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Directional in�ation

How to avoid these unclassi�ed yellow boxes?
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Given a box [w], a continuous function f : R2→ R2. We de�ne two

functions η : R2→ N, n : R2→ N as

η(y) = card
{

f−1({y})∩ [w]
}

n(x) = η(f(x))
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Assumptions.

Given [y] we can get η([y]) using the winding number.

We have an inclusion function [f] for f.
For all x ∈ [w], detJf(x)> 0 (local injectivity)

Problem. Characterize the function n(x).
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Basic inclusion. Since n(x) = η(f(x)), we have

n([x])⊂ η([f]([x])).
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Proposition. The function n changes on the set f−1 ◦ f(∂ [w]).
Consequence.

[x]∩ f−1 ◦ f(∂ [w]) = /0
n([a]) = na

[x]∩ [a] 6= /0

⇒ n([x]) = na

This allows us to deduce n([x]) from its neighbours.
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n([a]) = η(f([a])]) = [2,2] ⊂ η([f]([a])]) = [1,2]
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η(f([b])]) = [1,2] ⊂ η([f]([b])]) = [1,2]
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Conjecture. Assume that [a]⊂ [w]. Set

[b] = right-in�ate([a]) =[a−1 ,w
+
1 ]× [a2]. We have

n([a]) ⊂ (η([f]([a])))∩ (η([f]([b]))+1)
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For our illustration, we have

n([a]) ⊂ (η([f]([a])))∩ (η([f]([b]))+1)
= [1,2]∩ ([1,2]+1)
= [1,2]∩ [2,3]
= [2,2]
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Counter example (Sylvie and
Eric)
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n([a]) = η(f([a])]) = [1,1] ⊂ η([f]([a])]) = [1,2]
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n([b]) = η(f([b])]) = [1,2] ⊂ η([f]([b])]) = [1,2]
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Whereas n([a]) = [1,1], the conjecture says:

n([a]) ⊂ (η([f]([a])))∩ (η([f]([b]))+1)
= [1,2]∩ ([1,2]+1)
= [1,2]∩ [2,3]
= [2,2]
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