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1 Interval computation



Problem. Given f : R™ — R, a box [x] C R", prove that

vx € [x], f(x) > 0.

Interval arithmetic can solve efficiently this problem.



Interval arithmetic

[—1,3] +[2,5]
[=1,3] - [2,5]
abs([ 7,1])

[1,8],
[=5, 15],
[0,7]



If f is given by

Algorithm f(in: x = (x1, xp, x3), out: y)

z = |z3| + z1;
for k := 0 to 100
z := (cosxp) - (sin (2) + kx3);
next;
y :=sin(z - x1);
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lts interval extension is

Algorithm [f](in: [x] = ([z1], [z2] , [z3]), out: [y])

1 [z] :i= |[z3]| + [z1];
for Kk := 0 to 100
[2] := (cos [x2]) - (sin ([2]) + K * [z3]);

next;

[y] := sin([2] - [#1]);
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Theorem (Moore, 1970)

[f1(x]) CRT = Vx € [x], f(x) > 0



Inclusion function

v [x] € IR™, f([x]) C [£] ([x])-
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Convergent and monotonic



2 Set estimation



2.1 Subpavings



A subpaving of R" is a set of non-overlapping boxes of R™.

Compact sets X C R" can be bracketed between inner and
outer subpavings:

X" cXcXT.



Example. The set

X = {(1,22) | 21 + 23 + sin (v1 + 2) € [4,9]}.

can be approximated by subpavings.




2.2 Set inversion



If f: R" — R™and Y C R™.
X = {x € R" | f(x) € Y} = f~1(Y).



(i) [f([x]) CY = [x]CX
(i) F(x)NY=0 = [x]NnX=0.



Algorithm Sivia(in: [x](0),f,Y)

L= {[x](0)};

pull [x] from L;

if [f]([x]) C Y, draw([x], 'red’);

elseif [f]([x]) NY = @, draw([x], 'blue’);
elseif w([x]) < e, {draw ([x], 'yellow")};
else bisect [x] and push into £;

if L £, goto?2
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2.3 Bounded-error estimation



Model : ¢ (p,t) = pye P2L.
Prior feasible box for the parameters : [p] C R?

Measurement times : t1,%7,...,tm

Data bars : [y, 47 ], [¥5:93 |- - - [Ym» Uik

S={pepl,¢(® t) € Wi v7]- -, (D tm) € [yms vii]}-



¢ (p,t1)
¢ (p) = ( )
(b (pv tm)

Y] = [y1 ] X - X [Yrm, U]

and

then

S=[p]lNne¢ t([y]).



3 Saiboat robotics
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3.1 Vaimos



Vaimos (IFREMER and ENSTA)



The robot satisfies a state equation
x =f(x,u).

With the controller u = g (x), the robot satisfies an equa-
tion of the form

x = f(x).



With all uncertainties, the robot satisfies.
x € F(x)

which is a differential inclusion.



3.2 Line following



Controller

Controller of a sailboat robot
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Heading controller
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3.3 Vector field
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A course 8% may be unfeasible
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3.4 Controller



Function in: m,0,1,a,b; out: §,,07%; inout: ¢

SO O A  WIN

det(b—a,m—a)

e —
[b—all

if |e| > 7 then ¢ = S|gn(e)
6 = atan2(b — a) — 5- atan( )
if cos (¢ — >—|—cos§<0then9:7r—|-¢—qC

aXx

or = 57T atan(tan—)
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3.5 Validation by simulation






3.6 Theoretical validation



When the wind is known, the sailboat with the heading
controller is described by

x = f(x).



The system
x = f (x)
is Lyapunov-stable (1892) is there exists V (x) > 0 such
that
V(x) < 0ifx#0,
V(x) = 0iffx=0.



Definition. Consider a differentiable function V' (x) : R"” —
R. The system is V-stable if

(V(x)20 = V(x)<0).
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Theorem. If the system x = f (x) is V-stable then

(i) Vvx(0),3t > 0 such that V (x(t)) <O
(i) if V(x(t)) <O0thenVr >0, V(x(t+ 7)) <O.



Now,

V(x) 20 = V(x)<0)
& (V(x)>0= 9% (x) f(x) <0
& VX,%—Z(X) f(x)<0orV(x)<O0
& - (Elx,a—‘;(x) f(x)>0and V(x) > O)



Theorem. We have

oV
{ ox (‘}/(()Xg (;C)OZ O inconsistent < x = f (x) is V-stable.

Interval method could easily prove the V-stability.



Theorem. We have

WV (x).a>0
ac F(x) inconsistent < x & F(x) is V-stable
V(x) >0



Differential inclusion x € F (x) for the sailboat.
V(x) = 25 — 724
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3.7 Parametric case

Consider the differential inclusion

x € F(x,p).

We characterize the set P of all p such that the system is
V-stable.






3.8 Experimental validation
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Montrer la mise a ['eau



Middle of Atlantic ocean

350 km made by Vaimos in 53h, September 6-9, 2012.



Consequence.

It is possible for a sailboat robot to navigate inside a cor-
ridor.

Essential, to create circulation rules when robot swarms are
considered.

Essential to determine who has to pay in case of accident.



4 Contractors



The operator C : IR"™ — IR"™ is a contractor for the
equation f (x) =0, if

{ C([x]) C [x] (contractance)
x € [x] and f(x) =0=x € C([x]) (consistence)



Example. Consider the primitive equation:

To = sinxy.
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C is monotonic if | [x] C [y] = C([x]) C C([y])

C is minimal if C([x]) = [[x] N set (C)]

C is idempotent if | C (C(]x])) = C([x])

C is continuous if | C (C*°([x])) = C°°([x]).




Contractor algebra

intersection | (C1 NCs) ([x]) def C1 ([x]) NCa ([x])
(C1UC) (x]) £ [C1 ([x]) U Ca ([x])]
composition | (C1 0 C2) ([x]) & €1 (C2 ([x]))
reiteration C° def CoCoCo...




Contractor on images

The robot with coordinates (x1, z2) is in the water.









Building contractors for equations

Consider the primitive equation

Tr1+ T2 = 3

with 1 € [z1], 2 € [x2], 3 € [23].



We have

3 =1z1+x2= z3€ [z3]N([r1]+ [22]) // forward
r1=x3—x2 = x1 € [z1]N([x3] —[x2]) // backward
rp =23 —x1 = x2 € [z2] N ([x3] —[x1]) // backward



The contractor associated with x1 + x5 = x3 is thus

[1] [z1] N ([x3] — [z2])
C| [z2] | = [=2] N ([z3] — [z1])
[x3] [z3] N ([z1] + [x2])



4.1 Solver



Example 1. Solve the system

8



We build two contractors

vl =N [z]? . 2
Cq: { ] = [2] N \/m associated toy =«

: [y]:[y]ﬂ\/m associated to y = v/«
2 | B SR st toy =3



Cly=x2

CzJ’:ﬁ

Contractor graph
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Example 2. Consider the system

(v

3sin(x)

. xr eR, yeR.
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We converge the largest box [x] such that

C1([x]) = Ca([x]) = [x].



Example 3. Consider the following problem
(C1): y=a?
(C2): zy=1
(C3): y=—-2zx+1
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(C1) =
(C2) =
(C3) =

(C1) =
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4.2 Circuits



Example 1




Domains
E € [23V,26V];I € [4A,8A];

U, € [10V,11V]: Uy € [14V,17V];
P € [124W,130W1]; Ry € [0,00[ and Ry € [0, o0l.

Constraints

(i) P=FI, (i) E=(R1+ Ry) I, (iii) U3 = R11,
(iv) Up = RpoI, (v) E =U;+ Us.



Solution set

(B [ D326 \
Ry [0, 00| P=EI
Ry [0, oo E=(R1+ Ryl
s={| 1 |e 4,8 |, Uy =RyI
Uy [10, 11] Uy = Rpl
Us [14,17] E=U;+ U
\ P ) \[24130; )




variables

E in [23 ,26];

I in [4,8];

Ul in [10,11];

U2 in [14 ,17];

P in [124,130];
R1 in [0 ,1e08 1;
R2 in [0 ,1e08 1;
contractor_list L
P=Ex*I,;
E=(R1+R2)*1;
Ul=R1*1;

U2=R2*1;

E=U1+U02;

end



contractor C
compose (L) ;

end

contractor epsilon
precision(1);

end



Quimper returns

[24; 26] x [1.846;2.307] x [2.584; 3.355]
x [4.769; 5.417] x [10; 11] x [14; 16] x [124;130],

E € [24;26], R1 € [1.846;2.307],
Ry € [2.584;3.355], I € [4.769;5.417],
Uy € [10;11], Us € [14;16],

P € [124;130].



5 SLAM
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Mine detection with SonarPro



Loch-Doppler returns the speed robot vy-.



Inertial central (Octans Il from IXSEA).

b 1.75 x 1074, [—1, 1]
0 el 6 |+]| 1.75 x 1074, [-1,1]
W 5.27 x 1073.[-1, 1]




Six mines have been detected.

i 0 1 2 3 4 5
7(i) 7054 7092 7374 7748 0038 9688
o(i) 1 2 1 0 1 5
(i) 52.42 12.47 54.40 52.68 27.73 26.98

6 I 3 9 10 11
10024 10817 11172 11232 11279 11688
4 3 3 4 5 1
3790 36.71 37.37 31.03 33.51 15.05




5.1 Constraints



t € {6000.0,6000.1,6000.2,...,11999.4},

ie{0,1,..., 11},

pz(t) \ _ , 0 L\ ([ la(t) — €
(m(t))‘””” (cos(fym-l—zo) 0) (@(t)—é&})’

P(t) = (pz(t), py(t), p=(1)),

cosy(t) —siny(t) O
Ry (t) = ( singp(t) cosy(t) O ) :

0 1
( cosf(t) 0 sinf(t) )
Ry(t) = 0 10 )
—sinf(t) 0 cos6(t)



1 0 0
Ry(t) = ( 0 cosp(t) —sinp(t) ) :
0 sinp(t) cosp(t)

R(t) = Ry (1) - Ry(t) - Roo(2),
p(t) = R(2) - vr(2),
lm(a(2)) — p(T(D)l| = r(3),

R'(7(2)) - (m(o(i)) — p(7(9))) € [0] x [0, 00] *2.



5.2 GESMI



GESMI, for the estimation of seamarks using interval analysis
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