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Stability is an old story
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Luenberger observer : ε̇x = (A−LC)εx

L. Jaulin Stable cycles for exploration

https://www.ensta-bretagne.fr/jaulin/


Underwater robots to build maps
Stable cycles

Stability
Stability contractor

Poincaré map

L. Jaulin Stable cycles for exploration

https://www.ensta-bretagne.fr/jaulin/


Underwater robots to build maps
Stable cycles

Stability
Stability contractor

System: ẋ= f(x)
Poincaré section: g(x) = 0

Transversality: g(x) = 0⇒
(

∂g
∂x
· f
)
(x) 6= 0
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De�ne G = g−1(0).

p :
G → G
x 7→ p(x)

where p(x) is the point of G such that the trajectory initialized at x

intersects G for the �rst time.
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The Poincaré �rst recurrence map is de�ned by

x(k+1) = p(x(k))
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With hybrid systems
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Systems: ẋ= fi (x), i ∈ {1, . . . ,m}
Section i : gi (x) = 0

Transversality: gi (x) = 0⇒
(

∂gi
∂x
· fi

)
(x) 6= 0

Automaton: gi (x) = 0⇒ i :=mod(i +1,m)
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A stability contractor Ψ : IRn→ IRn of rate α < 1 is an operator

which satis�es

[a]⊂ [b]⇒Ψ([a])⊂Ψ([b])
Ψ([a])⊂ [a]

Ψ(0) = 0

Ψ([a])⊂ α · [a]⇒Ψ2([a])⊂ α2 · [a]
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If Ψ is a stability contractor of rate α < 1 then we have

Ψ([x]))⊂ α · [x]⇒ lim
k→∞

Ψk([x])→ 0.
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Theorem. Consider f with f(0) = 0. If ∃[x0] 3 0, with
[fc ]([x0])⊂ α · [x0], α < 1 then [fc ]([x]) is a stability contractor

inside [x0].
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Theorem. If the system is exponentially stable around 0, then

∃η > 0, ∀[x] ∈Bη , ∃k > 0, ∃α < 1, [fkc ]([x])⊂ α · [x].
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Example.

Border: x2 = h(x1) = 20(1− exp(−0.25x1))
Transition functions :

f1 (x) =

(
x1+25

x2

)
f2 (x) =

(
x1

h (x1)

)
f3 (x) =

(
x1

x2−7.5

)
f4 (x) =

(
h−1(x2)

x2

)
Poincaré recurrence:

p(x) = f4 ◦ f3 ◦ f2 ◦ f1 (x)
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