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Consider the system

7 x(t) =f(x(t))
Denote by ¢(t,x) the flow map.
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Positive invariant set
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A set A is positive invariant [1] if
xeA t>0= @(t,x)€A.

Or equivalently
@([0,50],A) C A.

The set of all positive invariant sets is a complete lattice.
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Lattice
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Kleene algebra

A lattice (£,<) is a partially ordered set, closed under least upper
and greatest lower bounds [2].

A machine lattice (£, <) of £ is complete sublattice of (.Z, <)
which is finite. Moreover both .Z and .£) have the same top and
bottom.
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Machine lattice
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We consider a set .# of automorphism 7:.2 (X) — 22 (X) such that

f(X) =X
f(ANB) = f (A) N f(B)

Note that f is inclusion monotonic.
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’ ‘ Kleene(+, -, *) ‘ Kleene(N, o, *) ‘
Addition a+b fng
Product a-b fog

Associativity | a+(b+c)=(a+b)+c
a(bc) = (ab)c
at+b=b+a
a(b+c) = (ab) + (ac)
(b+c)a=(ba)+(ca)

fn(gnh)=(fNg)nh
fo(goh)=(fog)oh
fng=gnf
fo(gnh)=(fog)N(foh)
(gnh)of =(gof)n(hof)

Commutativity
Distributivity

zero a+0=a fNnT=fF

One al=1la=a fold=Idof =f
Annihilation a0=0a=0 foT =T
Idempotence ata=a fnf=f

Partial order

a<bsa+b=>b

fogefng=g

Kleene star

a*=1+a+aa+aaa+...

f*=Ildnfnfinfin...
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Reducers

To an automorphism f € %, we can associate the reducer
X =IdNf.

Kleene algebra to compute with invariant sets of dynamica



Kleene algebra

We have

ACB=%(A)C#(B) monotonicity
Z(A) C A degrowth
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Theorem. We have
(ldNf)*=f*

Proof. Since f is such that f (ANB)) =f (A)Nf(B), we have
(IdNf?(A) = (dNf)(ANf(A)) =
= ANF(A)NF(ANF(A))
= ANf(A)NF2(A)

and

(IdNF)™(A) = ANF(A)NF(A)NF3(A)N-- = F7(A).
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We define
Fix(f*) ={A|f*(A) = A} =Fix(ldNf)

From the Knaster—Tarski theorem, it is a complete sublattice of .Z.
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A N~

(c) (d)

(a) : Red nodes : A, (b):ANf(A), (c):ANf(A)NF2(A),
(d):f*(A).




Kleene algebra

Goal. Compute with closure sets £*,i € {1,2,...}, i.e., compute
with expressions such as

Fr(A)N (g™ (A)Uh" (A))

We want to factorize the fixed point operators as much as possible.
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Factorization properties [3]
fNf =f*

(18"} = (F gy
ffo(fog*) =(fNng)"
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Dealing state equations
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Define
8 = o(-L0A)
f(A) = o([0,1],A)
We have
FTM®RY=R"  F(ANB)=F (A)N F (B
F®Y=R"  F(ANB)=F (A)n T (B
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The sets f *(A), f *(A) correspond to the largest positive and
negative invariant sets included in A.
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The largest invariant set included in A is

(?m?)*(A)
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[llustration
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Kleene intervals
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Given an automorphism f, we want to compute f*(a) where a is in
(-Z, <) (for instance (R",C)).
Machine sublattice £ of £ (maze for instance).
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Kleene algebra

Interval automorphism

Kleene algebra to compute with invariant sets of dynamica
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An interval automorphism [f~,f ] containing f is a pair of two
machine automorphism £, with such that

ac Ly=fFf (a)<f(a)<fh(a).
Lemma. We have

Fix (7)) € LmNFix(f*) C Fix ((F7)")
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Fixed points Fix ((f~)") in magenta, Fix ((f*)") in blue
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Theorem. If a € [a~,a"], where a—,a" both belong to %)y, then

(1) f(a)e [(F) (a7), () (ah)]
(i) fro(f7) (a)=(f")(a")
(i) £ (a) < (ldNf) (at),Vi>0
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Algorithm
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Computation of *(a),a € [a]
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Boolean lattice

A Boolean lattice .Z is a complemented distributive lattice.
Every element a has a unique complement 3, satisfying ava=T
and ana= L.
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Boolean lattice

We have _
a<b&s b<a
a\/bzé/\é (De Morgan's laws)
aANb=bVva
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Interval arithmetic
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Boolean lattice

[a—,at] = [aTL a-

f(la=.a"]) [f(a=).f(a")]
[a=,a"]A[b7,bT] = [a~ Ab ,at AbT]
[a=,at]V[b,bT] = [a \/b‘,a+vb+]
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Monotonic case

Compute x = f{*(a) V (£ (b)) A5 (c)) . We have
xe | (@) v (b )/\f(C )
(ldNff)(a")V ((/dﬂfz’) (bYA(IdNE) (cM))]
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Boolean lattice

Non monotonic case
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Boolean lattice

We want to compute x = f @)A1 (b) Applying interval

arithmetic rules, we get

x € [fl*(a—)/\ fy (F) ,ﬁ/\ fy (b—)} :

i.e., we need to go up to the fixed point for both bounds.
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Applications

Forward reach set
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Applications

Forward reach set of A defined by
Forw(f,A) ={x |3t >0,3xo € A, ¢(t,x0) = x}.

We get

Forw(f,A) = f *(A).
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Applications

Monotonic path planning
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Applications

The set of paths that start in the set A and reach B is given by

Path (A,B) = Forw (A) N Back (B) ( )ﬂ? (B).
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Applications

A to B problem
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Applications

Consider two sets A, B such that B C A. We want to compute the
set

X=Capty,p={x| It >0,0(t,x) € B and Vt; € [0,t],p(t1,x) € A}.
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Applications

Non monotonic path planning
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Applications

Find the set X of all paths that start in A, avoid B and reach C.
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