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We want a minimal contractor for the hyperbola constraint

f (q,x) = q0 +q1x1 +q2x2 +q3x2
1 +q4x1x2 +q5x2

2 = 0

where
4q3q5 −q2

4 < 0

q = (q0, . . . ,q5) is the known parameter vector

x = (x1,x2) is the vector of variables.
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More than this, we want a minimal separator for

X= {(x1,x2)|f (q,x) ∈ [y]} .
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We consider the product

x3 = x1 · x2

Equivalently
X= {(x1,x2,x3) |x1 · x2 = x3}
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A (classical) contractor associated with z = x · y is:

Algorithm Cmult (inout: [x1], [x2], [x3])

[x3] := [x3]∩ ([x1] · [x2]) // x3 = x1 · x2

[x1] := [x1]∩
(
[x3] · 1

[x2]

)
//x1 = x3/x2

[x2] := [x2]∩
(
[x3] · 1

[x1]

)
// x2 = x3/x1
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Cmult is not minimal.
Indeed, if [x1] = [−1,3], [x2] = [−2,3], [x3] = [9,10]

[x3] := [x3]∩ ([x1] · [x2]) = [9,10]∩ ([−1,3] · [−2,3]) = [9,9]

[x1] := [x1]∩
(
[x3] · 1

[x2]

)
= [−1,3]∩

(
[9,9] · 1

[−2,3]

)
= [−1,3]

[x2] := [x2]∩
(
[x3] · 1

[x1]

)
= [−2,3]∩

(
[9,9] · 1

[−1,3]

)
= [−2,3]
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We have
x1 · x2 = x3 ⇔ (−x1) · x2 =−x3
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We say that x1 · x2 = x3 is invariant by the symmetry

σ1 :


x1 7→ −x1
x2 7→ x2
x3 7→ −x3
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Equivalently, x1 · x2 = x3 is said to be invariant by

σ1 =

 −1 0 0
0 1 0
0 0 −1


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We also have
x1 · x2 = x3 ⇔ x1 · (−x2) =−x3

invariant with respect to

σ2 =

 1 0 0
0 −1 0
0 0 −1


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Due to the monotonicity, the minimal contractor (the seed) for the
box

[x]⊂ [a] = R+×R+×R+ .

associated to x1 · x2 = x3 is

C0

 [x1]
[x2]
[x3]

=


[x1]∩ [

x−3
x+2
,

x+3
x−2
]

[x2]∩ [
x−3
x+1
,

x+3
x−1
]

[x3]∩ [x−1 · x−2 ,x
+
1 · x+2 ]

 .
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We will see later that

C = σ2 •σ1 •C0

is an optimal contractor for X as soon as C0 is a minimal
contractor for X0.
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x2 = sinx1
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σD •C0
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Csin = σv •σD •C0
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The hyperoctahedral group Bn is the group of symmetries of the
unit hypercube of Rn.
It contains 2n ·n! elements.
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For n = 2, we have 22 ·2! = 8 elements:

σ0 =

(
1 0
0 1

)
, σ1 =

(
−1 0
0 1

)
σ2 =

(
0 1
1 0

)
, σ3 =

(
−1 0
0 −1

)
σ4 =

(
1 0
0 −1

)
, σ5 =

(
0 1
−1 0

)
σ6 =

(
0 −1
1 0

)
, σ7 =

(
0 −1
−1 0

)
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We will write equivalently

σ5 =

(
0 1
−1 0

)
or σ :

{
R2 7→ R2

(x1,x2) 7→ (x2,−x1)
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For σ ∈ Bn, we de�ne the act operator:

σ •X= X∪σ(X).
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If C is a contractor in Rn, and σ ∈ Bn, we de�ne the contractor act
of σ on C as

σ •C = C ⊔σ ◦C ◦σ−1.
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We consider the constraint

X : x1x2 = x3.

i.e.
X= {x = (x1,x2,x3)|x1x2 = x3}
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Product constraint: x1x2 = x3
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A minimal contractor over

[a] = R+×R+×R+.

is:

C0

 [x1]
[x2]
[x3]

=


[x1]∩ [

x−3
x+2
,

x+3
x−2
]

[x2]∩ [
x−3
x+1
,

x+3
x−1
]

[x3]∩ [x−1 · x−2 ,x
+
1 · x+2 ]

 .
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Generators are the stabilizers

σ1 =

 0 1 0
1 0 0
0 0 1

 σ2 =

 −1 0 0
0 1 0
0 0 −1

 .
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Consider an equation of the form

f (q,x) = 0.

The pair of transformations (σ ,γ) is conjugate with respect to f if

f (γ(q),σ(x)) = 0 ⇔ f (q,x) = 0.
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Transformations that will be consider are limited to the
hyperoctahedral group Bn.
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A symmetry of B2 in a matrix form, satis�es

σ =

(
σ11 σ12
σ21 σ22

)
with σ2

ij ∈ {0,1},σ2
i1 +σ2

i2 = 1,σ2
1j +σ2

1j = 1.
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The Cauchy form is obtained from the matrix form by left
multiplying by the line vector (1,2) :

σ =
(

1 2
)
·
(

σ11 σ12
σ21 σ22

)
= (σ11 +2σ21,σ12 +2σ22).
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Hyperbolic symmetries
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Proposition. Take a point x = (x1,x2) such

f (q,x) = q0 +q1x1 +q2x2 +q3x2
1 +q4x1x2 +q5x2

2 = 0

and a symmetry

σ = (σ11 +2σ21,σ12 +2σ22) ∈ B2.

If

γ = (q0,σ11q1 +σ21q2,σ12q1 +σ22q2,σ
2
11q3 +σ2

21q5
,(σ11σ22 +σ12σ21)q4,σ

2
12q3 +σ2

22q5)

the pair (σ−1,γ) is conjugate with respect to f (q,x).
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Example. If

σ = (2,1)

we get
γ = (q0,q2,q1,q5,q4,q3)

This means that

q0 +q1x1 +q2x2 +q3x2
1 +q4x1x2 +q5x2

2 = 0

is equivalent to

q0 +q2x2 +q1x1 +q5x2
2 +q4x2x1 +q3x2

1 = 0
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Given a symmetry σ , the choice function ψσ (q) returns the
symmetry γ such that (σ ,γ) is a conjugate pair.
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De�ne
ϕ1(q,x2) = max{x1 | f (q,x) = 0)}

If q3 > 0, we have

ϕ1(q,x2) =
−(q1 +q4x2)+

√
(q1 +q4x2)2 −4q1(q0 +q2x2 +q5x2

2)

2q3
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The minimal interval extension function of ϕ1(q,x2) is

[ϕ1](q, [x2]) = [{x1|∃x2 ∈ [x2],x1 = ϕ1(q,x2)}]
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We can build the contractor

Cq
0 : [x]→ [x1]× [ϕ1](q, [x2]).

Cq
0([x]) contracts the box [x] with respect to a small portion of the

hyperbola.
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Proposition. A minimal contractor associated to the hyperbola set
X is ⋃

σ∈{(1,2),(1,−2),(−1,2),(−1,−2)}

σ •
(
(2,1)•C

ψ(2,1)·ψσ (q)
0 ∩Cψσ (q)

0

)
.

where ψσ (q) is the choice function.
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Hyperbola separator
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For an hyperbola area de�ned by

X= {x|q0 +q1x1 +q2x2 +q3x2
1 +q4x1x2 +q5x2

2 ≤ 0}

a minimal separator can be derived.
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Consider two points a,b of the plane. The set X of all points such
that

∥x−a∥−∥x−b∥ ≤ ℓ

is an hyperbola area with foci a,b. We have

X= {x|fa,b,ℓ(x)≤ 0}

where

fa,b,ℓ(x) = q0 +q1x1 +q2x2 +q3x2
1 +q4x1x2 +q5x2

2

with ...
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q0 =− a4
1 −2a2

1a2
2 +2a2

1b2
1 +2a2

1b2
2 +2a2

1ℓ
2

−a4
2 +2a2

2b2
1 +2a2

2b2
2

+2a2
2ℓ

2 −b4
1 −2b2

1b2
2 +2b2

1ℓ
2 −b4

2 +2b2
2ℓ

2 − ℓ4

q1 = 4a3
1 −4a2

1b1 +4a1a2
2 −4a1b2

1 −4a1b2
2

−4a1ℓ
2 −4a2

2b1 +4b3
1 +4b1b2

2 −4b1ℓ
2

q2 = 4a2
1a2 −4a2

1b2 +4a3
2 −4a2

2b2 −4a2b2
1

−4a2b2
2 −4a2ℓ

2 +4b2
1b2 +4b3

2 −4b2ℓ
2

q3 = −4a2
1 +8a1b1 −4b2

1 +4ℓ2

q4 = −8a1a2 +8a1b2 +8a2b1 −8b1b2
q5 = −4a2

2 +8a2b2 −4b2
2 +4ℓ2
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Localization
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x emits a sound received later by three microphones a, b and c
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We have
∥x−a∥ = c · (ta − t0)
∥x−b∥ = c · (tb − t0)
∥x− c∥ = c · (tc − t0)

where c is the sound speed and ta, tb, tc is the detection time for
microphones a,b,c.
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We eliminate t0 which is unknown to get

∥x−a∥−∥x−b∥ = c · (ta − tb) = ℓab

∥x−a∥−∥x− c∥ = c · (ta − tc) = ℓac

Measure the two pseudo distances: ℓab = 8±0.1 and ℓac = 4±0.1.
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The set X of all feasible locations is de�ned by

(i) ∥x−a∥−∥x−b∥ ∈ [7.9,8.1]
(ii) ∥x−a∥−∥x− c∥ ∈ [3.9,4.1]
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We get
X= Xab ∩Xac

where:

Xab :
{

fa,b,8.1(x)≤ 0
fa,b,7.9(x)≥ 0

and

Xac :
{

fa,c,4.1(x)≤ 0
fa,c,3.9(x)≥ 0
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Set Xab of positions consistent with microphones a,b (classic)
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Xab (with the hyperbola separator)
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Xac (classic)
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Xac (with the hyperbola separator)
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Set X= Xab ∩Xac (classic)
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Set X= Xab ∩Xac (with the hyperbola separator)

Luc Jaulin Optimal separator for an hyperbola Application to localization



80 / 86

Basic idea
Hyperoctahedral symmetries

Conjugation
Application to localization

References

Luc Jaulin Optimal separator for an hyperbola Application to localization



81 / 86

Basic idea
Hyperoctahedral symmetries

Conjugation
Application to localization

1 Interval analysis : [11][10] [12][14][13]

2 Separators : [8]

3 Hyperoctahedral symmetries : [5]

4 Symmetries to build minimal separators : [7]

5 Contractor programming : [3][2]

6 Applications of interval analysis : [1][15][9]

7 Interval for localization : [15][4][6]

Luc Jaulin Optimal separator for an hyperbola Application to localization



82 / 86

Basic idea
Hyperoctahedral symmetries

Conjugation
Application to localization

J. Alexandre dit Sandretto, G. Trombettoni, D. Daney, and
G. Chabert.
Certi�ed calibration of a cable-driven robot using interval
contractor programming.
In F. Thomas and A. P. Gracia, editors, Computational

Kinematics, Mechanisms and Machine Science, Spinger, 2014.

M. Cébério and L. Granvilliers.
Solving nonlinear systems by constraint inversion and interval
arithmetic.
In J. A. Campbell and E. Roanes-Lozano, editors, Arti�cial
Intelligence and Symbolic Computation, International

Conference AISC 2000 Madrid, Spain, July 17-19, 2000,
volume 1930 of Lecture Notes in Computer Science, pages
127�141. Springer, 2000.

G. Chabert and L. Jaulin.

Luc Jaulin Optimal separator for an hyperbola Application to localization



83 / 86

Basic idea
Hyperoctahedral symmetries

Conjugation
Application to localization

Contractor Programming.
Arti�cial Intelligence, 173:1079�1100, 2009.

E. Colle and S. Galerne.
Mobile robot localization by multiangulation using set
inversion.
Robotics and Autonomous Systems, 61(1):39�48, 2013.

H. Coxeter.
The Beauty of Geometry: Twelve Essays.
Dover Books on Mathematics, 1999.

V. Drevelle and P. Bonnifait.
High integrity gnss location zone characterization using interval
analysis.
In ION GNSS, 2009.

L. Jaulin.

Luc Jaulin Optimal separator for an hyperbola Application to localization



84 / 86

Basic idea
Hyperoctahedral symmetries

Conjugation
Application to localization

Inner and outer characterization of the projection of polynomial
equations using symmetries, quotients and intervals.
International Journal of Approximate Reasoning, 159, 2023.

L. Jaulin and B. Desrochers.
Introduction to the algebra of separators with application to
path planning.
Engineering Applications of Arti�cial Intelligence, 33:141�147,
2014.

L. Jaulin, M. Kie�er, O. Didrit, and E. Walter.
Applied Interval Analysis, with Examples in Parameter and

State Estimation, Robust Control and Robotics.
Springer-Verlag, London, 2001.

V. Kreinovich, A. Lakeyev, J. Rohn, and P. Kahl.
Computational complexity and feasibility of data processing
and interval computations.

Luc Jaulin Optimal separator for an hyperbola Application to localization



85 / 86

Basic idea
Hyperoctahedral symmetries

Conjugation
Application to localization

Reliable Computing, 4(4):405�409, 1998.

R. Moore.
Methods and Applications of Interval Analysis.
Society for Industrial and Applied Mathematics, jan 1979.

A. Rauh and E. Auer.
Modeling, Design, and Simulation of Systems with

Uncertainties.
Springer, 2011.

N. Revol.
Introduction to the IEEE 1788-2015 Standard for Interval
Arithmetic.
10th International Workshop on Numerical Software

Veri�cation - NSV 2017, 2017.

N. Revol, L. Benet, L. Ferranti, and S. Zhilin.

Luc Jaulin Optimal separator for an hyperbola Application to localization



86 / 86

Basic idea
Hyperoctahedral symmetries

Conjugation
Application to localization

Testing interval arithmetic libraries, including their ieee-1788
compliance.
arXiv:2205.11837, math.NA, 2022.

S. Rohou, L. Jaulin, L. Mihaylova, F. L. Bars, and S. Veres.
Reliable Robot Localization.
Wiley, dec 2019.

Luc Jaulin Optimal separator for an hyperbola Application to localization


	Basic idea
	Hyperoctahedral symmetries
	Conjugation
	Application to localization

