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Characteristic functions for
set computation
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Characteristic functions for set computation

One robot at position (x1,x2) measures a distance [d] to the
landmark m.
The corresponding granule is

7 = {XG]R2 | \/(x1m1)2+(xzm2)2€[d]}

Its characteristic function is §(x).
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Characteristic functions for set computation

With more landmarks, we have more granules

2= {x B |/~ m)+ (e~ ma(i) € 0] |

L J 1 [ 2] 3 | 4 |
[gi] | [24] | [46] | [7,9 | [46]
m(f) (_173) (572) (87_1) (1’_5)

and more characteristic function &/(x).


https://www.ensta-bretagne.fr/jaulin/

Characteristic functions for set computation

We define a score function ¢ :{0,1}" — [0,1] as

c(0,0,...,0)=0
c(1,1,...,1)=1
Vj,aj < bj=0(a1,...,am) <o (b1,...,bm)
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Characteristic functions for set computation

The membership function associated with the granules Z; and the
score function o is

p(x) =0 (E'x),...,L"(x))
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Characteristic functions for set computation

For instance, if

b1 +2by+ b3 + by
5

G(b17b27b37 b4) =

we get
(%) +282(x) + () + £ (x)
5

p(x) =
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Characteristic functions for set computation
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Characteristic functions for set computation
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Characteristic functions for set computation

https://replit.com/@aulin/Alpha-cut-characterization
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Set algebra v.s. score function
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Characteristic functions for set computation

The set associated with the granules Z;, the score function o, the
degree o € [0,1] is

X={x|o ({*(x),...,{"(x)) > &}
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Characteristic functions for set computation

Example 1. We have

L(x 2(x
i = (s S0 )
Thus

_ bi+bo
A <—>{ G(b171;2)__ >
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Characteristic functions for set computation

Equivalently

7107y = {x| min(¢}(x),¢3(x)) > 1}

Thus .
"o { o (b1, b2) = min(by, by)
a=1
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Characteristic functions for set computation

Example 2. We have

VARV R {XW>1}

2 =2
Thus

— bith
U < { G(b17§2)_— 5

N—=


https://www.ensta-bretagne.fr/jaulin/

Characteristic functions for set computation

Equivalently

Z1UZy = {x| max(¢'(x),&3(x)) > 1}

Thus
U < { G(bl,bz) = max(bl,bg)
a=1
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Characteristic functions for set computation

Example 3. We have

(ZlﬂZQ)U(ZQﬁZ4)U(ZQﬂZ3)U(ZlﬁZ3ﬂZ4)
I(x 2(x)+E3(x)+E4(x
{X‘C()+QC()5+C()+C()>%}

Thus

1

_ b1+2by+b3+b,
o(by,..., by) = rt2iatbaths
o =

2


https://www.ensta-bretagne.fr/jaulin/

Characteristic functions for set computation

Example 4. We have
{a}

- {uipme1- )

Thus
{ (bl) 9 )_ L Z_]
o
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Characteristic functions for set computation

Example 5. We have

{a} 1 _ :
Z1 N ﬂZ-. = {x\min (Cl(x)7mZCJ(x)> > 1_m}

Thus
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Characteristic functions for set computation

o a X
# 1 71 NZo
bitbe 0.5 Z1UZy
by +2by+by by 0.5 (Z1NZ2) U(Z2 N Za) U
5 ' (ZQ mZ3)U(Zl NZs3 ﬂZ4)
nLibj - n'’z
min(b, LY b) |12 Z; n N9z,
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Characteristic functions for set computation

from codac import *

from MuSolve import SepMu

from vibes import vibes

M= [(-1,3),(,2),(8,-1),(1,-5)]

D=[Interval(2,4),Interval(4,6),Interval(7,9),Interval(4,6)]

def o(s):
bl,b2,b3,b4 = s
return (bl+2%b2+b3+b4d)/5

S =1

for i,m in enumerate(M):
f=Function("x","y",f"({m[0]}-x)~2 + ({m[1]}-y)~2")
S.append (SepFwdBwd (f,sqr(D[i])))
SIVIA([[-10,12],[-12,10]],SepMu(S,0,0.7))
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Characteristic functions for set computation

https://replit.com/@aulin/Alpha-cut-one
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Characteristic functions for set computation

’ ‘ Characteristic functions ‘ Set algebra ‘

Operators max, min, 4, —, - U,n, -
Graduality Yes No
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Characteristic functions for set computation

Transformation
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Characteristic functions for set computation

Take
CH(x) +28%(x) + &3 (x) + &4 (x)
5

>

N =
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Characteristic functions for set computation

leg leQ
00/01[11/10 00(01/11{10
00 0]2]%]¢ oolofof1yo
75101 5 |3 |52 7,01[0 [T]1] 0
Zy|11) 2 14718 Z,11 0[O 1)
10/5 2|53 10/ 0] 1o
p(x) = 4‘<x)+24”(x>ﬂ+c"‘(x>+c‘<x> pu(x) > 0.5

Cl(x)+242(x)5+53(x)+C4(X)
— (Zl ﬂZQ)U(ZQ ﬂZ4)U(ZQ ﬂZ3)U(Zl NZ3 ﬂZ4)
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Reciprocally

—~~

SRLRIC)
c c o
= = =
mmm./w\
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u-factory
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A contractor € [1] X is an operator IR" — IR" such that

% ([x]) C [x] (contractance)
E(x)NXc[x]NX (consistency)
x]Cy] = €(x]) c¥¢(ly]) (monotonicity)
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A contractor for
X= (Zl ﬂZQ)U(ZQ ﬂZ4)U(ZQ ﬂZ3)U(Zl NZs3 024)
is

bx = (ngl N %22) U (%Zz N %24) U (%Zz N (523) U ((521 M %23 M (524)
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Reification
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The constraint
Xe (Zl N Zg) U (ZQ ﬂZ4) U (ZQ ﬂZ3) U (Zl NZs3 ﬂZ4)

can be rewritten as

b;Z(XEZ,’)
1:(bl/\b2)\/(b2/\b4)\/(b2/\b3)\/(b1/\b3/\b4)
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The constraint
Xe (Zl N Zg) U (ZQ ﬂZ4) U (ZQ ﬂZ3) U (Zl NZs3 ﬂZ4)

can be rewritten as

z(i) €
=(x= ())
= (by Abo)V (bz/\b4) (b2 A b3)V (by A bs A by)
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The constraint
Xe (Zl N Zg) U (ZQ ﬂZ4) U (ZQ ﬂZ3) U (Zl NZs3 ﬂZ4)

can be rewritten as
Z(I) € 7Z;
b; =( —Z(I))
o(br,....ba) > 1
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The constraint
Xe (Zl N Zg) U (ZQ ﬂZ4) U (ZQ ﬂZ3) U (Zl NZs3 ﬂZ4)

can be rewritten [3] as


https://www.ensta-bretagne.fr/jaulin/

We define
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z(1) . .
z(m) . .
Z(l) (S Zl
4
z(m) € Zn,

Constraint network [2]
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ug > N
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We mean that we propose a generalization of the relaxed
intersection algorithm
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Take
o((x=2(1)),...,(x=2(m))) >«
z(i) € [2](7)

X € [x]
Contract [z](/) and [x].
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Example

where
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2] (2)
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Moreover, we get the correspondences

z(1)=2z(3) =x#z(2)

or equivalently
b1:b3:1and b2=0
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Proposition (De Morgan rule). The complementary set of the

X={x]o({'(x),...., M(x)) > a} is
X= {x | 5(51(x),...,§m(x)) > a}
where

Ejzl_gj
6 (b1y....,bm)=1—0(1—b1,...,1—bp)
a=1—a.
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from codac import *

from MuSolve import SepMu

from vibes import vibes

M= [(-1,3),(,2),(8,-1),(1,-5)]

D=[Interval(2,4),Interval(4,6),Interval(7,9),Interval(4,6)]

def o(s):
bl,b2,b3,b4 = s
return (bl+2%b2+b3+b4d)/5

S =1

for i,m in enumerate(M):
f=Function("x","y",f"({m[0]}-x)~2 + ({m[1]}-y)~2")
S.append (SepFwdBwd (f,sqr(D[i])))
SIVIA([[-10,12],[-12,10]], SepMu(S,0,0.7) )
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Fuzzy sets
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Consider m granules Z1,...,Z,, of R", and a score function ¢. The
corresponding fuzzy set X is
i { R" — [0,1]
X .
x = 0 (0X)....LM())
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An a-cut of a fuzzy set X is the crisp set:

Ko = {x [1x(0) > 0} = {x | 6 ({'(x).....{"(x)) > a}

where o is membership degree.
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Zy
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Application to localization
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Underwater robot in a pool, equipped with a sonar, a compass and
a manometer.
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Fuzzy sets
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Fuzzy sets

pr

d;

d

[dii] [di2] [d3]

Echo collected after the kth ping
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Walls: w segments W(w), w e {1,...,w}.
Bearings 64,...,0;.

Distance interval [dj /]

Location x = (x1,x2)"
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The granules are

Zk,w,é = {X S R2 ’ dd € [dk,g],ﬂm = (m1, m2) S W(W)
my =x1+dcosOg,my =xp+dsinf; }
Zo = Pool
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Z2
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Define the fuzzy set X as

px(x) = i max max __min (Ck""’vé(x)74’0(x))
k ke{1 k}ee{l,... (k) } well,...w}
Note that
maX,cfq . K_(k)} MaXye(1,..,.w} min (Ck’W’E(X), CO(X)) -1

& Je{l,... l(k)},Iwe{l,...,w},X € Zkw,NZ,
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Fuzzy sets

T
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Fuzzy sets



https://www.ensta-bretagne.fr/jaulin/

[H G. Chabert and L. Jaulin.
Contractor Programming.
Artificial Intelligence, 173:1079-1100, 2009.

[§ S. Rohou, L. Jaulin, L. Mihaylova, F. Le Bars, and S. Veres.
Reliable robot localization.
ISTE Group, 2019.

[§ J. Tillet, L. Jaulin, F. L. Bars, and R. Boukezzoula.
A fuzzy set estimation using interval contractors: Application
to localization.
Reliable Computing, 2022.


https://www.ensta-bretagne.fr/jaulin/

	Characteristic functions for set computation
	-factory
	Fuzzy sets 

