN AN N NN NS S LA S
S EE NN A AN NN NN NN S S

IPFIIFF LI E LA AN NN NN NSNS LA

PP LL LA |

SASIILILLFLS SIS AR NN
B AR

R AV A E R R

e NI IIII LI 0000000020
O s
s NNNNNANN NN NN ALAL AL 1104041
e s SSSNNNNNNN VAT LI LA L0017
s
e SsSSSNNNNNN NSNS LS00 7Y
S s
e SSNNNNNN NN VSIS L0017
e
N S S N N N N NI 2d

s
NN A S S R R N N S AP
R N N N R 2222222
e
Vs ss s s s r s AP
P -
ossssssss s s s s s s s s s s b s d g gas " AL LIS
B e
VAsssssr 77777411 EEEEE AN
B e T
PALFLLFLLSFLFEAEEE LN NN

S

B s

Y VN N RN RN RN RN

[ SIS
PIAPIIIIIII IS AN AN SIS
R N A N RN RN R R Rttt

VAsrrrrrsrrrrrrrsrrrrrrrtss: ]
N N R

N R N R N e
e

e NNNNNN A ALLILLI 2200000077
s

e SNANNNNN AN NS AL LSS 11707777
S et

10

0

o
=]
7]
=
o
o
b0
=
@
5
0
o
=
o
2
9]
[
2
@
£
b=
“
o
=
o
=]
©
f
o
2
9]
I
o
«




Applications

Research box Xo = [-1,13] x [-10,10]
Blue: Tour = Xo; Red: Tj, =[2,9] x [~1,1]
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Applications

Combined with an outer propagation
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Applications

Van der Pol system
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Applications

Consider the system

>'<1 = X2
Xy = (1—X12)-X2—X1

and the box Xy = [—4,4] x [—4,4].
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Applications

f— —f; T=XoU[-0.1,0.1].

haracterization of trajectories using constraint program



Applications

f— —f; Tour =Xo ; Tj =[0.5,1]%
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Applications

Combined with an outer propagation
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Applications

integralibex0-0
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