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1 Sailboat









Montrer une vidéo



1.1 Sensors

• Reliable sensors: GPS, compass, gyrometers and ac-

celerometers (low energy consumers, can be enclosed

inside a waterproof tank, can survive for years).

• Unreliable sensors: Anemometers, weather vane, dy-

namometers (they are directly in contact with wind,

wave, salt, . . . ) and can fail down at any time.



1.2 Normalized State equations








ẋ = v cos θ + a cosψ
ẏ = v sin θ + a sinψ

θ̇ = ω
v̇ = fs. sin δs − fr. sinu1 − v
ω̇ = fs. (1− cos δs)− fr. cosu1 − ω
ȧ = 0

ψ̇ = 0
fs = a sin (θ − ψ + δs)
fr = v sinu1
γ = cos (θ − ψ) + cos (u2)

δs =

{
π − θ + ψ if γ ≤ 0

sign (sin (θ − ψ)) .u2 otherwise.





1.3 Control with the polar speed diagram





1.4 Embedded control











1.5 Problem

To control the boat, we need to know where the wind comes

from and what is its speed.



2 Computing with intervals



[−1, 3] + [2, 5] = [1, 8],
[−1, 3].[2, 5] = [−5, 15],

[−1, 3]/[2, 5] = [−12,
3
2],



Algorithm f(in: x = (x1, x2, x3), out: y = (y1, y2))
1 z := x1;
2 for k := 0 to 100
3 z := x2(z + kx3);
4 next;
5 y1 := z;
6 y2 := sin(zx1);



Algorithm [f ](in: [x] = ([x1] , [x2] , [x3]), out: [y] = ([y1] , [y2])
1 [z] := [x1];
2 for k := 0 to 100
3 [z] := [x2] ∗ ([z] + k ∗ [x3]);
4 next;
5 [y1] := [z] ;
6 [y2] := sin([z] ∗ [x1]);



3 Flat systems



The system
{
ẋ = f(x,u)
y = g(x),

is flat with the flat output y if there exist two functions φ

and ψ such that for all t, we have




x = φ

(
y, ẏ, . . . ,y(r−1)

)

u = ψ
(
y, ẏ, . . . ,y(r−1),y(r)

)
.



To get φ and ψ, we have to proceed as follows.

• The derivation step computes symbolically y, ẏ, . . . ,y(r)

with respect to x and u. We get





y

ẏ
...

y(r)





= h

(
x

u

)

.

• The resolution step inverses symbolically the function

h. This operation is not easy.



Example. Consider the system





ẋ1 = x1 + x2
ẋ2 = x22 + u
y = x1.

Derivation step:





y = x1
ẏ = ẋ1 = x1 + x2
ÿ = ẋ1 + ẋ2 = x1 + x2 + x

2
2 + u.



Thus




y
ẏ
ÿ




 =






x1
x1 + x2

x1 + x2 + x
2
2 + u






︸ ︷︷ ︸
h(x,u)

.



Resolution step:





x1 = y
x2 = ẏ − x1 = ẏ − y

u = ÿ −
(
x1 + x2 + x

2
2

)
= ÿ − ẏ − (ẏ − y)2 .

i.e.
(
x

u

)

=






y
ẏ − y

ÿ − ẏ − (ẏ − y)2






︸ ︷︷ ︸
h−1(y,ẏ,ÿ)



As a consequence,





φ (y, ẏ) =

(
y

ẏ − y

)

ψ (y, ẏ, ÿ) = ÿ − ẏ − (ẏ − y)2 .



4 New approach








y

ẏ
...

y(r)






︸ ︷︷ ︸
z

= h

(
x

u

)

︸ ︷︷ ︸
w

Classical approach. We invert symbolically h and then

we compute h−1 (ẑ), where ẑ is a measure of z.

Our approach: We compute W = [w] ∩ h−1 ([z]) for

each t.



From the state equations of the sailboat, we get





θ
ẋ
ẏ

θ̇
ẍ
ÿ

θ̈






︸ ︷︷ ︸
z

=






θ
v sin θ + a sinψ
v sin θ + a sinψ

ω
(fs. sin δs − fr sinu1 − v) cos θ − ωv sin θ
(fs sin δs − fr sinu1 − v) sin θ + ωv cos θ
fs (1− cos δs)− v sinu1 cosu1 − ω






︸ ︷︷ ︸
h(w)

with

w =
(
θ v ω a ψ u1 u2

)T

and





fs (w) = a sin (θ − ψ + δs)
fr (w) = v sinu1

δs (w) =

{
π − θ + ψ if γ (x, t) ≤ 0

sign (sin (θ − ψ)) .u2 otherwise

γ (w) = cos (θ − ψ) + cos (u2) .



Simulated experiment





After crash of november 2010.


