Lie symmetries applied to interval integration

J. Damers, L. Jaulin, S. Rohou

Réunion MRIS, Palaiseau
2019, November 8

' W ki s €9 g
%45 “,4 DGA m cs EQ’ESJAE rgbgthue amé.m



https://www.ensta-bretagne.fr/jaulin/
https://www.ensta-bretagne.fr/robex/
https://www.ensta-bretagne.fr/sperob/
https://www.ensta-bretagne.fr/rob/gth/
https://www.defense.gouv.fr/dga
http://gdr-macs.cnrs.fr/
https://www.labsticc.fr/en/index/
https://www.ensta-bretagne.fr/en
https://www.gdr-robotique.org/
https://www.univ-brest.fr/

Consider the system

X] = Ui-COSX3
).(2 = up- sin X3
X3 = W

where u1, up is time dependent.
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T

Proj U X;
(Xl 4 X2 ) t€[0714]
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Group action

Group action
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Define by A = {a,b,c}.
The symmetric group is the set of all permutations in X is

53 = {617"'766}
= {abc — abc,abc — acb,abc — bac,
abc — cba,abc — bca,abc — cab}

It is a group with respect to o.
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Action. Define by T the set of applications from A to A.
For instance

a a
faab = b — a el
c b

Given o € S3, we define the action of 6 on f as

ocef=foo.
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(S3,0,9) is a group action since
@ (S53,0) is a group
o VfeF,o1ef=f (identity)
e (ciooj)ef =0jo(cjef) (compatibility)
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Stabilizer. For f in I, the stabilizer group (or symmetry group) of
G with respect to f is

Gf:Sym(f):{GES3’G.f:f}.
In our example we can check that

Gfaab = {0-17637 65}
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Group action

Differential group action


https://www.ensta-bretagne.fr/jaulin/

Action.

Define by I the set of all state equation x = f(x), x € R”
If g:R"” — R" is a diffeomorphism, we define

d _ _
gef = <d§Og 1)-(fog 1).

Proposition. If x =f(x) and y = g(x), we have y =g ef(y).
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Example. If g(x) = Ax, we get
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A transformation g is a stabilizer of f if gef =f.
Equivalently, g € Sym(f).
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Proposition. Define ®:R x R" — R" as the flow associated to
x = f(x). We have:

gef=fod,=god,og !l
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Group action
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Lie group of symmetries

Lie group of symmetries


https://www.ensta-bretagne.fr/jaulin/

Lie group of symmetries

Consider x = f(x) and a manifold P.
A Lie group Gy of symmetries is a family of transformations g,
p € P such that

@ (Gp,o) is a Lie group
o VpeP,gyef =f.
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Lie group of symmetries

~
=
I

B=E

Here, (Gp,0) is a Lie group but gpef # f
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Lie group of symmetries

Transport function.
Given a Lie group of symmetries Gp.
A transport function h(x,a) returns p so that gp(a) =x :

Eh(x,a)(a) = x
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Lie group of symmetries

Example. Consider the Lie group of symmetries:

_ [ x1 ( cosp —sinpp X1
Gp_{gp'<x2>ﬁp1 (sinpz oS po ><xz>}

To get the transport function h(x,a), we use the equivalence

X1 Cos Py —sinpy a
( Xo ) P1 ( sin py cos pa > < a > P (x,a)

gp(a)
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Lie group of symmetries

Y


https://www.ensta-bretagne.fr/jaulin/

Lie group of symmetries

A

b1

D2

Y

p =h(x,a) and gp(a) =x
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Interval integration
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Interval integration

Consider a system
x =f(x)

where xg € [xo].
®; is the flow associated to f
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Interval integration

The set of all states x at time t consistent with the initial box [xo]
is [5]

Xe = ®7¢([xo])
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Interval integration

Theorem. We have one reference a(t) = ®:(ag).
If h(x,a) is a transport function for x = f(x), then

@ (X) = Bh(x,a0) ©a(1)-
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Interval integration

An inclusion function for ®;(x) is thus ®¢([x]) = gh([x].a,) ©a(t)-
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Interval integration

Method [2]
Enclose [1] [7], a reference a(t) in a thin tube [a(t)].

Find a Lie group of symmetries Gp.

(]
@ Give an expression for the transport function h(x,a).
(]

Solve the set inversion problem.
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Interval integration

Using separators [6], we can compute

UXe = U®Z}([xo])

teT teT

with @;(x) = gh(x.a) 0a(t) and T is either
e a discrete set T ={1,...,m};

@ an interval T = [0, tmax]-
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Hydon system
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Interval integration

Example. Consider the system [3]

X1 = —X13—X1X22—|—X1—x2
Xo = =X —xPxatx1+x

It has the following symmetry

g (x) = 1 ( cos py —sinpy >‘<x1 >
\/p2 N (X12 +x22) (1- p) sin py Cos p1 X2
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Lie g mmetries

Interval integration
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Dead reckoning
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Interval integration

Consider the system [4]

X1 = Up-COSX3
Xo = U1-Sinxs
X3 = U

To avoid the time dependence in u, we rewrite the system into

Xl = W (X4) - COS X3
X = ui(xa)-sinxs
x3 = uxs)

xs = 1

where x4 is the clock variable.
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or mmetr
Interval integration
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Interval integration

T

Proj U X
(ax2)tef0,14]
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Interval integration
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Interval integration
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