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1 Interval approach



1.1 Basic notions on set theory



Exercise: If f is defined as follows
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Exercise: If f is defined as follows

A B
a o1
b 1o
C ~3e 3
de >4
e -5

f(A4) = {2,3,4} = Im(f).

F4(B) {a,b,c,e} = dom(f).

FH(f(A)) {a,b,c,e} C A
FHf(b,e})) = {a,b,c}



Exercise: If f(x) = x?, then

£(12,3])
F1([4,9])



Exercise: If f(x) = x?, then

£(12,3]) = [4,9]
f_l([47 9]) = [-3,—2]U][2,3].

This is consistent with the property

rrtm) ey



1.2 Interval arithmetic



If o € {4, —,., /, max, min}

[zl o[yl = Hz oy |z € [z],y € [y]}].

For instance,

[-1,3]+[2,5] =17,7],
[-1,3].[2,5] =1[?,7],
[—2,6]/[2,5] =1?,7].



If o € {4, —,., /, max, min}

[zl o[yl = Hz oy |z € [z],y € [y]}].

For instance,



[, 2+ [y, yt] = [z~ +y 2t +yT],
27, 2Ty "yl = [eTyT AxTyT AxTyT AatyT,
rTy" VaTy  Va ytV :13+y+],



If f € {cos, sin,sqr, sqrt, log, exp, ...}

flz]) = [{f (=) [z € [=]}].

For instance,

sin([0,7]) = 7,
sar ([-1,3]) = [-1,3]* =7,
abs ([-7,1]) = 7,
sqrt ([—10,4]) = +/[-10,4] =7,
log ([-2,-1]) = 7.



If f € {cos, sin,sqr, sqrt, log, exp, ...}

flz]) = [{f (=) [z € [=]}].

For instance,

sin ([0,7]) = [0,1],
sar ([-1,3]) = [-1,3]*=[0,9],
abs ([-7,1]) = [0,7],

sqrt ([—10,4]) = +/[-10,4] = [0, 2],
log ([-2,—1]) = 0.



1.3 Boxes



A box, or interval vector [x] of R™ is
[X] — [CC]__,LE]‘__] X X [:CT_L)LE?_?J'_] — [CC]_] X X [LEn]

The set of all boxes of R™ will be denoted by TR".



The width w ([x]) of a box [x] is the length of its largest
side. For instance

w([1,2] x [-1,3]) = 4

The principal plane of [x] is the symmetric plane [x] per-
pendicular to its largest side.




1.4 Inclusion function



The interval function [f] from IR"™ to IR™, is an inclusion
function of f if

Vx| € IR™, f([x]) C [£]([x])-

1 [x] . Yop
- , e |
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f(i]) -
zif.....| < () -
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Inclusion functions [f] and [f]*; here, [f]* is minimal.



The inclusion function [f] is

monotonic | if | ([x] C [y]) = ([f] ([x]) C [f] ([y]))

minimal | if | V[x] € IR, [f]([x]) = [f ([x])]

thin if | w([x]) =0= w([f]([x]) =0

convergent | if | w([x]) — 0 = w([f]([x]) — O.
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Convergent but non-monotonic inclusion function
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Convergent and monotonic inclusion function



The natural inclusion function for f(z) = z2 4+ 2z + 4 is

[F1([2]) = []* + 2[z] + 4.
If [x] = [-3, 4], we have
[F1([-3,4]) = [-3,4]° +2[-3,4] + 4

— [-2,28].

Note that f([—3,4]) = [3,28] C [f]([-3,4]) = [-2, 28].




A minimal inclusion function for
e R? — R3
" (z1,72) — (xlxz,x%,xl—azz).
IS
1] IR? — IR3
([z1], [w2]) = ([2] * 2] [2]? [21] — [22]) -



If £ is given by the algorithm

Algorithm f(in: x = (z1, 72, x3), out: y = (y1,¥2))

Z = xq;
for kK := 0 to 100
z = x3(z + kx3);
next;
Y1 = z;
yo = sin(zx1);

SO OB~ WD




lts natural inclusion function is

Algorithm [f](in: [x], out: [y])

1 [2] := [z1];

2 for k:=0to 100

3 [2] := [x2] * ([2] + &k * [z3]);
4  next;

5 [y1] :=[];

6 [yo] := sin([z] * [z1]);

Here, [f] is a convergent, thin and monotonic inclusion

function for f.



1.5 Subpavings



A subpaving of R" is a set of non-overlapping boxes of R™.

Compact sets X can be bracketed between inner and outer
subpavings:

X" cXcXT.



Example.

X = {(x1, z2) ‘ :c% + a:% e [1,2]}.

Set operations such as Z := X + Y, X :=f~"1(Y),Z :=
XNY... can be approximated by subpaving operations.



1.6 Set inversion



If £:R™ — R™ and if Y is a subset of R". Set inversion
Is the characterization of

X = {x € R" | f(x) € Y} = f~1(Y).



We shall use the following tests.

() [fl([x]) CY = [x] CX

(i) fI(xDNY =0 = [X]nX=40.
Boxes for which these tests failed, will be bisected, except
if they are too small.



Algorithm Sivia(in: [x](0),f,Y)

L:={[x](0)};

pull [x] from L;

if [f]([x]) C Y, draw([x], 'red");

elseif [f]([x]) NY = 0, draw([x], 'blue’);
elseif w([x]) < e, {draw ([x], 'yellow")};
else bisect [x] and push into £;

if L £, goto?2

~NOo oW DN




If AX denotes the union of yellow boxes and if X~ is the
union of red boxes then :

XT CXCX UAX.



2 Bounded-error estimation



Model: ¢ (p,t) = pre P2t
Prior feasible box for the parameters: [p] C R?

Measurement times : t1,%2,...,tm

Data bars : [y7, 971, [¥5:93 |- - - [Ym» Uik

S={p € plé(Pt) €y, ui] - @ (P.tm) € [ ]}



¢ (p,t1)
¢ (p) = ( )
(b (pv tm)

v] = [y 71 X - X [Ym, Uik

and

then

S=[p]Ne¢ t([y]).



3 Sailboat



3.1 State equations



v cos 6
vsinf — 1

W

U1

U2
fssindg — frsind, — v

(1 — cosds) fs — cosdr.fr —w

cos (0 + ds) — vsinds

v'sin Op.



In a cruising phase

6=0,0s=0,0,=0,0=0,0=0.

W
u1
U
fssindg — frsind, — v
(1 — cosds) fs — cosdr.fr — w
cos (0 + ds) — vsinds

vsin dp.

e N e NeNeNoNe
|



The polar diagram is

Sy: {(9,’0) |E|f57687f7“757“7
fssindg — frsindy —v =20
(1 —cosds) fs —cosdrfr =0
fs = cos (6 4 ds) —vsinds

fr =wvsindr }






3.2 Control
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3.3 Breizh Spirit









Samedi 19 Septembre 2009 Le Télégramme

Voilier autonome. La rade

avant la transatlantique

Avant le grand
bain, il y a le petit.
Le voilier minia-
ture autonome
concocté

a UEnsieta

a traversé avec
succes la rade,
en début

de semaine.
L’idée: réussir
un jour une
transatlantique.

Une partie de I'équipe: Kostia
Poncin, Richard Leloup, Luc Jau-
lin, Bruno Auzier et Jan Sliwka.
Mangque Pierre-Henri Reilhac.

Lundi, Breizh-Spirit — ¢'est son
nom — est parti de Saint-Anne-
du-Portzic et a rejoint Lanvéoc,
soit 12 km en deux heures envi-
ron. |l était tout seul, autono-
me, accompagné A distance,
sur un semi-rigide, de ses
« parents », une petite équipe
d'étudiants et d'enseignants de
I'Ensieta. Une traversée réali-
sée en collaboration avec I'co-
le navale. :

De beaucoup, Breizh-Spirit est

sans doute resté inapercu. Il ne
fait qu'1,30 m de fong pour
10 kg. Mais il a avancé vaillam-
ment, a 3,1 noeuds de moyen-
ne, au prés, ce qui n'était pas
la configuration idéale. En poin-
te, il a atteint 5,5 nceuds,

Premier test a la mer
prés de Porto

L'idée a pris corps en 2005.
Luc Jaulin, professeur en auto-
matique-robotique a I'Ensieta,

B

était alors président du jury, &
Toulouse, de la premiére Micro-
transat. L'objectif, pour une tra-
versée de I'Atlantique, a été
fixé & 2010.

Breiz-Spirit a lui-méme mari
I'année passée. Richard Leloup,
alors en premiére année, se sou-

vient avoir fabriqué la coque

durant ‘les vacances de Noél.
D'autres ont apporté leur pierre

en électronique, informatique,-

mécanique, robotique et archi-

tecture navale, des compéten-
ces qui existent & I'école et que
des projets, tels que Breiz-Spi-
rit, permettent de mixer autour
d'un objectif & atteindre.

Cet 14, le mini-voilier a partici-
pé, prés de Porto, & fa « World
robotic sailing championship »,
premier test a la mer pour lui;
I'occasion aussi de se compa-
rer: Onze bateaux, fort divers,
étaient au rendez-vous. Il y
avait 1a aussi des Anglais, des
Suisses, des Portugais et des
Américains:

Une compétition

en septembre 2010
L'équipe de |'Ensieta a en ligne
de mire 2010 avec une compéti-
tion, en juin, probablement au
Canada. Le départ de la fameu-
se transatlantique pourrait
avoir lieu, en- septembre,
depuis I'irlande. La traversée ris-
que alors de durer cing mois...
Pour I'heure, I'équipe de Breizh-
Spirit va travailler a améliorer
le  mini-voilier, rendre plus
robuste I'électronique, le grée-
ment et les voiles. Etanchéifier
la coque, implanter des pan-
neaux solaires, se passer dea
girouette sont aussi au pro-
gramme. Il est prévu que les
bateaux puissent communiquer
chaque jour leur position a ter-
re. Normalement, aucun voilier
de cette future transat en auto-
nomie ne doit dépasser les
4 m, des « Petits Poucet » com-
parés aux porte-conteneurs



Montrer une vidéo



4 Contractors



To characterize X C R"™, bisection algorithms bisect all
boxes in all directions and become inefficient. Interval
methods can still be useful if

e the solution set X is small (optimization problem, solv-
ing equations),

e contraction procedures are used as much as possible,

e bisections are used only as a last resort.



4.1 Definition



The operator Cx : IR"™ — IR"™ is a contractor for X C
R™ if

« n | Cx([x]) C [x] (contractance),
vix] € IRY, { Cx([x])NX =[x] "X (completeness).



L2

_Ix]

set(C )ﬁk/ |




L2

C([x])

set(C )_>




The operator C : IR"™ — IR"™ is a contractor for the
equation f(x) =0, if

C([x]) C [x]

\VI[X] S I[]an { x € [X] et f (X) =0=>x€ C([X])



y = ;in(x)






Cx is monotonic if

x] C [y] = Cx([x]) € Cx([y])

Cx is minimal if

vix] € IR™, Cx([x]) = [[x] N X]

CX Is thin if

vx € R", Cx({x}) = {x} nX

Cx Is idempotent if

vix] € IR™, Cx (Cx([x])) = Cx(I[x])-




Intersection

(C1NC) (1) ¥ ¢y ([x]) N Ca ([x])

def

union (C1UCo) ([x]) = [C1 ([x]) U Ca ([x])]
composition | (Cq 3(]52) ([x]) def C1(C2 ([x]))

répétition

C*®=CoCoClo...




Cx Is said to be convergent if

x](k) - x = Cx([x](k)) — {x}nX.



4.2 Projection of constraints



Let x,y, z be 3 variables such that

NN e 8

Mm M Mm

:_0075]7

:_0074]7

6, o],

T+ vy.



To project a constraint (here, z = x + y), is to compute
the smallest intervals which contains all consistent values.

For our example, this amounts to project onto x,y and z
the set

S ={(x,y,2) € [-00,5] X [-00,4] X [6,0] | z =x + y}.



4.3 Numerical method for projection



Since x € [—00,5],y € [—00,4],z € [6,00] and z =
x + y, we have

z=zrx+y= z€ [6,00]N([—00,5]+ [—00,4])
— [67 OO] M [_0079] — [679]

r=z—y= x € [—00,5]N([6,c0]—[—00,4])
— [_0075] M [27 OO] — [275]

Yy=z—x = yE [—OO,4]ﬁ([6,00]—[—OO,5])
= [—00,4] N [1,00] = [1,4].



The contractor associated with z = x + y is.

Algorithm pplus(inout: [z], [x], [y])

L [2] := [l N ([=] + [y]);
2 [z] := [z] N ([2] = [9]);
3 [yl =yl ([z] — [z]) .




The projection procedure developed for plus can be ex-
tended to other ternary constraints such as mult: z = xx*y,
or equivalently

multé{(az,y,z)ER3 | z:x*y}.

The resulting projection procedure becomes

Algorithm pmult(inout: [z], [z], [y])
1 [z] := [2] N ([] * [9])
2 [z] = [2] N ([z] * 1/[y]);
3 [yl :=[ylN([=z] *1/[=]).




Consider the binary constraint

exp = {(z,y) € R"|y = exp (z)}.

The associated contractor is

Algorithm pexp(inout: [y], [z])

1 [y] :== [yl Nexp([z]);
2 [z] :=[z]Nlog ([y]) -




4.4 Solvers



Example. Consider the system.



We build two contractors

vl =Wl n[z]? . 2
Cq: { 2] = [2] N \/m associated toy = x

: [y]:[y]ﬂ\/m associated to y = v/«
62'{[x1=[x1m[y12 ted toy =



Y,




Y,

























Exemple. Consider the system

(v

3sin(x)

N reR, yeR.
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4.5 Decomposition into primitive constraints



x + sin(zy) < 0,
T & [_17 1]7y S [_17 1]

can be decomposed into
a = zy r € [-1,1] a € [—o0, ]

b= Sin(a) ) y € [_17 1] S [—O0,00]
c=x+b c € [—o0,0]



5 Redermor



The Redermor, GESMA



The Redermor at the surface



Show simulation



Why choosing an interval constraint approach for
SLAM ?

1) A reliable method is needed.

2) The model is nonlinear.

3) The pdf of the noises are unknown.

4) Reliable error bounds are provided by the sensors.
5) A huge number of redundant data are available.



5.1 Sensors



A GPS (Global positioning system) at the surface only.

to =6000s, 0= (—4.4582279°,48.2129206°) + 2.5m
tp=12000s, £/=(—4.4546607°,48.2191297°) & 2.5m



A sonar (KLEIN 5400 side scan sonar). Gives the distance
r between the robot to the detected object.




Session  Source

Print  ‘Window Help

EIEERD

b |

Ready

S Range: 19.8 meters Lat: 48:13.0686 N Lon: 004:27.1424 W /

Screenshot of SonarPro



mnpWanm

75m .

seamark

wog

Detection of a mine using SonarPro



A Loch-Doppler. Returns the speed of the robot v, and
the altitude a of the robot &= 10cm.



A Gyrocompass (Octans Il from IXSEA). Returns the roll
¢, the pitch 6 and the head .

b b 1.75 x 1074.[—1, 1]
O |+ | 1.75 x 1074.[-1,1]
Y P 5.27 x 1073.[-1,1]

Y



5.2 Data

For each time ¢ € {6000.0,6000.1,6000.2,...,11999.4},
we get intervals for

¢(t), 0(t), (1), vr (), vy (£), vy (2), a(t).



Six mines have been detected by the sonar:

i 0 1 2 3 4 5
7(i) 7054 7092 7374 7748 0038 9688
o(i) 1 2 1 0 1 5
(i) 52.42 12.47 54.40 52.68 27.73 26.98

6 I 3 9 10 11
10024 10817 11172 11232 11279 11688
4 3 3 4 5 1
3790 36.71 37.37 31.03 33.51 15.05




5.3 Constraints satisfaction problem

t € {6000.0,6000.1,6000.2,...,11999.4},

i€40,1,...,11},

Pa(f) ) = 0 L [ at) — &2
(py(t) ) = 111120 ( cos (£y(t) * 155) O ) ( £y (t) — €0 ) :
P(t) = (pa(t), py(t), p2(1)),

cos(t) —siny(t) O
Ry (t) = ( sin Bp(t) cosy(t) O ) :

0 1
( cosf(t) 0 sinf(t) )
Ry(t) = 0 1 0 ,
—sinf(t) 0 cosf(t)



1 0 0
Ry(t) = ( 0 cosp(t) —sinp(t) ) :
0 sinp(t) cosp(t)

R(?) = Ry (t)-Rg(t)-Re(2),

p(t) = R(t).vr(?)

lm(a (7)) — p(r()l| = r(7),

R'(7(4)) (m(o(i)) — p(7(9))) € [0] x [0, 00] 2,

mz(o (7)) — pz(7(2)) — a(7(2)) € [-0.5,0.5].



5.4 GESMI



337

Caméra——— |

weam |22311928
yeam  [18.773002
zeEn £,0999339

psiCam {3700

GESMI (Guaranteed Estimation of Sea Mines with
Intervals)



GESMI, for the estimation of seamarks using interval analysis

s demarrer




GESMI, for th imation of seamarks using interval analysis
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Trajectory reconstructed by GESMI



6 SAUC’ISSE



Sauc'isse robot swimming inside a pool



Covers of the tube



Interval architecture of the robot
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Portsmouth, July 12-15, 2007.















Montrer une vidéo



6.1 Localization with sonar






6.2 Set-membership approach



fi(x(k), n (k))

{ x(k + 1)
gr(x(k)),

y(k)

with n (k) € N(k) and y (k) € Y (k).



Without outliers

X(k+1) =i, (X(k) N gt (Y(K)), N(k)).



6.3 Relaxed intersection






2 4 6 &8 10 12

The black box is the 2-intersection of 9 boxes
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Show the demo of Jan



6.4 Robust localization



Define
{ £, (X) :ze: X
fr kot 1 (X)) = o, (Frpn, (X), N (k2)), k1 < ko.

The set fy, .1, (X) represents the set of all x (k2), consis-
tent with x (k1) € X.



Consider the set state estimator

[ X(k) = f5.,(X(0)) if &K< m, (initialization step)
X(k) = i (X(E—m)) N
\ {q}
f fk—i:koglz_li (Y(k—1)) ifk>m
\ ie{l,....m}




X(k —2)

fio

X(k 1)

fi1

g,
SR
~1\)
/ ¥ <0
&7



6.5 Application to localization



Sauc'isse robot inside a swimming pool



The robot evolution is described by

( ./,-Ul
)
T3
T4

\

T4 COS T3

L4 sin I3

uy — Ul
Ul + U2 — T4,

where x1, xo are the coordinates of the robot center, x3 is

its orientation and x4 is its speed. The inputs u1 and wu»

are the accelerations provided by the propellers.



The system can be discretized by x3, 1 = fi, (xg), where,

21 x1 + 6.x4. cos (x3)
e | 22 | _ o + 0.x4.sin (x3)
" a3 z3 + 0. (u2(k) — u1(k))

T4 4 + 0. (u1(k) + ua(k) — z4)



10 meters

Underwater robot moving inside a pool
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waypoint 1
initial
state waypoint 2
waypoint 3
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Montrer la simu et la vidéo du concours



