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Introduction



Overview

Interval analysis [Sun58, MY59, KK96, JKDWO1]: numerical tool to solve nonlinear
problems encountered in engineering

o Computing all global minimizers of a non-convex cost function [Han92],
o Computing all solutions of a set of nonlinear equations [Neu90],

o Characterizing sets defined by nonlinear inequalities [M0092, JW93a],
Solving ODEs [BM98, HBMO01]
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Overview

Interval analysis [Sun58, MY59, KK96, JKDWO1]: numerical tool to solve nonlinear
problems encountered in engineering

o Computing all global minimizers of a non-convex cost function [Han92],
o Computing all solutions of a set of nonlinear equations [Neu90],
o Characterizing sets defined by nonlinear inequalities [M0092, JW93a],
@ Solving ODEs [BM98, HBMO1]
o ...
Results provided by interval analysis are guaranteed
@ Unlike classical numerical approaches (Monte-Carlo or local methods)

@ even when strong nonlinearities and discontinuities appear in the problem.
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Overview

Guaranteed:
@ properties of results provided using interval analysis may be proved numerically.

o limited precision of representation of numbers on computers taken into account.
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Overview

Characteristics led to the design of guaranteed parameter and state estimators for
non-linear models [M0092, JW93a, KW06, KW11]

@ provide sets containing all values of the parameter or state vector that are consistent
with
o considered model structure
o bounds on modeling error.
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Overview

Characteristics led to the design of guaranteed parameter and state estimators for
non-linear models [M0092, JW93a, KW06, KW11]

@ provide sets containing all values of the parameter or state vector that are consistent
with
o considered model structure
o bounds on modeling error.

@ Variants of parameter and state bounding can be made very robust to outliers due,
e.g., to defective sensors [KJWMOO].

o Well suited to distributed implementation within networks of wireless sensors [Kie09].

o Guaranteed characterization of asymptotic and non-asymptotic confidence regions
[Jau06, KW14].
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Overview

Application domains

robotics,

chemistry,
communications,
celestial mechanics,

etc.
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Outline

© Introduction - Motivation
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Introduction - Motivation

Introduction - Motivation

Purpose of this tutorial

o Reformulate various estimation problems as set inversion / constraint satisfaction
problems

@ Introduce interval methods and constraint propagation techniques
o Show efficient solvers using these tools
o lllustrate with examples taken from biology, robotics, and communication

Particular attention given to robust and distributed estimation problems
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Outline

© Estimation problems revisited
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Estimation problems revisited

Estimation problems revisited

Classical estimation problems such as
@ Parameter estimation
@ Robust estimation
o Estimator confidence region characterization

are formulated as set inversion / constraint satisfaction problems
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Parameter bounding
Outline

© Estimation problems revisited
@ Parameter bounding
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[N A PRIl Parameter bounding

Parameter bounding |

Consider a typical (non-linear) estimation problem

y(t)

System —

Model | %u(P:t)
M(p)

y=((t1),....,y(tn))7 : vector of experimental data
p : vector of unknown, constant parameters
_ T.
Ym (P) = (Ym (P, t1),...,¥m (P, tn)) " : vector of model outputs

Parameter estimation:

Determine p from y.
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[N A PRIl Parameter bounding

Parameter bounding Il

Classical problem formulation:
Minimisation of a cost function
p = argmin;(p)

for example
JP) = =Ym®) (Y= ¥m(P))

o Local techniques: Gauss-Newton, Levenberg-Marquardt. ..
@ Random search: simulated annealing, genetic algorithms...

@ Global guaranteed techniques: Hansen's algorithm
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[N A PRIl Parameter bounding

Parameter bounding IlI

Alternative formulation:

Parameter bounding

[ei] = [€;, €], known acceptable errors around y (t;) at time t;, i=1,...,n

6

5

4

3  y@®)]

P Ym(Py:0)

{ Ym(P2:0)

0 Ym(P3:0)

0 1 2 3 4 5t
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[N A PRIl Parameter bounding

Parameter bounding IV

6

5

4

3 |’ [y(®)]

2 ,l/m(P 1 ’t)
1 Ym(P2st)
0 Ym(P3:0)

0 1 2 3 4 51
p € &y deemed acceptable if for all i=1,....n,
£ <y(t)—ym(p,t;) <&
= Bounded-error parameter estimation:

Characterize S={pc P | y(ti) —ym(p.ti) € [¢;,€i], i=1,...,n}
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[N A PRIl Parameter bounding

Parameter bounding V

S= ) S,
(=1....,n

with
Se={pc P | yi"(P)—yi € gs,&]}
=20 (™) (lve — &0,y — &)

Set-inversion problem
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[N A PRIl Parameter bounding

Parameter bounding VI

o When ym (p,t;) is linear in p

o exact description by polytopes ([WPL8§],...)
o outer approximation by ellipsoids, polytopes, ...([Sch68, FH82],...)

@ When ym (p, t;) is non-linear in p

e outer approximation by polytopes, ellipsoids... ([Nor87, CG90, Cer91, Cer96],...)
e approximate but guaranteed enclosure of S by Set Inversion via Interval Analysis
([M0092, JW93b][Mo092, JWI3b],...)
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[N A PRIl Parameter bounding

Parameter bounding VII

S= [ Si with S;i={pe P | y"(p)—yi € [e. &}
(=1...n

ML estimate of p assuming independent noise samples bounded in [g,,€/].

Interval analysis allows to get
ScScS
No consistent p is missed = guaranteed set estimate.
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[N ETILEET S PRV -l Robust estimation
Outline

© Estimation problems revisited

@ Robust estimation
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[N ETILEET S PRV -l Robust estimation

Robust estimation |

Assume now that sensor provides sometimes erroneous measurements

Solution set may be empty

Hypothesis on model or noise violated
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[N ETILEET S PRV -l Robust estimation

Robust estimation |l

Estimator robust against g outliers

ro__
Sq - U ﬂ S
1<y < <lg<nlly .. 1#lg
{q}

:ﬂg(

Union of all intersections of n— g sets among n
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[N ETILEET S PRV -l Robust estimation

Robust estimation |l

Non-combinatorial alternative definition

s, = {pe 70| Y 0()> nq}
(=1
with
te(p) = (/" (P) — ye € [€1,E(])

Interval analysis: enclosure of S, evaluated with a complexity of the order of that of S
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[N PO A PP SIS Il Confidence region characterization for Bayesian estimation
Outline

© Estimation problems revisited

@ Confidence region characterization for Bayesian estimation
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[N PO A PP SIS Il Confidence region characterization for Bayesian estimation

Confidence region characterization |

Assume that
y =ym(p)+n,
where
@ n is the noise vector with distribution 7, (n),

@ y is the data vector

p is the parameter vector with prior distribution mpyior(p)

ym(p) is the model function.
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[N PV I Il Confidence region characterization for Bayesian estimation

Confidence region characterization |l

Using Bayes' rule
_ ”n(y*Ym(p))'”prior(p)
fpe]R" Ttn(y — Ym (p))'”prior(p)dp

Tpost (P)

To obtain the maximum a posteriori estimate pyap, one maximizes

f(p) = nn(y - Ym(p))'n'prior(p)v

since denominator is constant (...and difficult to evaluate).
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[N PV I Il Confidence region characterization for Bayesian estimation

Confidence region characterization |l

But, some difficulties may be encountered

o Parameters of model may not be identifiable uniquely
— different values of pyap may yield the same ym (Pmap)

o Numerical algorithm to compute ppmap may get trapped at local minimizer

@ Even if single pmap is obtained and if y ~ ym (Pmap). Pmap cannot be considered
as final answer to the estimation problem
< quality tag is missing.

B =1.2345£ 104 is quite different of p; = 1.2345 4+ 103.
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[N PV I Il Confidence region characterization for Bayesian estimation

Confidence region characterization IV

Classical approaches are based on
o Level-set [WP97].-
@ Monte-Carlo techniques [WP97].
@ Evaluation of the density of the estimator [Kay93].
o Bounded-error estimation [MNPLW96, JKDWO01].
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[N PO A PP SIS Il Confidence region characterization for Bayesian estimation

Confidence region characterization V

The set Sy defined by

(i) Sa=f""([sa,+o[),
(“) fsa f(p)dp _
Jen f(P)dP —

is the a% confidence region associated with the unnormalized pdf f.
It corresponds to the smallest set which contains p with a probability equal to a.

Characterizing Sy, is a parametric set-inversion problem
The parameter sy has to be determined
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[N PV I Il Confidence region characterization for Bayesian estimation

Confidence region characterization VI

Example:
Consider a random variable p, described by the unnormalized pdf:

f(p) = exp (J’;> |

Let us compute its confidence region Spg5. Since,

o0 p2
/ exp<f 2)dp:\/27'c7

we should solve
(i)  Soos=f ([sa,+=]),
(ii) %fga f(p)dp = 0.95.
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[N PO A PP SIS Il Confidence region characterization for Bayesian estimation

Confidence region characterization VII

For this example, Sg 95 = [—b, b]. Thus

(i) [7b’ b] = f_l(z[sa,+°°])v
(i) = Jpexp (~5 ) dp=095.
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[N PO A PP SIS Il Confidence region characterization for Bayesian estimation

Confidence region characterization VIII

After integration
(i) [=b,b] =F*([se, +=]),
(i) erf(3bv2) =0.95.

We get b =1.96, which corresponds to the well-known result

Soos = [-1.96,1.96].

2
F(b) = exp <71.96

So

) = 0.1465.
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[N PO A PP SIS Il Confidence region characterization for Bayesian estimation

Confidence region characterization IX

1.0 e

] / 3 2 1 / Y

1 / 4 1 / |
0 e 0 friii

v

] / | ] J |
0.4 ) | 0.4 / L

1 50 =0.1465 \ 1 \
0.2 J A 0.2

o ‘ HH J D . p
5 4 3 2 - 0 1 2 3 45 5 5

Sugs = [—1.96, 1.96]
Interval analysis allows to get

guaranteed inner and outer-approximations of Sy
when f (p) is not that nice (non-gaussian, multimodal...), see also [Jau06].
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timation problems r 128 Non-asymptotic confidence region characterization

Outline

© Estimation problems revisited

@ Non-asymptotic confidence region characterization
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(SRR PRSI Il Non-asymptotic confidence region characterization

Non-asymptotic confidence region characterization |

Classical approaches for confidence region characterization, based on
Level-set [WP97].

@ Monte-Carlo techniques [WP97].

o Evaluation of the density of the estimator [Kay93].

@ Bounded-error estimation [MNPLW96, JKDWO01].

rely on hypotheses on noise corrupting data

o difficult to check from residuals y —ym (p) when n is large,

@ impossible to check when only few data points.
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(SRR PRSI Il Non-asymptotic confidence region characterization

Non-asymptotic confidence region characterization Il

Campi et al. [CWO05, DWC07, CCW12] propose two new approaches
o Leave-out Sign-dominant Correlated Regions (LSCR)
@ Sign-Perturbed Sums (SPS)

providing
@ exact characterization of parameter uncertainty

@ in non-asymptotic conditions.

Hypotheses

@ System generating data must belong to model set (true value p* should be
meaningful)

@ Noise samples must be independently distributed with distributions symmetric with
respect to zero.
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[N ETELET S PRV Il Non-asymptotic confidence region characterization

Non-asymptotic confidence region characterization Il

With LSCR and SPS, obtaining a prescribed level confidence region aims at characterizing
m
W, =< p € Psuch that Z i (p)=q;,
i=1

where 7; (p) is some indicator function

1 iffi(p) =0,
7 (p) = i)
0 else,

and where f; (p) depends on the model structure, the measurements, and p.
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(SRR PRSI Il Non-asymptotic confidence region characterization

Non-asymptotic confidence region characterization IV

In LSCR (and SPS), one has to characterize

m
v, = {p € P such that Z 7 (p) = q},
i=1

7'5(!’):1

7(p)=1

q=1 (80 %) 4=2 (60 %) =3 (40 %)
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(SRR PRSI Il Non-asymptotic confidence region characterization

Non-asymptotic confidence region characterization V

5(p)=1

m(p)=1

q=1 (80 %) q=2 (60 %) =3 (40 %)

Characterization
@ approximate using gridding in [CW05, DWCO07, CCW12].

@ guaranteed using interval analysis here, see also [KW14].
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© Main ideas and ressources
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Main ideas and ressources

Main ideas of interval analysis

Interval analysis:

tool to evaluate guaranteed outer-approximation
of the range of a function over intervals

Useful to perform numerical proofs
o function is positive / negative over a given interval
@ range of a function is included in some interval
@ range of a function does not contain 0.

Results still valid on computers using limited-precision representation of numbers.
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Main ideas and ressources

Fathers of interval analysis

Introduced by Sunaga [Sun58] in Japan and by Moore [MY59, Moo66] in the USA
@ Introduce basics of interval analysis and inclusion functions
o Provides efficient techniques to

o perform guaranteed deterministic global optimization,

o evaluate all solutions of a set of nonlinear equations,

e compute inner and outer approximation of the set of vectors consistent with a set of
inequalities,

o perfom guaranteed numerical integration of ODE...

Limited impact until beginning of the 90s
= various reasons, among which implementation issues
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Main ideas and ressources

Ressources

Many books, code libraries, lists

http://www.cs.utep.edu/interval-comp/main.html

Intlab: Matlab Interval analysis toolbox

http://wuw.ti3.tu-harburg.de/rump/intlab

IBEX: C++ library for constraint processing over real numbers

http://wuw.ibex-1ib.org

Interval analysis: Ongoing standardization process IEEE P1788.
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Tools and algorithms



Outline

@ Interval analysis: Basic tools
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[EUTREYIETE VP - R ERPY Pl Interval of real numbers
Outline

@ Interval analysis: Basic tools
@ Interval of real numbers
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[EUTREYIETE VP - R ERPY Pl Interval of real numbers

Intervals of real numbers |

Closed and bounded subset of R
X] =[x,X] ={x e R|x < x <X}.
It is a set = notions such as
=.e,C,N
are well defined.

When considering U
[X]Uly] = [min(x,y), max(X,¥)] -
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[EUTREYIETE VP - R ERPY Pl Interval of real numbers

Intervals of real numbers Il

Width of an interval
w([x]) =x—x,

Midpoint of an interval
X+X

m(lx) = 3=,

Lower and upper bounds of an interval

Ib([x]) = x and ub([x]) =x.
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Interval analysis: Basic tools [EETTURERENTTINTS
Outline

@ Interval analysis: Basic tools

@ Interval arithmetic
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Interval analysis: Basic tools [EETTURERENTTINTS

Interval arithmetic

Intervals seen as sets of real numbers on which arithmetic operations may be performed
[x]ely] ={xoylx €[x] and y € [y]}, with o € {+,—,x,/}

For example

[3,6]+[4,7] =7
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Interval analysis: Basic tools [EETTURERENTTINTS

Interval arithmetic

Intervals seen as sets of real numbers on which arithmetic operations may be performed
[Xlelyl ={xoylx€[x] and y € [y]}, with o € {+,—,x,/}

For example

[3,6]+[4,7]=[3+4,6+7]
=[7,13]

[3,6] — [2,8] =7
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Interval analysis: Basic tools [EETTURERENTTINTS

Interval arithmetic

Intervals seen as sets of real numbers on which arithmetic operations may be performed
[Xlelyl ={xoylx€[x] and y € [y]}, with o € {+,—,x,/}

For example

[3,6]+[4,7]=[3+4,6+7]
=[7,13]

[3,6] — [2,8] =[3—8,6 — 2]
= [_574]
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Interval analysis: Basic tools [EETTURERENTTINTS

Interval arithmetic

More specifically

X+l = [x+y,x+y],

X-] = [x—y.x—y],

[x] x [y] = [ml (5 Xj.x,g.?,?.?) ,max (5 Y, X.y,X 7,??)] ,
X1/ Iy] =[x x [1/y,1/y] if O & [y].
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Interval analysis: Basic tools G TETOR AT
Outline

@ Interval analysis: Basic tools

@ Inclusion functions
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Interval analysis: Basic tools [RETETEEYRITIEH

Inclusion function |

Consider the range of a function over an interval

F(IX) = {F () Ix e [x]}

— difficult to obtain in general
— sometimes even not an interval.

An inclusion function [f](.) of f(.) satisfies
VIR, (XD IF1([X])-

Inclusion function is minimal if C may be replaced by =.
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Interval analysis: Basic tools G TETOR AT

Inclusion function Il

Consider a sequence [x];,[x],,... such that
Pl PRl P ERwR

and

lim w([x],) =O0.
@ A convergent inclusion function satisfies

lim w ([£]([x],)) =O0.
@ An inclusion monotonic inclusion function is such that

X<yl = [F1([Ix]) < [FI(IYD)
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Interval analysis: Basic tools [RETETEEYRITIEH

Inclusion function Il

Minimal inclusion functions easy to build for monotone functions

%

[V&. Vx|, if x>0,

[exp (x) ,exp (X)],
[tan(x),tan(X)], if [x] C[-7/2,7/2].

More complicated for other elementary functions
— algorithm required for sin,cos, ...

= natural inclusion function

= centred forms...
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Interval analysis: Basic tools G TETOR AT

Natural inclusion function |

Usually, an inclusion function is not minimal
f(x) f(x)

[]
= some overestimation of the range (pessimism).

Natural inclusion function

Remplace each real variable by its interval counterpart
x — [X]
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Natural inclusion function Il

Example:

A(x)=x(x+1), f(x)=x%2+x,
h(x)=xxx+x, f(x)= (x+%)2— %.

Results for [x] =[-1,1]

A1) = [(x+1) =[-2.2],
LI = X x X+ =[-2.2],
GBI = K2+ =[-12],
GBI = (+3)2-1=[-1.2].

Only [f2](.) is minimal <= minimum number of occurences of the interval variable
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Natural inclusion function Il

Example:
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Interval analysis: Basic tools G TETOR AT

Centred forms

For f : 2 — R, differentiable over [x] C Z, one has Vx,m € [x], 3§ € [x] such that

f(x)=f(m)+(x—m)f'(§).
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Centred forms

For f : 2 — R, differentiable over [x] C Z, one has Vx,m € [x], 3§ € [x] such that

f(x)=f(m)+(x—m)f'(§).

Then
f(x) € f(m)+(x—m)f'([x]),
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Interval analysis: Basic tools [RETETEEYRITIEH

Centred forms

For f : 2 — R, differentiable over [x] C Z, one has Vx,m € [x], 3§ € [x] such that

f(x)=f(m)+(x—m)f'(§).

Then
f(x) € f(m)+(x—m)f'([x]),

and

F(IX) S £ (m)+ ([ = m) [£] ([x])-

60 /282



Centred forms

For f : 2 — R, differentiable over [x] C Z, one has Vx,m € [x], 3§ € [x] such that
f(x)=f(m)+(x—m)f(&).

Then
f(x) € f(m)+(x—m)f'([x]),

and
f([x]) € £ (m)+([x] = m) [f'] ([x]).
Centred form: inclusion function defined by

[Fle (<) = £ (m) + (Ix] = m) ['] ([x])
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Interval analysis: Basic tools G TETOR AT

Centred forms |

Interpretation of the centred form
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Interval analysis: Basic tools [RETETEEYRITIEH

Centred forms Il

Example:
Consider

f (x) = x2exp(x) — xexp (xz) .

Compare the natural inclusion fonction and the centred form

x| f(Ix]) \ [F1([x]) \ [f1e ([x])
[0.5,1.5] [—4.148,0] [~13.82,9.44] [~25.07,25.07]
[09,1.1] | [-0.05380,0] | [-1.697,1.612] [~0.5050,0.5050]

[0.99,1.01] | [~0.0004192,0] | [—0.1636,0.1628] | [—0.004656,0.004656]
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[EYTVEYIETEY VRPN - R R Pl Interval vectors or boxes
Outline

@ Interval analysis: Basic tools

@ Interval vectors or boxes
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[EYTVEYIETEY VRPN - R R Pl Interval vectors or boxes

Extension to vectors of intervals

Vector of intervals or box

Vector inclusion function

X

€

[x] = [xa] - x [xn] -

T

[ (D)
f{[x])

— e |

Y2

U
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Subpavings
Outline

@ Interval analysis: Basic tools

@ Subpavings
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Subpages
Subpavings |

A subpaving of R" is a set of non-overlapping boxes of R".
Compact sets X can be bracketed between inner and outer subpavings:

X" cXcXxt.
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Subpavings
Subpavings Il

For example, the set
X = {(xl,x2)‘ x12+x22 +sin(x1+x2) € [4,9]}

can be approximated by the subpavings X~ and Xt.

R -

i -
M

H" iII I'Ii
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Interval analysis: Basic tools [Tt It
Outline

@ Interval analysis: Basic tools

@ Numerical proofs
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Interval analysis: Basic tools [Tt It

Numerical proofs using interval analysis

Consider an inclusion function [f](.) of f(.). It satisfies
Vx]SR, f([x]) € [F]([x])-
Then

o 0¢[f]([x]) = 0¢f([x])
o [f]([x]) C[0,0o] = f(x) >0, Vx € [X]
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Interval analysis: Basic tools [RNITLITNIE EEIRY-I A

Numerical proofs using interval analysis

Consider an inclusion function [f](.) of f(.). It satisfies

Vx]SR, f([x]) € [F]([x])-

Then

o 0¢[f]([x]) = 0¢f([x])
o [f]([x]) C[0,0o] = f(x) >0, Vx € [X]

But
@ 0€[f]([x]) does not necessarily imply 0 € f([x])
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Interval analysis: Basic algorithms
Outline

© Interval analysis: Basic algorithms
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Interval analysis: Basic algorithms

Interval analysis: Basic algorithms

Several basic algorithms will be considered
@ Set Inversion via Interval Analysis (SIVIA)
o Contractors

o Relaxed contractors
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Interval analysis: Basic algorithms [RISRIIC TG
Outline

© Interval analysis: Basic algorithms
@ Set inversion
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Interval analysis: Basic algorithms [ECECRTSSET

Set Inversion |

Consider f: R” — R™ and Y C R™ and define

X={xeR"|[f(x)eY}=Ff1(Y).
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Interval analysis: Basic algorithms [ECECRTSSET

Set Inversion |l

Example:
Characterizing the set

X:{XER2 | x1x0 +sinxp <0 and x; —xp =1}.

is a set inversion problem. Indeed
X =f1(Y)

with

X1 —X2

f(x):< X2 +sinxo ) and Y = [—o0,0] x {1}.
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Interval analysis: Basic algorithms [ECECRTSSET

Set Inversion Il

Basic tests

(i) (X)) cY = [xcX
@) [FxDNnY=0 = [xnX=0.
Boxes for which these tests failed, will be bisected, except if they are too small.
Ly
Y
X yu(x]) ]
'o N /\ /’ \‘
NN \/ \'
2 % e 7
Fol \_/i 7 Py
S A
v o, '\_, - )

Ly
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Interval analysis: Basic algorithms [ECECRTSSET

Set Inversion IV

Basic tests

(i) [fl(x])cY = [cX
i) [Fl(x)nY=0 = [x]nX=0.

Boxes for which these tests failed, will be bisected, except if they are too small.
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Interval analysis: Basic algorithms [ECECRTSSET

Set Inversion V

Basic tests

(i) [fl(x])cY = [cX
i) [F(x)nY=0 = [x]nX=0.

Boxes for which these tests failed, will be bisected, except if they are too small.
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Interval analysis: Basic algorithms EEIEGVOEETS

Set Inversion VI

Algorithm Sivia(in:[x]y,f,Y)

Z =1}

pull [x]from .Z;

if [fF1([x]) C Y, draw([x], red’);

elseif [f]([x])NY =0, draw([x], blue’);
elseif w([x]) < &, {draw ([x], yellow")};
else bisect [x]and push into .Z;

if Z#0, goto?2

~NoO o, WN =
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[T IELE VST Ol - PO PNl Simple illustration on bounded-error estimation
Outline

© Interval analysis: Basic algorithms

@ Simple illustration on bounded-error estimation
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[T IELE VST Ol - PO PNl Simple illustration on bounded-error estimation

Simple illustration on bounded-error estimation |

Example.
Model:

Y (P, t) = pre”P2*
Prior feasible box for the parameters:

[Pl CR™

Measurement times:
t17t27-~-7tn
Data bars:
ey Ll oys boeeos n oyl

S={pepl.ym(p.t1) €lys . yi].--,ym (P ta) € yn .y 1}
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[T IELE VST Ol - PO PNl Simple illustration on bounded-error estimation

Simple illustration on bounded-error estimation ||

If
Ym (Pst1)
ym () =
Ym (P, tn)
and
V] =D oyi 1% % Dya il
then

P = [p]Nym' (Iy])-
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© Interval analysis: Basic algorithms

o Contractors
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Contractors

To characterize X C R”, bisection algorithms bisect all boxes in all directions and become
inefficient when n increase.

Interval methods can still be useful if
o the solution set X is small (optimization problem, solving equations),
@ contraction procedures are used as much as possible,

@ bisections are used only as a last resort.

Contractors allow to fight the curse of dimensionality.
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Definitions |

The operator % : IR” — IR" is a contractor for the set X C R” if

n | “x(x]) C[x] (contractance),
[ TR ’{ %i([i])ﬂxx: [x]INX (ngpélleft:n:ses).
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Definitions |l

%)

- [x]

Pe

set( C)_)@
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Definitions Il1

A\
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Definitions |V

The operator ¢ : IR” — IR" is a contractor for the equation or constraint f (x) =0, if

¢([x]) € [x]

V[x] GHR",{ x € [x] and f(x) =0=x€ % ([x])
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Outline

© Interval analysis: Basic algorithms

@ Projection of constraints
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[EUTASY IEC PR S PR PR VA Projection of constraints

Projection of constraints |

Let x,y,z be 3 variables such that

X € ]70075]7
y € ]_°°74]7
z € [6,,
z = X+tYy.

The values < 2 for x, <1 for y and > 9 for z are inconsistent.
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[EUTASY IEC PR S PR PR VA Projection of constraints

Projection of constraints |l

To project a constraint (here, z=x+y), is to compute the smallest intervals which
contains all consistent values.

For our example, this amounts to project onto x,y and z the set

S={(x,y,z) €]—0,5] x ]—0,4] x [6,00] | z=x+y}.
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Numerical method for projection |

Since x €] —o0,5],y €] —o0,4],z € [6,00[ and z = x+ y, we have

z=x+y= z€ [6,00[N(]—00,5]4]—00,4])
= [67°°[ﬂ] _°°»9]
— [6,9].

x=z—y= x€ ]=oo5]N([6,0[]—c0,4])
:]—007510[2,00[
—[2.5].

y=z—x= y€ ]|—o0,4N([6,00[—]—c,5])
:]7007410[17%[
—[1.4].
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Numerical method for projection Il

The contractor associated with z=x+y is

Algorithm pplus(inout: [Z],[x],[y])

1
2
3

[] := [z N (Ix]+ YD)
[x]:=[x] N (1] - v]):
=10z - [X]).
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Numerical method for projection Il

Projection procedure developed for plus can be extended to other ternary constraints
such as mult: z = xx*y, or equivalently

multé{(x,%z)ER?’ | Z:x*y}.

Resulting projection procedure becomes

Algorithm pmult(inout: [z],[x],[y])
1 [z]:=[z]n(Ix] *]y]);
2 [x]:==[x]N(lz]*1/[y]):
3 bl=DIn(z]*1/[x])-
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Numerical method for projection IV

Consider the binary constraint

Associated contractor

exp 2 {(x.y) € R"y = exp(x)}.

Algorithm pexp(inout: [y],[x])

1
2

vl :=[ylnexp([x]):
[x] := [x]Nlog ([y]) -
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[EUTASY IEC PR S PR PR VA Projection of constraints

Numerical method for projection V

Any constraint for which such a projection procedure is available is a primitive constraint.

Consider for example the primitive equation:

Xo = sinxj.
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Numerical method for projection VI

X2

X, =sin x;
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Numerical method for projection VII

X2

Forward contraction
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Numerical method for projection VIII

X2

X1

Backward contraction
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[EUTASY IEC PR S PR PR VA Projection of constraints

Decomposition

The constraints

x+sin(xy) <0,
xe[-1,1],y € [-1,1]
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[EUTASY IEC PR S PR PR VA Projection of constraints

Decomposition

The constraints

x+sin(xy) <0,
xe[-1,1],y € [-1,1]

can be decomposed into

a=xy x€[-1,1] a€]—oo,o00f
b=sin(a) , ye[-1,1] beg]—oo,oq
c=x+b € €] —,0]
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Forward-backward contractor (HC4 revise)

For the equation
(x14+x2)-x3€[1,2],

we have the following contractor:

Algorthm € (inout[x1],[x2],[x3])

[a] = [x1] + [x2] /] a=x1+x
[b] =[a]  [x3] // b=a-x3
[b] = [b]N[1,2] /] belL,2]
[x3] = [x3] N ii} /| xs="
[al=[a n & [l a=2
[xi]=Dal N [a] = [x] /] x1=a—x2
[xe] =[x] N [a] —[x] [/ xx=a-x1
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Contractor on images |

The robot with coordinates (x3,x?) is in the water.




Interval analysis: Basic algorithms ST LI BT Ty

Contractor on images |l

The robot with coordinates (x1,x2) is in the water.
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Outline

© Interval analysis: Basic algorithms

@ Propagation
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Propagation - first example |

Consider the system of two equations.
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Propagation - first example |l

We can build two contractors

: ]y]z[y]ﬂ]x]z associated to y = x
R dmdiys ed oy

2

) - { }ﬂ i K]]rq]\}{]]zq associated to y = v/x
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Propagation - first example Il

Cl.y=x2

Czi)’:ﬁ

Contractor graph
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Propagation - first example 1V
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Bispsensy
Propagation - first example V

= DAl
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Propagation - first example VI
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Propagation - first example VII
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Pozriiar
Propagation - first example VIII
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Propagation - first example IX
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Propagation - first example X
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Propagation - first example Xl
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Propagation - first example XII
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Propagation - second example |

Consider the system

xeR, yeR.

{y i 3sin(x)
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Propagation - second example |l

2
4
-6
81

-10 -8

-6

4
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Propagation - second example IlI

27

4
-6
-8

-10 -8

-6

4
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Propagation - second example IV

=] F = = == DAe
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Propagation - second example V

2
4
6
8

-10 -8

-6

4
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Propagation - second example VI

2
4
6
8

-10 -8

-6

121 /282



Interval analysis: Basic algorithms [T -EY-CUl=1)

Propagation - second example VII

2
4
6
8

-10 -8

-6
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Propagation - second example VIII

2
4
6
8

-10 -8

-6
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Propagation - second example IX

2
4
6
8

-10 -8

-6
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Propagation - second example X

2
4
6
8

-10 -8

-6

4
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Propagation - second example XI

2
4
6
8

-10 -8

T

-6

4
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o Contractor algebra
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Contractor algebra

intersection

(©n%) (X)) & 41 () N6 (x)

(61U%) () £ [41 (14) U %> (IX])]

union
composition (¢10%) (X)) = %1 (> (1))
repetition = wogoto...

repeat intersection

1M % = (551 ﬂ%z)m

repeat union

LU = (551 U%g)c>°
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Example |

V

Domains
E € [23V,26V];I €[4A,8A];
Up € [0V, 11V]; U, € [14V,17V];
P € [124W,130W]; Ry € [0,00[ and R» € [0,0q[.
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Example I

A

ng Uy

O IE ]
R § U,

(i) P = El, (ii) E:(Rl—i—Rz)l, (iii) Ui = R,
(iv) Us=Ral, (v) E= Ui+ Us.

Constraints
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Example Il1

Before propagation, we have

E € [23V,26V];] € [4A,8A];
Up € [10V,11V];Us € [14V,17V];
P € [124W,130W]; Ry € [0,o0 and Ry € [0, 9],
After propagation, we get
E € [24V,26V];] € [4.769A;5.417A];

Up € [10V,11V];Us € [14V,16V];
P € [124W,130W]; R € [1.846;2.307[ and R, € [2.584;3.355|.
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© Interval analysis: Basic algorithms

@ Relaxed intersection

132 /282



Interval analysis: Basic algorithms IO EVEE RETTVEEETY

Relaxed intersection - motivation |

A robot located in a plane at (p1,p2) measures its own distance to three marks.
The distances and the coordinates of the marks are

beacon | x; | y; [di]
1 1| 3 |12
2 3 [ 1 |23
3 1] -1 [3,4]
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Relaxed intersection - motivation |l

The set of all feasible feasible positions is

P= () {(erp2) | (=5 +(p2 i) < [d 0]
ic{1,2,3}

P;
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Relaxed intersection - motivation Il

=l
I

N = U P

ie{1,2,3} ie{1,2,3}

_ { p1,p2) | (p1—x)*+(p2—yi)? € [—Wvdf]}
{¢

ie{1,2,3}

U(pL.p2) | (pr =)+ (p2—yi)? € [d o0 }}
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Relaxed intersection - dealing with outliers |

Consider m sets Xy,...,X,, of R".
The g-relaxed intersection
{q}

%

is the set of all x € R™ which belong to all X;'s, except g at most:

{q}
xe (Xie [{ixeXj}[>m—q
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Relaxed intersection - dealing with outliers Il
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Relaxed intersection - dealing with outliers |1

12 -

—_
(e
f

T

8
6
4L ]
2

2 4 6 8 10 12

The black box is the 2-intersection of 9 boxes
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Relaxed intersection - dealing with outliers IV

Py

2

pil}

[p]

v
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Relaxed intersection - dealing with outliers V

—

X

v

\
[p](3)

[PI(2)

[p](1)

v
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Relaxed intersection - dealing with outliers VI

v
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Relaxed intersection - dealing with outliers VII

N

[p]

v
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Relaxed intersection - dealing with outliers VIII

[p](3)

N

i\

[p1(2)

[p](1)

v
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Relaxed intersection - dealing with outliers IX

[p]

v
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Evaluating the g-relaxed intersection |

Consider a list £ ={[p1],.-.-,[pm]} of m intervals.
Dy

'B"
=
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Evaluating the g-relaxed intersection |l

Consider a list £ = {[p1],...,[pm]} of m intervals.

Py

oo o
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Evaluating the g-relaxed intersection IlI

Consider a list £ = {[p1],...,[pm]} of m intervals.

Py

oo o
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Evaluating the g-relaxed intersection IV

Consider a list £ = {[p1],...,[pm]} of m intervals.
D,
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Evaluating the g-relaxed intersection V

Consider a list £ = {[p1],...,[pm]} of m intervals.
D,
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Evaluating the g-relaxed intersection VI

Consider a list £ = {[p1],...,[pm]} of m intervals.
by, P

A A
I
==
|
L
, A 7)]_
| o
1
o :

@\
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Evaluating the g-relaxed intersection VII

Consider a list £ = {[p1],...,[pm]} of m intervals.

p2 p A

A

A
@V
iy

>

oo o
A

@\
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Relaxed intersection - bounded-error estimation

{q}
Py = ﬂ{pGR" | fi(p) € yil}
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Relaxed intersection - bounded-error estimation

{q}
Py = O{pGR" | fi(p) € yil}

De Morgan's law
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Relaxed intersection - bounded-error estimation

{a}
Pa={HpeR" [ f(p) € v}

De Morgan's law

{q} {m—q-1}
Nxi= N X

allows to build the following contractors

i fi(p) € [yi]
G fi (p) ¢ Lyl
{a}
¢ = N
{q}  {n—q-1}

7 = Ne= N %

Then we call a paver (e.g., IBEX) with € and %.
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Relaxed intersection - lllustration |

A robot measures distances to three beacons.

beacon | x; | y; [di]
1 1| 3 [[12
2 3 [ 1 |23
3 “1 [ -1 [3.4]

The intervals [d;] contain the true distance with a probability of 7 =0.9.
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Relaxed intersection - lllustration |l

The feasible sets associated to each data is

P;= {P €R? | \/(Pl —x)?+(p2—yi)* —d; € [—0-5705]}7

where d; =1.5,dy =2.5,d3 = 3.5.
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Relaxed intersection - lllustration 1l

Probabilistic sets P{0}, {1} pi2},




Interval analysis: Basic algorithms IO EVEE RETTVEEETY

Relaxed intersection - lllustration with real data |

Robot equipped with a laser rangefinder and a compass.
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Relaxed intersection - lllustration with real data Il

143 distances collected by the rangefinder £10cm.
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Relaxed intersection - lllustration with real data Ill

P{16} contains the set all of p consistent with all data

except 16.

1PN G4
158 / 282



Back to applications



Characterization of non-asymptotic confidence region
Outline

@ Characterization of non-asymptotic confidence region
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QOutline

© Characterization of non-asymptotic confidence region
@ Approaches proposed by Campi et al.
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Characterization of non-asymptotic confidence region Approaches proposed by Campi et al.
LSCR and SPS

Campi et al. [CW05, DWC07, CCW12] propose two new approaches named LSCR and
SPS

@ exact characterization of parameter uncertainty

@ in non-asymptotic conditions.

Hypotheses

@ System generating data must belong to model set (true value p* should be
meaningful)

© Noise samples must be independently distributed with distributions symmetric with
respect to zero.
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Outline

@ Characterization of non-asymptotic confidence region

e LSCR
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Characterization of non-asymptotic confidence region LSCR

Introduction - main idea

LSCR [CWO05]: leave-out sign-dominant correlated regions
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Characterization of non-asymptotic confidence region LSCR

Introduction - main idea

LSCR [CWO05]: leave-out sign-dominant correlated regions

@ Independent estimates of the correlation of the prediction error

&(p)=y:—yi (p)

should have random signs.
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Characterization of non-asymptotic confidence region LSCR

Introduction - main idea

LSCR [CWO05]: leave-out sign-dominant correlated regions

@ Independent estimates of the correlation of the prediction error

&(p)=y:—yi (p)

should have random signs.

o Leave out subset of parameter space where sign does not appear random (i.e. is sign
dominant)

164 /282



Characterization of non-asymptotic confidence region LSCR

Introduction - main idea

LSCR [CWO05]: leave-out sign-dominant correlated regions

@ Independent estimates of the correlation of the prediction error

&(p)=y:—yi (p)

should have random signs.

o Leave out subset of parameter space where sign does not appear random (i.e. is sign
dominant)

Defines, without any approximation,

region © to which p* belongs with specified probability.
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Characterization of non-asymptotic confidence region LSCR

Example

Model yf" (p) = p, with 8 noisy data generated with p* =3.

\/

(P

w o~

o

7 different empirical correlations of the prediction errors
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LSCR
Description
Consider prediction error
& (p)=ye—yi" (p)
such that &:(p*) is realization of noise corrupting data at time t.

@ Select two integers r >0 and g > 0.
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Characterization of non-asymptotic confidence region LSCR

Description

Consider prediction error
& (p)=ye—yi" (p)
such that &:(p*) is realization of noise corrupting data at time t.

@ Select two integers r >0 and g > 0.
Q@ Fort=1+r,...,k+r=n, compute

Cffr,r (p) =&t—r (P) &t (p)
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Characterization of non-asymptotic confidence region LSCR

Description

Consider prediction error
& (p)=ye—yi" (p)
such that &:(p*) is realization of noise corrupting data at time t.

@ Select two integers r >0 and g > 0.
Q@ Fort=1+r,...,k+r=n, compute

Cffr,r (p) =&t—r (P) &t (p)

@ Compute

st (p)= Y ck,(P), i=1,...m.
kel;

where I; C 1, set of indexes. Collection G of subsets I;, i =1,...,m, forms a group
under the symmetric difference operation, i.e., (]I,- U]IJ-) - (]I,- ﬁ]lj) eG.
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Characterization of non-asymptotic confidence region LSCR

Description

Consider prediction error
& (p)=ye—yi" (p)
such that &:(p*) is realization of noise corrupting data at time t.

@ Select two integers r >0 and g > 0.
Q@ Fort=1+r,...,k+r=n, compute

i rr(P)=€—r ()& (P).

@ Compute

st (p)= Y ck,(P), i=1,...m.
kel;

where I; C 1, set of indexes. Collection G of subsets I;, i =1,...,m, forms a group
under the symmetric difference operation, i.e., (]I,- U]IJ-) - (]I,- ﬁ]lj) eG.
@ Find @f’q such that at least g of functions sir (p) are larger than 0 and at least g

are smaller than 0.
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Characterization of non-asymptotic confidence region LSCR

Description

Exemple of G st VI; € G VI; € G one has (I; UL;) — (I;N;) € G

1 2 3 4 5 6 7
Ip | o e o .

Iy | e o . .

I3 o . o .

Ig . . . .
I | o . . .
I o e e .
Iz e e e e
Ig

st —1(p) = &1 (p)&2(p) + &2 (p) €3 () + €4 (p) &5 (p) + &5 (P) €6 (P)
s ,—1(P) = €1(p)€2(p) + &3 (P) €4 (P) + €4 (p) &5 (P) + €6 (P) €7 (P)
sS,—1(P)=-..
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Characterization of non-asymptotic confidence region LSCR

Properties

The set ©F , is such that [CWO05]
Pr(p*€@©f,) =1-2q/m.

Shape and size of G)f"q depend on
@ values given to g and r
@ group G and its number of elements m.

A procedure for generating G of appropriate size suggested in [Gor74].
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Characterization of non-asymptotic confidence region LSCR

Example (continued)

Model yf" (p) = p, with 8 noisy data generated with p* =3.

\/

(P

w o~

o

7 empirical correlations, and 71% confidence region

169 /282



Characterization of non-asymptotic confidence region LSCR

More formal definition

The set @f’q may be defined more formally as

£ _ pE— €,+
@,_’q - ehq f‘l@nq ’

with

m
p € P such that Z Tf’7 (P)=gq

{ }

I

m
p € P such that Z 1,".8'+ (P)=gq
i=1

e+ _
04 =

where P is prior domain for p.
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Characterization of non-asymptotic confidence region LSCR

More formal definition

Moreover

0 else,

e,_(p)_{l if —sf,(p) >0,

and

0 else.

* (p) = {1 ¢, (6) >0,

@f:g contains all p € P such that at least g of the functions s?,

€
ir

ij; contains all p € P such that at least g of the functions s

(
(

p) are smaller than 0,

p) are larger than 0.
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Characterization of non-asymptotic confidence region SPS
Outline

@ Characterization of non-asymptotic confidence region

e SPS
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Characterization of non-asymptotic confidence region SPS

Introduction

SPS [CCW12]: sign-perturbed sums.
SPS is designed for linear regression, where

Ye=@ip +wet=1,..n,
with @, known regression vector.

SPS computes an exact confidence region for p* around least-squares estimate p, which
is solution to normal equations

tZ:‘,lqh (yt - <Pth) =0.
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Characterization of non-asymptotic confidence region SPS

Description

For a generic p, define
n

so(P) =) @ (}’t_ thTp>,

t=1

and the sign-perturbed sums
< T
si(p) = Z Qi 1P (}’t -0 P) )
t=1
where i =1,...,m—1 and &;; = £1 with equal probability, and

zi(p)=si(p)3.i =0,....m—1.
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Characterization of non-asymptotic confidence region SPS

Description

Confidence region X is set of all p such that zg (p) is not among the g largest values of
-1
(zi (P))iZo™

[CCW12] shows that p* € X4 with exact probability 1—q/m.

175 /282



Characterization of non-asymptotic confidence region SPS

More formal definition

3 ; may be defined more formally as

m-—1
.= {p € P such that Z 7 (p) = q}
where

r,-(p)—{l if 2 (p) — 20 (p) > 0,

0 else.
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Characterization of non-asymptotic confidence region SPS

SPS

Illustration

Model yi" (p) = p, with 20 noisy data generated for p* = 3. We choose m = 10.

90% (g=1)
—
80% (¢=2)

3.2 3.4 3.6

s ol

PN
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Characterization of non-asymptotic confidence region Guaranteed characterization via interval analysis
Outline

@ Characterization of non-asymptotic confidence region

o Guaranteed characterization via interval analysis
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Characterization of non-asymptotic confidence region Guaranteed characterization via interval analysis

Guaranteed characterization

In LSCR (and SPS), one has to characterize

m
v, = {p € P such that Z 7;(p) > q}7
i=1

where 7;(p) is some indicator function

1 iffi(p) =0,
7i(p) = i)
0 else,

and where f; (p) depends on the model structure, the measurements, and p.
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Characterization of non-asymptotic confidence region Guaranteed characterization via interval analysis

Guaranteed characterization using SIVIA

To characterize W, = {p € P such that Y77 7; (p) > q}, one uses SIVIA and an inclusion

function [7]([p]) of

Py

3

t(p)= ) %(p).

i=1
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Characterization of non-asymptotic confidence region Guaranteed characterization via interval analysis

Guaranteed characterization using SIVIA

To characterize W, = {p € P such that Y77, 7; (p) > q}, one uses an inclusion function

(] ([p]) of
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Characterization of non-asymptotic confidence region Guaranteed characterization via interval analysis

Guaranteed characterization using SIVIA

To characterize W, = {p € P such that Y77, 7; (p) > } one uses an inclusion function

(] ([p]) of

™3

7 (p).

7(p) =
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Characterization of non-asymptotic confidence region Example (LSCR)
Outline

@ Characterization of non-asymptotic confidence region

@ Example (LSCR)
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el (Folis)
System and Model

Consider the two-compartment model
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el (Folis)
System and Model

System output obtained from
ye=0(p*) (exp (A1 (p*) t) —exp (A2 (p") 1)) + we,
where p = (ko1, k12, k21) ",

k
o(p) = ——
\/(k01 — k2 + ko1)” + 4kizka1

I

1 ) —1/2
A12(p) = ) (ko1 + k12 + ko1) £ ((k01 —ki2 + ko1) +4k12k21>

and w;'s are realizations of iid A4 (0,0'2) variables, for t =0,T,...,(n—1) T.
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el (Folis)
System and Model

Data generated with p* = (1,0.25,0.5)T, 02=10"*
Sampling period is T =0.02 s and n = 64.
Only ko1 et kio are estimated, value k3; of ko; assumed known.

Measurement noise is additive, LSCR method applies directly.
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Characterization of non-asymptotic confidence region Example (LSCR)

Confidence region obtained by LSCR

P = [0,5] x [0,5] and & = 0.0025.

90 % confidence region

90 % confider
LSCR -

Ko

zoom Zoom
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Characterization of non-asymptotic confidence region Example (SPS)
Outline

@ Characterization of non-asymptotic confidence region

@ Example (SPS)
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Eamplcl GRS
System and Model

Consider the system
ye=yi" (p)+we,
with the FIR model

na—1

y{n(p): Z ajle—j,
i=0

where p = (ao,...,ana_l)T and u, =0 for n<0.
For t =1,...,n, the wes are iid noise samples.

In linear regression form, one has
T %
Ye=0@:p +wt

T
. T
with @, = (ug,...,ut_p,+1) and p* = (387~~'73T1a—1> )
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Characterization of non-asymptotic confidence region Example (SPS)

Inclusion function (low-dim model)

When the dimension of p is small, £; may be characterized using SIVIA and inclusion
functions for 1;
1 if inf([z; — 2] ([p])) > 0,
[z]([p]) =<0 if sup ([z; — z0] ([P])) <O,
[0,1] else,

where [z; — zp] ([p]) is an inclusion function for the difference between z; (p) and z (p).
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Characterization of non-asymptotic confidence region Example (SPS)

Simulation conditions (low-dim model)

Data are generated for aj = 0.2, a] = 0.3, and a5 = 0.4 considering:
Q a filtered Gaussian input uy = Qup_1 + v, with @ =0.2 and vt ~ .47(0,0.65)

@ a random iid sequence of +1 (D-optimal input when input has to remain in [—1,1].

w; zero-mean Laplacian (SNR=15 dB).
We choose n= 1024, m = 255, and g =13 (95 % confidence region), £ = 2.5 x 1073,
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Characterization of non-asymptotic confidence region Example (SPS)

Results (low-dim model)

0.95 confidence set (outer approx.) 0.95 confidence set (outer approx.)
033 043
032 042
031 041
EE) S04
02 030
028 : 08
018 019 02 021 022 023 028 020 03 031 032
0.95 confidence set (inner approx.) 0.95 confdence set (inner approx.)
033 0.43
032 0.2
031 041
< 0s ‘ T
029 039 ‘
028 : 038
018 019 02 020 02 023 028 020 03 031 032

Projections of the obtained outer and inner-approximations

Gaussian input
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Characterization of non-asymptotic confidence region Example (SPS)

Results (low-dim model)

018 019 02 021 022 023 2 020 03 031 032

Projections of the obtained outer and inner-approximations

D-optimal input
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Characterization of non-asymptotic confidence region Example (SPS)

Simulation conditions (high-dim model)

FIR models with n, =20 random parameters in [—2,2]™ are generated, then
e n=>512, 1024, 2048, 4096, and 8192 noise-free data points are generated

o white Laplacian noise is added to the data.

Standard deviation of noise set up to get an SNR of 5 dB to 40 dB.

We choose n=1024, m =255, and q =13 (95 % confidence). Only outer
approximations may be obtained.

Initial search box P = {—104,104]20.
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Example (SPS)
Results (high-dim model)

10" = ! ! | ! ! . ;
—+— 512 (G)
—+—512 (D)
—0— 1024 (G)
—6—1024 (D)
—x— 2048 (G)
—— 2048 (D)
—v—- 4096 (G) |
—— 4096 (D)
—%— 8192 (G)
—¥— 8192 (D)

Maximum width

5 10 15 20 25 30 35 40
SNR (dB)

Maximum width as a function of the SNR
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Example (SPS)
Results (high-dim model)

—+—-10 dB (C)
—+—10dB (D)
—0—-20dB (G)
—©—20 dB (D)
—x—-30dB (G)
4 —<—30dB (D)
—v—-40 dB (C)
—%—40dB (D)

Maximum width as a function of n

Slope is about —1/2, consistent with ML estimation with additive Gaussian noise
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Characterization of non-asymptotic confidence region Example (SPS)

Discussion

Interval analysis provides guaranteed outer- and inner-approximations of
non-asymptotic confidence regions defined by LSCR and SPS.

Illustrations provided for FIR and non-linear models.

Accurate inclusion functions are particularly difficult to obtain for the functions
involved in SPS,

Symbolic manipulations of the involved expression to reduce the number of
occurrences of the parameters are particularly useful to

o improve the efficiency of SIVIA
o to design better contractors

Code available at http://www.12s.supelec.fr/perso/kieffer-0
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Outline

@ Bounded-error estimation
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Bounded-error estimation

Bounded-error estimation

More sophisticated examples are considered here
@ State estimation
o Delayed measurements
° ...

Some additional notions are required
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Interval trajectories
QOutline

@ Bounded-error estimation
@ Interval trajectories
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Bounded-error estimation [T RIETIS T T

Interval trajectories
A trajectory is a function f : R — R". For instance

o-( %)

is a trajectory.
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Bounded-error estimation [T RIETIS T T

Interval trajectories

A trajectory is a function f : R — R". For instance

cost
F(t) = ( sint )
is a trajectory.

Order relation

f<geVt,vifi(t) <gl(t).
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Bounded-error estimation [T RIETIS T T

Interval trajectories

A trajectory is a function f : R — R". For instance

cost
F(t)= ( sint )
is a trajectory.
Order relation
f<ge Ve Vifi(t) <gl(t).
We have

h =f AgeVEVi hi(t)=min(f(t),g (1)),
h =f vg&e Vvt Vi hi(t)=max(f(t),g(t)).
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Bounded-error estimation [T RIETIS T T

Interval trajectories |

The set of trajectories is a lattice. Interval of trajectories (tubes) can be defined.

(1015 D)
/

(x1(r1)
/

=

/

d [ta,t5]
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Bounded-error estimation [T RIETIS T T

Interval trajectories Il

Example.

cost+ [0, t?
[f](t):( sint—i—[[—l,l}] )

is an interval trajectory (or tube).
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Tube arithmetics
Outline

@ Bounded-error estimation

@ Tube arithmetics
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ENDEEC RV BN EN I Tube arithmetics

Tube arithmetics

If [x] and [y] are two scalar tubes, we have

[z] = ] + ] = [2] (¢) = [x] () + [¥] (2)

[2] = shifta ([x]) = [2] (¢) = [x] (t + a)

[z] = X e [y] = [2] (¥) = [X] (I¥] (%))

[2]1=J[x] = [2](t) = [Jox~ (v)d7. [5 x* (v) d]

(sum)

(shift)
(composition)
(integral)
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Tube contractors
QOutline

@ Bounded-error estimation

@ Tube contractors
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ENLEEE R B Tube contractors

Tube contractors |

Tube arithmetic allows us to build contractors.
Consider for instance the differential constraint
() = x(e+1)-u(e),
x(t) € [x](t),x(t) € [x](t),u(t) € [u](t)

We decompose as follows

y(t a(t)-u(t).

{x(t; = x(0)+ ffy(r)dt
a(t) = x(t+1)
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Tube contractors |l

Possible contractors are

Bounded-error estimation

[ (t)
v (2)
[u] (¢)
[a] (1)
[a] (1)
[ (1)

[x] (t) N ([x] (0 )+fo l(7)dt

yl(5)N[a
[w](t)n 49

[a] ()N ‘[

[u](t
[a] (£) N [x
[x](£)N[a]

Tube contractors

MA
HH-H-
e o

=




Bounded-error estimation [EET-XRTNTEYTETH

Tube contractors Il

Example.
Consider x (t) € [x](t) with the constraint

Vt, x(t) =x(t+1)

Contract the tube [x](t).
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Bounded-error estimation [EET-XRTNTEYTETH

Tube contractors IV

We first decompose into primitive trajectory constraints

x(t) = a(t+1)
x(t) = a(t).
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Bounded-error estimation [EET-XRTNTEYTETH

Tube contractors V

Contractors

X1(t) = =[@)n[a)(t+1)
[al(5) = =I[a(t)nix](¢-1)
X1(8) = =[I(t)nlal(t)
[al(t) = =[al(t)N[x] ()
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Tube contractors VI
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Tube contractors VII
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Tube contractors VIII
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Tube contractors IX
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Tube contractors X
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Tube contractors Xl
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Tube contractors XlI
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Time-space estimation
QOutline

@ Bounded-error estimation

@ Time-space estimation

219 /282



2RI O RO Pl Time-space estimation

Time-space estimation |

Classical state estimation

f(x(t),u(t)) teR

{ x(t)
0 = g(x(t),t) teTCR.

Space constraint g(x(t),t) =0.

220 /282



2RI O RO Pl Time-space estimation

Time-space estimation |l

Example.
X] = X3COS X4
Xp = X3 COS X4
X3 =u1
)'(4 = us
(1 (5)—1)°+(x2(5)—2)° —4=0
(1 (7) =12+ (x(7)—2)>-9=0
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2RI O RO Pl Time-space estimation

Time-space estimation Il

With time-space constraints

f(x(t),u(t)) teR
g(x(t),x(t'),t,t') (t,t')eTCRxR.

—
o Kk
—
~
N
[
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2RI O RO Pl Time-space estimation

Time-space estimation 1V

Example.
An ultrasonic underwater robot with state

x = (x1,%x2,...) =(x,y,0,v,...)

At time t the robot emits an onmidirectional sound. At time t’ it receives it

<X1 fx:/l)2+ (ngxé)2fc(t7t/)2 =0.
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Mass spring problem
QOutline

@ Bounded-error estimation

@ Mass spring problem
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Mass spring problem |

The mass spring satisfies
X+x+x— x3=0

X1
X2

X2
—X2 — X1 + x13

The initial state is unknown.
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Mass spring problem

Bounded-error estimation

Mass spring problem |1

Ly\/\N\AN\/W' ),

- X .2
|——————

HX\MML ’

Xp = —Xp — X1 —I—Xi)’

{ ).(1 = X2
L—xi(t1)+L—xi(t2) = c(t2 — t1)
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Mass spring problem Il

H

|

i
HHH (1)
il i "
ottt

b

M
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Swarm localization
QOutline

@ Bounded-error estimation

@ Swarm localization
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=LA I RPTRrV EET  Swarm localization

Swarm localization

Consider n robots %#1,...,%, described by

x; = f(xj,u;),u; € [u].
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=ENDEEC R PRI Swarm localization

Swarm localization

Consider n robots %#1,...,%, described by
x; = f(x;,u;),u; € [u].

Omnidirectional sounds are emitted and received.

A ping is a 4-uple (a,b,i,j) where a is the emission time, b is the reception time, i is the

emitting robot and j the receiver.

x;(b)  xi(a)
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=LA I RPTRrV EET  Swarm localization

Bounded-error swarm localization |

With the time-space constraints

x; =f(x;,u;),u; € [uj].

& (Xi(k (3 (K)) i1 (b (K)) a(K), b (K)) =0

where
g(X,',Xj73,b) = HX17X2|| 7C(bia)'
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=ENDEEC R PRI Swarm localization

Bounded-error swarm localization |l

Clocks are uncertain. We only have measurements 3(k),b(k) of a(k),b(k) thanks to
clocks h;. Thus

x; = f(x;,u;),u; € [u].

& (i1 (2 (K)) x50 (b (K)) . (k). b(K)) = 0

3 (k) = higry (2(K))

b(k) = hjqiy (b(k))
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=LA I RPTRrV EET  Swarm localization

Bounded-error swarm localization |1l

The drift of the clocks is bounded

x; = f(x;,u;),u; € [u;].

& (Xi(ky (3 (K)) Xj(ry (b (K)) (k) b(K)) =0
3 (k) = higey (2 (K))

b (k) = j(uy (b(K))

hi =14 np, np € [ny]

(o
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=LA I RPTRrV EET  Swarm localization

Bounded-error swarm localization IV
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Bounded-error swarm localization V

[+

@
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=ENDEEC R PRI Swarm localization

Discussion

Interval techniques
o useful in bounded-error state estimation
@ robustness to outliers

@ account for the drift in measurements
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Characterization of confidence regions in a Bayesian context

QOutline

© Characterization of confidence regions in a Bayesian context

236 / 282



Characterization of confidence regions in a Bayesian context

Confidence region characterization

Remind that one has to characterize the set Sy defined by

(I) SO( = fﬁl([sav—’—w[)?
(“) fsa f(p)dp _

Jen f(R)dp —
corresponding to the smallest set which contains p with a probability equal to .
Again, additional interval notions have to be introduced.
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Characterization of confidence regions in a Bayesian context [EIEITH-CCRETT: TV Y

QOutline

© Characterization of confidence regions in a Bayesian context
@ Lattices and intervals
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Characterization of confidence regions in a Bayesian context [EIEITH-CCRETT: TV Y

Lattices and intervals |

A lattice (£,<) is a partially ordered set, closed under least upper and greatest lower
bounds.

@ The least upper bound (join) of x and y is written xV y.
@ The greatest lower bound (meet) is written x A y.

A lattice & is complete if for all subsets &7 of &, V.&Z and A</ belong to &.
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Characterization of confidence regions in a Bayesian context [EIEITH-CCRETT: TV Y

Lattices and intervals Il

Example 1 : The set R is not a complete lattice whereas R = RU {—o0, 00} is.
Example 2 : The set R” is a lattice with respect to the partial order relation given by

X§y<:>Vi€{1,...,n},x,-§y,-.
We have

X/\y = (min(XL}/l):~-~:min(Xn:}’n)) and
xVy = (max(x1,¥1),...,max(xn,¥n))-

240 / 282



Characterization of confidence regions in a Bayesian context [EIEITH-CCRETT: TV Y

Lattices and intervals Il

An interval [x] of a complete lattice & is a subset of & which satisfies
[x]={xe&| AN[x] <x<V[x]}.
Both @ and & are intervals of &.

Examples
o The sets [0,1]z and [0,c]5 are intervals of R.
o The set {2,3,4,5} =[2,5]g is an interval of N.
o The set {4,6,8,10} = [4,10],5 is an interval of 2N.
o The set [1,2] x [3,4]) = [(1,3),(2,4)]z= is an interval of R2.
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QOutline

© Characterization of confidence regions in a Bayesian context

@ Interval subpavings - some additional concepts

242 / 282



Characterization of confidence regions in a Bayesian context [ETTUVEIETTEWT PO EREE TR E]

Interval subpavings - some additional concepts |

A paving 2 of R" is a set of nonoverlapping boxes covering R".

A
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Characterization of confidence regions in a Bayesian context [ETTUVEIETTEWT PO EREE TR E]

Interval subpavings - some additional concepts ||

A subpaving of 2 is a subset of 2.
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Characterization of confidence regions in a Bayesian context [EETTRE TRy gy I- (Y A |

Interval subpavings - some additional concepts Il

The support {#} CR" of a subpaving ¢ is the union of all boxes of .Z".

A A

N

\ 4
\ 4
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Characterization of confidence regions in a Bayesian context [ETTUVEIETTEWT PO EREE TR E]

Interval subpavings - some additional concepts IV

If Z(Q) denotes the set of all subpavings of 2 then (£2(2),C) is a complete lattice.

@ The least upper bound (join) is the union
N Ay = AU .
@ The greatest lower bound (meet) is the intersection
HNJHy = H N Ao

As a consequence intervals of (&7 (£2),C) can be defined.
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Characterization of confidence regions in a Bayesian context [EETTRE TRy gy I- (Y A |

Interval subpavings - some additional concepts V

An interval subpaving [#~,. ¢ F] of 2 can be represented by pair of subpavings of 2
such that 7~ c ¢+,

N

>

Selt x4 e {x tcsc{xt}.

One has
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Characterization of confidence regions in a Bayesian context [ETTN S R EPER (T A0

QOutline

© Characterization of confidence regions in a Bayesian context

@ Interval staircase functions
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Characterization of confidence regions in a Bayesian context [ETTN S R EPER (T A0

Interval staircase functions |

A staircase function f associated with a paving 2 is a function from 2 to R

18] |9
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Characterization of confidence regions in a Bayesian context [ETTN S R EPER (T A0

Interval staircase functions Il

If [s] =[s7,sT] € IR, the reciprocal image of [s] by f is the subpaving of 2 defined by
P2 {ple2| ) els 5™}

For instance, 1([2,4]) is represented as
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Characterization of confidence regions in a Bayesian context [ETTN S R EPER (T A0

Interval staircase functions IlI

The set of all staircase functions (.#,<) is a complete lattice.
Interval staircase functions can thus be defined

An interval staircase function [f] = [f~,#*] can be represented a pair of staircase
functions such that

Vel € 2. 7 ([p)) < 77 ([p]).
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Interval staircase functions IV

18]

2,9] [4.p]

2 R]

Z5 |

[2,3]

|
I
[L,6]
[3,4]
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Characterization of confidence regions in a Bayesian context [ETTN S R EPER (T A0

Interval staircase functions V

A function f from R" — R is said to belong to the interval staircase function [f] if

v[pl € 2,%p € [pl, () € [F~(Ip]). 7+ (Ip])] -

An interval staircase function for a function f : R” — R can easily be obtained by using
interval techniques.

253 /282



Characterization of confidence regions in a Bayesian context [ETTN S R EPER (T A0

Interval staircase functions VI

The reciprocal image of the interval [s~,s7] € IR by the interval staircase function
[f]=[f,f "] is the interval subpaving of 2 defined by

A7 sms' ) 2 [{ple 2 | ) < ls™s*1} -
{Fle 2| FphNls™ 571 #0}]
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Characterization of confidence regions in a Bayesian context [ETTN S R EPER (T A0

Interval staircase functions VII

Theorem R
If f belongs to [f], then for all [s~,sT] €IR ,

FA([s™, st € F17 M (Is ™5™
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Characterization of confidence regions in a Bayesian context [ETTN S R EPER (T A0

Interval staircase functions VIII

Example
If [s~,sT] =[16,00] and 2= {[i,i+1], i € N}, then

{lle 2| [fl([p]) C[s™,s7] }
= {[_17017 [O’ 1]} = [_171]7

{lpl € 2 | [fI([p])N[s—,s*] # 0}
= [{[_37]_2]>[_2»_1]7[_170]7[071]7[172]»[273]}
=[-3,3].

We have
[-1,1] € F1([16,%]) € [-3,3].
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Characterization of confidence regions in a Bayesian context [ETTN S R EPER (T A0

Interval staircase functions IX

30,

267 (¢%) " (16, 00])
224

181
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Characterization of confidence regions in a Bayesian context [ETTN S R EPER (T A0

Interval staircase functions X

If [Ji/ﬂ%/*] is an interval subpaving of 2 and if [rA‘] is a positive interval staircase
function, the integral of [f] over [ —, . *] is

/m,w][?l(mdp 2 | Y #(p])-volume([p])

[ple -

Y, ¥ (pl).volume([p])

[ple+
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Characterization of confidence regions in a Bayesian context [ETTN S R EPER (T A0

Interval staircase functions Xl

Theorerp
If f €[fland if S€ [¢, ¢ 1], then

| feydpe /[%M[fl(p)dp.
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Characterization of confidence regions in a Bayesian context [AFEALLY

QOutline

© Characterization of confidence regions in a Bayesian context

@ Algorithm
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Characterization of confidence regions in a Bayesian context [AFEALLY

Algorithm |

Equation in sy to be solved

Je1([saop) F(P)dP

o= h(sy) 2 :
) (o) dp
The function h(s) is decreasing. Moreover,

» i (s=plflP)dp
fen[Fl(P)dp

h(s) € [h](s)
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Characterization of confidence regions in a Bayesian context [AFEALLY

Algorithm |1

Thus
(a) o<Ib([hl(s7)) =s <sq
(b) a>ub([h(sT)) =st>sq

A

| hs) | ")

‘H
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Characterization of confidence regions in a Bayesian context [AFEALLY

Algorithm |11

@ Take a paving 2 of R"; s7 := 4o0; sT :=0;

@ Compute an interval staircase function [f] enclosing f;
© Decrease s~ until a < Ib([h](s7))

Q Increase st until a > ub([h](s1));

O [ Ao Ko )= (1= [s.sT) ([0,

263 / 282



Characterization of confidence regions in a Bayesian context [AFEALLY

Algorithm [V

Theorem : After completion of this algorithm, we have

Sa € [H#y , K] and sq € [s7,sT].
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Characterization of confidence regions in a Bayesian context [

QOutline

© Characterization of confidence regions in a Bayesian context

o Application to Bayesian estimation
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Characterization of confidence regions in a Bayesian context [

Application to Bayesian estimation |

Model:
y(t) = pysin(p2t) + n(t)

where n(t) is a white normal random noise with

1 n?
nn(n)zrmew 502 )"

where the standard deviation is 0 = %
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Characterization of confidence regions in a Bayesian context [

Application to Bayesian estimation |l

Sampling times and data:

t = (172’3)7
y = (08,10, 02)".
Therefore
n p1sin(p2) ny
y2 | = pisin(2p2) |+ | m
y3 p1sin(3p2) n3
—_—— —
y ym(p) n
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Characterization of confidence regions in a Bayesian context [

Application to Bayesian estimation |lI

Since n(t) is white,

J'C,,(n) = nn(nl).nn(nz).ﬂn(ny,)

= (\/2171:)3 exp(—2n%) exp(—2n3) exp(—2n3).

Considering

_ door[_3 2)(p1).door(g 6)(P2)

ﬂprior(p) - 24 >

the posterior unnormalized pdf for p:

3
flp) = <kl_leXP(_2(}’k—P15in(kP2))2))
=1

,dOOr[72’2] (p]_).dOOI’[Oﬁ] (PZ)
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Summary

Interval analysis: numerical tool to solve in a guaranteed way nonlinear problems
encountered in engineering

o Characterizing sets defined by nonlinear inequalities
o Computing all global minimizers of a non-convex cost function,

@ Computing all solutions of a set of nonlinear equations,
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Summary

Interval analysis: numerical tool to solve in a guaranteed way nonlinear problems
encountered in engineering

o Characterizing sets defined by nonlinear inequalities
o Computing all global minimizers of a non-convex cost function,
@ Computing all solutions of a set of nonlinear equations,
Allows development of original solution in estimation problems
@ Bounded-error estimation.
@ Robust estimation.
o Distributed estimation.

o Guaranteed characterization of asymptotic and non-asymptotic confidence regions.
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Open research directions

o Getting efficient contractors is always the key to success.
o Estimation using interval analysis

o very efficient when explicit expression of model output is available
o efficient when model described by system of ODEs
o not efficient when considering PDEs

@ Continue to develop tools to faciltate the use of such techniques.
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