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We want a minimal contractor for the hyperbola constraint

£(@,X) = go+q1x1 + gax2 + q3x] + qax1x2 +gsx3 =0
where

4q395 —q3 < 0

e q=1(qo,---,qs5) is the known parameter vector

@ x = (x1,x2) is the vector of variables.



More than this, we want a minimal separator for

X = {(x1,%2)|f(q,x) € ]} .
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Basic idea



We consider the product
X3 = X1-X2

Equivalently
X= {(x1,x2,x3) [x1 - x2 = x3}



A (classical) contractor associated with z =x-y is:

’ Algorithm C™" (inout: [xy], [x2], [x3]) ‘
[xa] == 3] N (] - [xa)) I x3=1x1-x,
] =[] 0 ([x3] - oy /[x1 =x3/x2

[x2]

2] := 2] 0 3] - g /] x2=x3/x,




CcMult js not minimal.

bl = sln ([=1.3]- :
] = in(ksl ) = FL3IN(09.9 =g) = [-1.3
o] = mln(bal gr) = [=230(0.9 =z) = [-23]



Basic idea
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Basic idea

We have
X1:Xp = X3 <= (—xl) Xy = —X3



Basic idea

We say that xj -x, = x3 is invariant by the symmetry

X1 = —X]
o] . X2 = X2
X3 = —X3



Equivalently, x; - x, = x3 is said to be invariant by
1 0
0
—1

01

0
0

oS = O



We also have
XX =X3 & X1 (—x) = —x3

invariant with respect to



Basic idea




Due to the monotonicity, the minimal contractor (the seed) for the
box
x]C [a] = RTxRTxRT.

associated to x;-x2 = x3 is

[xl] x5 X
Gl bl J=| e
[XS] 1 1



Basic idea

We will see later that

C52620610(50

is an optimal contractor for X as soon as % is a minimal
contractor for X.



Sine



Basic idea

Xy = sinx1



Basic idea
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Basic idea
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Basic idea

X2 Vv
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Csin = Oy ® Op ® G



Hyperoctahedral symmetries

Hyperoctahedral symmetries



Hyperoctahedral symmetries

The hyperoctahedral group B, is the group of symmetries of the
unit hypercube of R".
It contains 2" - n! elements.



Hyperoctahedral symmetries

For n =2, we have 22-2! = 8 elements:

as(31) a-(3 )
0 1) 0 1
a-(31) a4

10 ) 0 -1
10 [0 1
0 1)’ c’5_<—10)
0 -1 (0 -1
1 0)’ 07_<_1 0)

Q
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Hyperoctahedral symmetries

We will write equivalently

R A U B N R? — R’
> -1 0 ) (xl,xz) —> (xz,fxl)



Hyperoctahedral symmetries

Acts



Hyperoctahedral symmetries

For o € B,,, we define the act operator:

ceX =XUo(X).



Hyperoctahedral symmetries
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Hyperoctahedral symmetries
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Hyperoctahedral symmetries

Contractor Acts



Hyperoctahedral symmetries

If € is a contractor in R”, and o € B,,, we define the contractor act
of 0 on € as
Ce¢ =%¢1coCoc .



Hyperoctahedral symmetries
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(00Coo™)(x])
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oeC([x])
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Hyperoctahedral symmetries

Product constraint



Hyperoctahedral symmetries

We consider the constraint

X: X1X2 = X3.

X={x=(x1,x2,x3)|x122 = x3}



Hyperoctahedral symmetries

Product constraint: xjx = x3



Hyperoctahedral symmetries

A minimal contractor over

is:
[x1] [xl]m[%v%]
G| b = mnE R
[XS] RIS



Hyperoctahedral symmetries

Generators are the stabilizers

—

O] =

S = O

1 0
0 0 (o))
0 1

I
oo |



Hyperoctahedral symmetries




Conjugation



Consider an equation of the form

f(q,x) =0.

The pair of transformations (o,7) is conjugate with respect to f if

f(v(@),6(x)) =0 f(q,x) = 0.



Transformations that will be consider are limited to the
hyperoctahedral group B,,.

1.0 0 O
00 0 O
00 0 1
00 -1 0
01 0 O




A symmetry of B, in a matrix form, satisfies

O O12
G — 11
021 O22

with o € {0,1}, 07 + 05 = 1,01+ of; = 1.



The Cauchy form is obtained from the matrix form by left
multiplying by the line vector (1,2):

011 O12
G:( 1 2 )( Gal G > :(611+2621,612+2622).



Hyperbolic symmetries



Proposition. Take a point x = (x,x2) such
F(Q,%) = g0+ q1x1 + q2x2 + q3x7 + qux1X2 + gs5x5 =0
and a symmetry

0 = (011 +20,1,012+20%) € B;.

Y = (qo,01191 + 02192, G121 + 02242, 6121613 + 6221615
, (011022 + 612021) ¢4, 0122% + 0222%)

1

the pair (6!,7) is conjugate with respect to f(q,X).



Example. If

c=(2,1)

we get
Y = (510,512,611,615&14743)

This means that
0+ q1X1 + q2%2 + q33] + qaxixy +gsx; =0
is equivalent to

q0+g2x2+q1x1 + qsx§ + qaxyx) + q3xf =0



Given a symmetry o, the choice function ys(q) returns the
symmetry ¥ such that (o,7) is a conjugate pair.



Cardinal functions



Define
¢1(q,x2) = max {x; |f(q,x) =0)}

If g3 >0, we have

—(gq1 +qax2) + \/(611 + qa4x2)% — 4q1(qo + g2x2 + g5x3)
2q3

¢1(q,x2) =



The minimal interval extension function of @;(q,x) is

[91](q; [x2]) = [{x1]Fe2 € [ x1 = @1(q,22)}]



Seed contractor



We can build the contractor

Co = [x] = [x1] x [@1](q, [x2]).

CJ([x]) contracts the box [x] with respect to a small portion of the
hyperbola.



Proposition. A minimal contractor associated to the hyperbola set
Xis

U Ge ((271).C(‘)I/(271)'W0'(q)mcoo(q)) .

0e{(1,2),(1,-2),(-1,2),(-1,-2)}

where ys(q) is the choice function.



Conjugation

T2

Z1




Hyperbola separator



For an hyperbola area defined by
X'= {x|q0 + q1%1 + q2x2 —i—qu% + qax1x2 —|—q5x§ <0}

a minimal separator can be derived.



Conjugation
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Application to localization



Application to localization

Consider two points a,b of the plane. The set X of all points such
that
[x—al| —[x—b[ <’

is an hyperbola area with foci a,b. We have
X = {x|fap(x) <0}
where
fan.o(X) = g0+ q1x1 + g2x2 + g33x7 + qax1 %2+ g5%3

with ...



Application to localization

q0

q1

q2

q3

q4
qs

a‘l1 — 2a%a% + Za%b% + Zafb% + Za%ﬁz

—a3 +2a3b3 + 2a3b3

+2a30* — b} — 20363 + 2b3 0% — b§ 4+ 2b302 — ¢
4a} — 4atby +4aral —da bt —4a b3

—4ay0? — 4a3by + 4b3 + 4b b3 — 4b 2

4atay —datby +4a3 —4adby — darb?

—4612]?% — 461262 + 4b%b2 + 4b% — 4b2£2

—4a? +8ayby — 4b% + 402

—8611612 + 8a1b2 + 8a2b1 — 8b1b2

—4a3 +8ayby — 4b3 + 402



Application to localization

| ocalization



Application to localization

X emits a sound received later by three microphones a, b and ¢



Application to localization

We have
[x—al|
[x—Db|
[x—c]

where ¢ is the sound speed and
microphones a,b,c.

= c¢-(t,—1tp)
= ¢ (th—1)
= c¢-(t.—1o)

ta Iy, 1. is the detection time for



Application to localization

We eliminate ¢y which is unknown to get

[x—all—|x=b| = c-(ta—1t5)="La
[x—al| —[x—c|| e (ta—te) = lac

Measure the two pseudo distances: £,;, =8+0.1 and £, =4 +0.1.



Application to localization

The set X of all feasible locations is defined by

(i) |x—al|—|x—b| € [7.9,8.1]
(i) |x—al|—|x—c¢c|]| € [3.9,4.1]



Application to localization

We get
X=XupNX,
where:
X, - { faps.1(x) <0
“C fapo(x) >0
and

X .- { fa,c,4.1(X) <0
o fa,c,3.9(x) >0



Application to localization

Set X, of positions consistent with microphones a,b (classic)



Application to localization

b=

Xap (with the hyperbola separator)



Application to localization

X (classic)



Application to localization

Xye (with the hyperbola separator)



Application to localization

bs

Set X =X N X, (classic)



Application to localization

Set X =X, N X, (with the hyperbola separator)



Application to localization
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