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Stable cycles

Stable cycles

With Julien Damers, Simon Rohou, etc
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Stable cycles

Submeeting 2018
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Stable cycles

Cycles
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Stability is an old story
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Stability

Luenberger observer : &€, = (A —LC)ex


https://www.ensta-bretagne.fr/jaulin/

Poincaré map
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Stability

System: x = f(x)
Poincaré section: g(x) =0

Transversality: g(x) =0 (‘;—f -f) (x)#0
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Stability

Define 4 = g1(0).
Y - 9
P"a = pa)
where p(a) is the point of ¢4 such that the trajectory initialized at a
intersects & for the first time.
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Stability
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Stability

The Poincareé first recurrence map is defined by

a(k+1) =p(a(k))
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With hybrid systems
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Stability

Systems: x = f;(x),i € {1,...,m}

Section i: gi(x) =0

Transversality: g(x) =0= (‘?f(" -f,-) (x)#0
Automaton: gi(x) =0=i:=mod(i+1,m)
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Stability

92(x)=0
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Stability contractor

With Auguste Bourgois
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Stability contractor

A stability contractor W : TR" — TR" of rate o < 1 satisfies

[a] C [b] = W([a]) C W([b])
V([a]) C [a]
v(0)=0
¥([a]) € a-[a] = W*([a]) C &+ [a]
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Stability contractor

Question. Is W :IR"” — IR", [x] — —0.9-[x] a stability contractor
of rate 0.9 7
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Stability contractor

Question. Is ¥ : IR" — IR", [x] — [x] N —0.9-[x] a stability
contractor of rate 0.9 7
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Stability contractor

If W is a stability contractor of rate o < 1 then we have

W([x]) € a-[x] = lim WE([x]) 0.
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Centered form
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Stability contractor

Consider a function f : R” — R", with J(x) = d—i(x), a box [x] and
one point X in [x] > 0. We assume that f(0) = 0.

[fe](Ix]) = (L1 (Ix1)) - [x]
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Stability contractor

We have
() f([x]) C[f](x])
w([fe] () —w(F (DD _

(ii) Iimw([x])%O w([x])
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Stability contractor

w([fle (1))
w(f(xD) |
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Stability contractor

Proving stability

With Auguste Bourgois


https://www.ensta-bretagne.fr/jaulin/

Stability contractor

Consider the discrete-time system

xpp1 = F(xk)

with f(0) = 0.
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Stability contractor

Theorem. If J[xo] 5 0, with [fc]([xo]) C & - [xo], & <1 then
[fc]([x]) is a stability contractor inside [xo].
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Stability contractor

Theorem. Consider a function f with f(0) = 0 and J(x) = 9f(x).

The centered form [f4] associated to f* =fofo---of is: o
[21(0) =[]
AJ0) = Id
[21(k) = [f([2](k-1))
[Al(k) = [([2](k—1))-[A](k—1)

[Al(k)-[x]
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Stability contractor

For any given k, we have

i W) — wilF ()

w([x])—0 w([x]) =0
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Stability contractor

Theorem. Define %), the set of all cubes [x] centered at 0,
w([x]) < n. If the system is exponentially stable around 0, then

n > 0,V[x] € By, Ik >0,Fa < 1, [f5]([x]) C a-[x]
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Stability contractor

Example 1: logistic map

Xkr1 =P Xk (1=x), p=2.4
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Stability contractor

[w2] x [3]

o] x [1{

-

[wo]

[ar1]

z2)

[21]

[ I[J'x]

[w2]
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Stability contractor

Example 2. Three dimensional map

XK1 = 0.8‘R(%+X1,%+X2,%+X3)‘Xk
= f(xk)
where
cosy —siny 0 cos@ 0 sinf
R(g,0,y) = siny cosy 0 |- 0 1 0
0 0 1 —sinf 0 cos6
1 0 0

0 cos¢ —sing
0 sing cos@
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Stability contractor
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Stability contractor

Example.
Border: xo = h(x;) =20(1 —exp(—0.25x1))
Transition functions :

w0=(0") o=l
009= (s ) we0=("7)

Poincaré recurrence:

p(x) = fiofsofyofy (x)
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Stability contractor
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Poincaré scan
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Poincaré scan

Consider the robot

X1 = COSX3
X = sinxs
X3 = u

with the heading control u=sin(y —x3).
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Poincaré scan
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Poincaré scan

Consider the section
S x1+2=0

Since

dg cosx3
—=(x))-(f(x))=(1 0 0)- sinxs = cosx3
<dx > sin(P —x3)

the field is transverse except if cosxz = 0.
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Poincaré scan

After 10 laps, we get approximately a = (—2,2.3,—2.29).
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Poincaré scan

To conclude about the stability, we compute the Jacobian matrix

Op1| |Op1| |9p1
8:131 8902 8%3
Opz| |O9p2| |9pz
81‘1 8$2 81‘3
Ops| |9p3| |9p3
o0xq Oxs Oxs
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Poincaré scan

We get

2(a) 92(a) | _(0.045 266
9p3(3) 9m(z) |~ \ 0.0  0.02 )
The eigen values are approximately

{0.06,0.009}

Both are in the unit circle. We conclude that the limit cycle is
stable (with no guarantee here).
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Poincaré scan

For scanning, at each lap, we replace the transition ¢ > ¢nax by
C > Cmax+ 1.
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Poincaré scan

How to guarantee the robot will no get lost 7

How the robot can know it has been kidnapped ?
How to compute the prior set that will be explored ?
How to find the cycles ?
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Experiment


https://www.ensta-bretagne.fr/jaulin/

Experiment
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Experiment
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Experiment

Stable cycles

Youtube
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