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1 Interval analysis



Problem. Given f : Rn→ R, a box [x] ⊂ Rn, prove that

∀x ∈ [x] , f (x) ≥ 0.
Interval arithmetic can solve efficiently this problem.



Interval arithmetic

[−1, 3] + [2, 5] = [1, 8],
[−1, 3] ∗ [2, 5] = [−5, 15],
abs ([−7, 1]) = [0, 7]



If f is given

Algorithm f(in: x = (x1, x2, x3), out: y)
1 z := x1;
2 for k := 0 to 100
3 z := (cosx2) (sin (z) + kx3);
4 next;
5 y := sin(zx1);



Its interval extension is

Algorithm [f ](in: [x] = ([x1] , [x2] , [x3]), out: [y])
1 [z] := [x1];
2 for k := 0 to 100
3 [z] := (cos [x2]) ∗ (sin ([z]) + k ∗ [x3]);
4 next;
5 [y] := sin([z] ∗ [x1]);



Theorem (Moore, 1970)

[f ] ([x]) ⊂ R+⇒ ∀x ∈ [x] , f (x) ≥ 0.



2 Path planning







Associated video

www.ensta-bretagne.fr/jaulin/cameleon.avi



3 Contractors



Example. Solve the system

y = x2

y =
√
x.



We build two contractors

C1 :
{
[y] = [y] ∩ [x]2
[x] = [x] ∩

√
[y]

associated to y = x2

C2 :
{
[y] = [y] ∩

√
[x]

[x] = [x] ∩ [y]2
associated to y =

√
x



Contractor graph





















4 Generalized intervals



An interval function (or tube) and a set interval







5 Range-only SLAM



{
ẋ(t) = f (x (t) ,u (t))
z (t) = d (x (t) ,M) .



True trajectory and dug space



Constraint diagram of the SLAM problem



Associated video

www.ensta-bretagne.fr/jaulin/dig2.avi





6 Motion Planning



{
ẋ = f (x,u) , u (t) ∈ U
y = g (x) , y (t) ∈ Y (t)







Associated video

www.ensta-bretagne.fr/jaulin/docking.avi





7 Sailboat robotics

L. Jaulin, F. Lebars, J. Sliwka, O. Ménage, P. Rousseau,

S. Prigent, T. Terre, Y. Gallou, B. Clément, O. Reynet, B.

Zerr, . . .

















8 Brest-Douarnenez

Départ le 17 janvier 2012 à 8h.

















Associated video

www.ensta-bretagne.fr/jaulin/vaimosdash.avi



Il est donc possible pour un robot voilier de rester dans sa

bande.

Indispensable pour créer des règles de circulation lorsqu’on

travaille avec des meutes.

Indispensable pour déterminer les responsabilités en cas

d’accident.



9 Line following










δg =





δmaxg . sin

(
θ − θ̄

)
if cos

(
θ − θ̄

)
≥ 0

δmaxg .sign
(
sin

(
θ − θ̄

))
otherwize

δmaxs = π
2 .

(
cos(ψ−θ̄)+1

2

)





θ̄ = ϕ− 2.γ∞
π
.atan

(
e
r

)





A course θ̄ is feasible if

cos
(
ψ − θ̄

)
+ cos ζ ≥ 0.



Function θ̄ (x, a,b, ψ, γ∞, r, ζ)

1 e = det
(
b−a
‖b−a‖,x− a

)

2 ϕ =atan2(b− a)
3 θ∗ = ϕ− 2.γ∞

π
.atan

(
e
r

)

4 if cos (ψ − θ∗) + cos ζ < 0
5 or (|e| < r and (cos(ψ − ϕ) + cos(ζ) < 0))
6 then θ̄ = π + ψ − ζ.sign(e);
7 else θ̄ = θ∗;
8 end



Choose a frame R (a, i, j) based on the line.

Function θ̄ (x, ψ, γ∞, r, ζ)
1 θ∗ = −2.γ∞π .atan

(
x2
r

)

2 if cos (ψ − θ∗) + cos ζ < 0
3 or (|e| < r and (cos(ψ − ϕ) + cos(ζ) < 0))
4 then θ̄ = π + ψ − ζ.sign(x2);
5 else θ̄ = θ∗;
6 end



ẋ =

(
cos θ̄ (x, ψ)
sin θ̄ (x, ψ)

)



10 V -stability



Controlled robot:

ẋ = f (x) .

Definition. Consider a differentiable function V (x). The

system is V -stable if ∃ε > 0 such that
(
V (x) ≥ 0 ⇒ V̇ (x) ≤ −ε

)
.





Theorem. If the system is V -stable then

(i) ∀x (0) ,∃t ≥ 0 such that V (x (t)) < 0
(ii) if V (x (t)) < 0 then ∀τ > 0, V (x (t+ τ)) < 0.



Now,
(
V (x) ≥ 0 ⇒ V̇ (x) < −ε

)

⇔
(
V (x) ≥ 0⇒ ∂V

∂x (x) .f (x) + ε < 0
)

⇔ ∀x, ∂V
∂x (x) .f (x) + ε < 0 or V (x) < 0

⇔ ∀x,min
(
∂V
∂x (x) .f (x) + ε, V (x)

)
< 0

⇔ ∀x, gε (x) < 0
⇔ g−1ε ([0,∞[) = ∅.



11 Robust case



The system also depends on a perturbation w ∈W

S: ẋ = f (x,w) .

Define

P = {p,∀w ∈W,S is V -stable} .





Differential inclusion associated to Vaimos



12 Test-case



Assumption. The heading controller generates an actual

heading of θ +w with w ∈W.

The system is

ẋ =




cos

(
θ̄ +w

)

sin
(
θ̄ +w

)



 , with θ̄ = θ̄ (x, ψ, γ∞, r, ζ) .



For W = ±5◦, ζ = π
6 rad, γ∞ = π

8 we have

Property 1. If |e (x)| < rmax then, it will be the case for

ever.

Property 2. If |e (x)| > rmax then |e (x)| will decrease
until |e (x)| < rmax.

Property 3. The course should be feasible, i.e., cos
(
ψ − θ̄

)
+

cos ζ ≥ 0.
Property 4. The robot always moves toward the right

direction, i.e. ẋ1 > 0.



Take V (x) = x22 − r2max, W = ±5◦ = ±0.085rad.

The parameter vector is p = (γ∞, ψ).



5th edition of the Small Workshop on Interval Methods

SWIM 2012

will be held on 4-6 June 2012 in Oldenburg, Germany

http://hs.informatik.uni-oldenburg.de/swim2012


