
Interval Contractors to Solve Dynamical

Geometrical Equations with Application to

Underwater Robotics

L. Jaulin

Seminar of LSU Mathematics, Louisiana

2022, March 11

https://www.ensta-bretagne.fr/jaulin/
https://www.math.lsu.edu/calendar?selecttime=all&selectevent=Control+and+Optimization+Seminar
https://www.ensta-bretagne.fr/robex/
https://www.ensta-bretagne.fr/sperob/
https://www.defense.gouv.fr/dga
http://gdr-macs.cnrs.fr/
https://labsticc.fr/en/teams/robex
https://www.ensta-bretagne.fr
https://www.gdr-robotique.org/
https://www.univ-brest.fr/


Secure a zone

Intervals

Cooperative localization

1. Secure a zone

L. Jaulin

Interval Contractors to Solve Dynamical Geometrical Equations with Application to Underwater Robotics

https://www.ensta-bretagne.fr/jaulin/


Secure a zone

Intervals

Cooperative localization

L. Jaulin

Interval Contractors to Solve Dynamical Geometrical Equations with Application to Underwater Robotics

https://www.ensta-bretagne.fr/jaulin/


Secure a zone

Intervals

Cooperative localization

Bay of Biscay 220 000 km2
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An intruder
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Several robots R1, . . . ,Rn at positions a1, . . . ,an are moving in the
ocean.
If the intruder is in the visibility zone of one robot, it is detected.[5]
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Complementary approach

We assume that a virtual intruder exists inside G.
We localize it with a set-membership observer inside X(t).
The secure zone corresponds to the complementary of X(t).
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Assumptions

The intruder satis�es
ẋ ∈ F(x(t)).

Each robot Ri has the visibility zone g−1
ai

([0,di ]) where di is the
scope.
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Theorem. An (undetected) intruder has a state vector x(t) inside
the set

X(t) =G∩ (X(t−dt)+dt ·F(X(t−dt)) ∩
⋂
i

g−1
ai (t)

([di (t),∞]),

where X(0) =G. The secure zone is

S(t) = X(t).

L. Jaulin

Interval Contractors to Solve Dynamical Geometrical Equations with Application to Underwater Robotics

https://www.ensta-bretagne.fr/jaulin/


Secure a zone

Intervals

Cooperative localization

Set G in blue
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Magenta: G∩
⋃

i g
−1
ai (t)

([0,di (t)]) Blue:G ∩
⋂

i g
−1
ai (t)

([di (t),∞])
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Blue:
X(t) =G ∩ (X(t−dt)+dt ·F(X(t−dt))) ∩

⋂
i g
−1
ai (t)

([di (t),∞]).
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Video : youtube
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Idea: Take into account the future.
The feasible set can be obtained by the following contractions

−→
X (t) =

−→
X (t) ∩ (X(t−dt)+dt ·F(X(t−dt)))

←−
X (t) =

←−
X (t) ∩ (X(t+dt)−dt ·F(X(t+dt)))

X(t) =
−→
X (t)∩

←−
X (t)

with the initialization

X(t) =
−→
X (t) =

←−
X (t) =G.
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2. Intervals

L. Jaulin

Interval Contractors to Solve Dynamical Geometrical Equations with Application to Underwater Robotics

https://www.ensta-bretagne.fr/jaulin/


Secure a zone

Intervals

Cooperative localization

Problem. Given f : Rn→ R and a box [x]⊂ Rn, prove that

∀x ∈ [x] , f (x)≥ 0.

Interval arithmetic can solve e�ciently this problem.
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Example. Is the function

f (x) = x1x2− (x1+ x2)cosx2+sinx1 · sinx2+2

always positive for x1,x2 ∈ [−1,1] ?
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Interval arithmetic

[−1,3]+ [2,5] = [1,8],
[−1,3] · [2,5] = [−5,15],
abs([−7,1]) = [0,7]
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The interval extension of

f (x1,x2) = x1 ·x2− (x1+ x2) · cosx2+sinx1 · sinx2+2

is

[f ] ([x1] , [x2]) = [x1] · [x2]− ([x1]+ [x2]) · cos [x2]
+sin [x1] · sin [x2]+2.
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Theorem (Moore, 1970)

[f ] ([x])⊂ R+⇒∀x ∈ [x] , f (x)≥ 0.
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Contractors
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The operator C : IRn→ IRn is a contractor [2] for the equation
f (x) = 0, if{

C ([x])⊂ [x] (contractance)
x ∈ [x] and f (x) = 0⇒ x ∈ C ([x]) (consistence)

L. Jaulin

Interval Contractors to Solve Dynamical Geometrical Equations with Application to Underwater Robotics

https://www.ensta-bretagne.fr/jaulin/


Secure a zone

Intervals

Cooperative localization

Tubes
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A trajectory is a function f : R→ Rn. [4, 3]. For instance

f (t) =

(
cos t
sin t

)
is a trajectory.
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Order relation

f ≤ g⇔∀t,∀i , fi (t)≤ gi (t) .
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We have

h = f ∧g⇔∀t,∀i ,hi (t) = min(fi (t) ,gi (t)) ,

h = f ∨g⇔∀t,∀i ,hi (t) = max(fi (t) ,gi (t)) .
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The set of trajectories is a lattice. Interval of trajectories (tubes)
can be de�ned.
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Propagation

L. Jaulin

Interval Contractors to Solve Dynamical Geometrical Equations with Application to Underwater Robotics

https://www.ensta-bretagne.fr/jaulin/


Secure a zone

Intervals

Cooperative localization

Example. Consider x (t) ∈ [x ] (t) with the constraint

∀t, x (t) = x (t+1)

Contract the tube [x ] (t) .
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We �rst decompose into primitive trajectory constraints

x (t) = a (t+1)

x (t) = a (t) .

L. Jaulin

Interval Contractors to Solve Dynamical Geometrical Equations with Application to Underwater Robotics

https://www.ensta-bretagne.fr/jaulin/


Secure a zone

Intervals

Cooperative localization

L. Jaulin

Interval Contractors to Solve Dynamical Geometrical Equations with Application to Underwater Robotics

https://www.ensta-bretagne.fr/jaulin/


Secure a zone

Intervals

Cooperative localization

L. Jaulin

Interval Contractors to Solve Dynamical Geometrical Equations with Application to Underwater Robotics

https://www.ensta-bretagne.fr/jaulin/


Secure a zone

Intervals

Cooperative localization

L. Jaulin

Interval Contractors to Solve Dynamical Geometrical Equations with Application to Underwater Robotics

https://www.ensta-bretagne.fr/jaulin/


Secure a zone

Intervals

Cooperative localization

L. Jaulin

Interval Contractors to Solve Dynamical Geometrical Equations with Application to Underwater Robotics

https://www.ensta-bretagne.fr/jaulin/


Secure a zone

Intervals

Cooperative localization

L. Jaulin

Interval Contractors to Solve Dynamical Geometrical Equations with Application to Underwater Robotics

https://www.ensta-bretagne.fr/jaulin/


Secure a zone

Intervals

Cooperative localization

L. Jaulin

Interval Contractors to Solve Dynamical Geometrical Equations with Application to Underwater Robotics

https://www.ensta-bretagne.fr/jaulin/


Secure a zone

Intervals

Cooperative localization

L. Jaulin

Interval Contractors to Solve Dynamical Geometrical Equations with Application to Underwater Robotics

https://www.ensta-bretagne.fr/jaulin/


Secure a zone

Intervals

Cooperative localization

http://codac.io/ [4]
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3. Cooperative localization
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Classical state estimation{
ẋ(t) = f (x(t) ,u(t)) t ∈ R
0 = g (x(t) , t) t ∈ T⊂ R.

Space constraint g (x(t) , t) = 0.
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Example. 

ẋ1 = x3 cosx4
ẋ2 = x3 cosx4
ẋ3 = u1
ẋ4 = u2
(x1 (5)−1)2+(x2 (5)−2)2−4= 0

(x1 (7)−1)2+(x2 (7)−2)2−9= 0
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With time-space constraints{
ẋ(t) = f (x(t) ,u(t)) t ∈ R
0 = g (x(t) ,x(t ′) , t, t ′) (t, t ′) ∈ T⊂ R×R.
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Example. An ultrasonic underwater robot with state

x= (x1,x2, . . .) = (x ,y ,θ ,v , . . .)

At time t the robot emits an omni-directional sound. At time t ′ it
receives it (

x1−x
′
1

)2
+
(
x2−x

′
2

)2
− c
(
t− t ′

)2
= 0.
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Consider n robots R1, . . . ,Rn described by

ẋi = f (xi ,ui ) ,ui ∈ [ui ] .
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Omnidirectional sounds are emitted and received.
A ping is a 4-uple (a,b, i , j) where a is the emission time, b is the
reception time, i is the emitting robot and j the receiver.
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With the time space constraint

ẋi = f (xi ,ui ) ,ui ∈ [ui ] .
g
(
xi(k) (a (k)) ,xj(k) (b (k)) ,a (k) ,b (k)

)
= 0

where
g (xi ,xj ,a,b) = ‖x1−x2‖− c (b−a) .
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Clocks are uncertain. We only have measurements ã (k) , b̃ (k) of
a (k) ,b (k) thanks to clocks hi . Thus

ẋi = f (xi ,ui ) ,ui ∈ [ui ] .
g
(
xi(k) (a (k)) ,xj(k) (b (k)) ,a (k) ,b (k)

)
= 0

ã (k) = hi(k) (a (k))

b̃ (k) = hj(k) (b (k))
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The drift of the clocks is bounded

ẋi = f (xi ,ui ) ,ui ∈ [ui ] .
g
(
xi(k) (a (k)) ,xj(k) (b (k)) ,a (k) ,b (k)

)
= 0

ã (k) = hi(k) (a (k))

b̃ (k) = hj(k) (b (k))

ḣi = 1+nh, nh ∈ [nh]
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