
Secure a zone
Interval computation
Computing with sets
Distributed solving

Interval methods for the detection and the capture

of intruders using autonomous robots

L. Jaulin

August 23, 2023

Hannover, 9am, Room V411, Schneiderberg 50

L. Jaulin Interval methods for the detection and the capture of intruders using autonomous robots

https://www.ensta-bretagne.fr/jaulin/
https://www.ensta-bretagne.fr/robex/
https://www.ensta-bretagne.fr/sperob/
https://www.defense.gouv.fr/dga
https://labsticc.fr/en/teams/robex
https://www.ensta-bretagne.fr
https://www.ensta-bretagne.fr/jaulin/


Secure a zone
Interval computation
Computing with sets
Distributed solving

Abstract. The talk is motivated by the detection of submarine
intruders inside the Bay of Biscay (golfe de Gascogne). In this
project, we consider a group of underwater robots that are able to
localize with a given accuracy using a state observer. We assume
that each robot is able to detect any intruder inside a disk of a
known radius. Moreover, the speed of the intruders is assumed to
be bounded and is small with respect to that of our robots. The
goal of this project is twofold: (1) to characterize a set for which
we can guarantee that there is no intruder (this corresponds to the
secure zone) (2) to �nd a control strategy for the group of robots
in order to extend the secure zone as much as possible. We will see
how interval analysis can be used to compute e�ciently the sets of
interest.
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1. Secure a zone
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Bay of Biscay 220 000 km2
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An intruder
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Several robots R1, . . . ,Rn at positions a1, . . . ,an are moving in
the ocean.

If the intruder is in the visibility zone of one robot, it is
detected.
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Complementary approach
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We assume that a virtual intruder exists inside G.

We localize it with a set-membership observer inside X(t).
The secure zone corresponds to the complementary of X(t).
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Assumptions

The intruder satis�es

ẋ ∈ F(x(t)).

Each robot Ri has the visibility zone V(ai)
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For instance

V(ai) = {x| such that∥ai −x∥ ≤ 100}
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Theorem. An (undetected) intruder has a state vector x(t) inside
the set

X(t) =G∩ (X(t−dt)+dt ·F(X(t−dt)) ∩
⋂

i

V(ai)

where X(0) =G. The secure zone is

S(t) = X(t).
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Set G in blue

L. Jaulin Interval methods for the detection and the capture of intruders using autonomous robots

https://www.ensta-bretagne.fr/jaulin/


Secure a zone
Interval computation
Computing with sets
Distributed solving

Magenta:
⋃

iV(ai) Blue:G ∩
⋂

iV(ai)
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Blue: X(t) =G ∩ (X(t−dt)+dt ·F(X(t−dt))) ∩
⋂

iV(ai).
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2. Interval computation
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Problem. Given f : Rn → R and a box [x]⊂ Rn, prove that

∀x ∈ [x] , f (x)≥ 0.

Interval arithmetic can solve e�ciently this problem.
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Example. Is the function

f (x) = x1x2 − (x1 + x2)cosx2 + sinx1 · sinx2 +2

always positive for x1,x2 ∈ [−1,1] ?
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If ⋄ ∈ {+,−, ·,/,max,min}, we de�ne

[x]⋄ [y] = [ {x⋄ y | x ∈ [x],y ∈ [y]} ]

where [A] is the smallest interval which encloses A⊂ R.
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Exercise.
[−1,3]+ [2,5] = [?,?]
[−1,3] · [2,5] = [?,?]
[−2,6]/[2,5] = [?,?]
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Solution.
[−1,3]+ [2,5] = [1,8]
[−1,3].[2,5] = [−5,15]
[−2,6]/[2,5] = [−1,3]
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Exercise. Compute

[−2,2]/[−1,1] = [?,?]
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Solution.
[−2,2]/[−1,1] = [−∞,∞]
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[x−,x+]+ [y−,y+] = [x−+ y−,x++ y+]
[x−,x+] · [y−,y+] = [x−y−∧ x+y−∧ x−y+∧ x+y+,

x−y−∨ x+y−∨ x−y+∨ x+y+]
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If f ∈ {cos, sin, sqr, sqrt, log, exp, . . .}

f ([x]) = [{f (x) | x ∈ [x]}]
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Exercise.

sin([0,π]) = ?

sqr([−1,3]) = [−1,3]2 =?

abs([−7,1]) = ?

sqrt([−10,4]) =
√

[−10,4] =?

log([−2,−1]) = ?
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Solution.

sin([0,π]) = [0,1]

sqr([−1,3]) = [−1,3]2 = [0,9]

abs([−7,1]) = [0,7]

sqrt([−10,4]) =
√

[−10,4] = [0,2]

log([−2,−1]) = /0
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A box, or interval vector [x] of Rn is

[x] = [x−1 ,x
+
1 ]×·· ·× [x−n ,x

+
n ] = [x1]×·· ·× [xn].

The set of all boxes of Rn will be denoted by IRn.
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[f] : IRn → IRm is an inclusion function of f if

∀ [x] ∈ IRn, f([x])⊂ [f] ([x]).
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Exercise. The natural inclusion function for f (x) = x2 +2x+4 is

[f ]([x]) = [x]2 +2[x]+4

For [x] = [−3,4], compute [f ]([x]) and f ([x]).
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Solution. If [x] = [−3,4], we have

[f ]([−3,4]) = [−3,4]2 +2[−3,4]+4

= [0,16]+ [−6,8]+4

= [−2,28]

Note that f ([−3,4]) = [3,28]⊂ [f ]([−3,4]) = [−2,28].
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3. Computing with sets
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A subpaving of Rn is a set of non-overlapping boxes of Rn.
Compact sets X can be bracketed between inner and outer
subpavings:

X− ⊂ X⊂ X+.
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Example.

X= {(x1,x2)
∣∣ x2

1 + x2
2 + sin(x1 + x2) ∈ [4,9]}

are approximated by X− and X+ for di�erent accuracies.

L. Jaulin Interval methods for the detection and the capture of intruders using autonomous robots

https://www.ensta-bretagne.fr/jaulin/


Secure a zone
Interval computation
Computing with sets
Distributed solving

Set operations such as Z := X+Y, X := f−1 (Y) ,Z := X∩Y . . .
can be approximated by subpaving operations.
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Set inversion
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Given a set Y, we want to compute

X= f−1(Y)
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(i) [f]([x])⊂ Y ⇒ [x]⊂ X
(ii) [f]([x])∩Y= /0 ⇒ [x]∩X= /0.

Boxes for which these tests failed, will be bisected, except if they
are too small.
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4. Distributed solving
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