Characterizing discontinuities of a dynamical system

Luc Jaulin

Lab-STICC, ENSTA-Bretagne
Montpellier, LIRMM, Journée Contredo, 23 janvier 2019

%
@sﬂccwao 5,3 pn‘tntique [

Luc Jaulin Characterizing discontinuities of a dynamical system



Easy-boat

haracterizing discontinuities of a dynamical system



Easy-boat




Easy-boat

TS

(b)

wind

Luc Jaulin

Characterizing discontinuities of a dynamical system



Easy-boat

Easy-boat

Luc Jaulin Characterizing disconti



d = sinu
cos(y —u)+cosg >0

Controllerin:(d,y,q); out:u

if d? —1 >0 then q:= sign(d)

if cos(y+atan(d))+cosZ <0V (d? <1Acosy+cos§ <0)
then u:=nm+y—q7.
else u:= —atan(d).
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Simulation in the (t, d)-space
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Given Q~, QT two disjoint closed subsets of R”, two smooth
functions f,,f, :R" — R".
We define [3]

. fa(x,q) if xe A

S(4a): x = flxq) {fb(x,q) ifxeB=A
’ = -1 as soon as x € Q™
= +1 as soon as x € QF
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The pair (x,q) always satisfies the constraint

xeQt = g¢g=1
xeQ™ = g=-1

or equivalently, x € Q9.
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Application to easy-boat

With easy-boat
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Application to easy-boat

We take x = (d, y),

Function f (x, q)
if cos(x2 +atanx;)+cosf <0V (X12 —1<0Acosxy+cosf < 0)
R T
then u:=7m+x—q7
else u:= —atanx;.
Return sinu
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Application to easy-boat

x = (d,y)

: . ;
fa(x,q) = < Sm(nJr())(2 7 )
, (x) = < sin(—a(u)tanxl)
Ay = {x| cos(x, +atanx;) +cos § <0}
Ay = {x|x§-1<0}
Az = {x|cosxp+cos§ <0}
A:A1U(AQQA3)
Q*:{x]x1—|—1§0}
Q" ={x[1-x <0}
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Application to easy-boat

Three problems
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Application to easy-boat

Three problems:
o Safety : the sailboat never goes upwind. [1]
o Capture : The boat will be captured by its corridor [2]

o Characterize of the sliding surface.
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Application to easy-boat

Show that we never have
h(x,q) <0.
Since f, and f,, are continuous, we have

h(x,q) = ha(x,q) ifxeA
= hp(x,q9) ifxeB

where hy, hy, are continuous.
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Application to easy-boat

Proposition 1. If

H = qu{le} ({X‘ha (X7 q) < 0)} QAL@)
U ({x[hs(x,q) <0)}NBNQ9)

is empty then we cannot have h(x,q) <O0.
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Application to easy-boat

We want to prove that we never have

T
h(x,q) :cos(xz—u)—i—cosg <0.
with
u = T+xx—qy if xe A
=  —atanxg otherwise

The set H has no solution. We conclude that the forbidden
constraint cos(x; — u)+cos g < 0 is never reached.
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Application to easy-boat

cl=Function("x1","x2","cos(atan(xl)+x2)+sqrt(2)/2")
c2=Function("x1",6"x2", "x1~2-1")
c3=Function("x1","x2","cos(x2)+sqrt(2)/2")
A1=SepFwdBwd(c1, [-00,0])

A2=SepFwdBwd(c2, [-00,0])

A3=SepFwdBwd(c3, [-00,0])

A=A1]A2&A3

B="A

Hb=SepFwdBwd (Function("x1","x2",
"cos(x2+atan(x1l))+cos(2*asin(1)/5)"), [-00,0])
H=Hb&B

pySIVIA(H)
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Application to easy-boat

The set C = {x|V(x) <0}, with V:R" — R is a capture set if all
trajectories that enter inside C stays inside forever.
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Application to easy-boat

The Lie derivative of V with respect to f is

A0 =960 00).

The Lie set as
LY = {xyzfv (x) < o}.
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Application to easy-boat

Proposition 2. Define the set

v= | (mm,&m@) U (WHBQW)
qe{-1.1}

If VNC =0 then C is a capture set.
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Application to easy-boat

Take V/(x) = x2 — 4. We have

2/ (xq) = HX)-falxa) = 2x-sin(F —x)
2/ = HWhixa = 2L
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Fields f,(x,q), fp(x), the sets C (green) and V (red)
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Application to easy-boat

Sliding surface
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Application to easy-boat

The sliding surface S(A) for .7 (A) is largest subset of dA such
that the state can slide inside for a non degenerated interval of
time.
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Application to easy-boat

If A:c(x) <0, then

S(A) = JAN {x|3q,x €cQ9,25(x,q) >0 NZLE(x,q) < 0}
dANUgeq-1,13Q79NLY (q) NLY (q)
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Application to easy-boat

Without the discrete variable g.

S(A) = AN x| .2 (x) > 0 AZE (x) < 0}
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Sliding set S(A) (magenta) for A = {x|c(x) <0}




Application to easy-boat

Proposition 3. If we have two closed sets A; and A,. We have

(1) S(A1NAy) (S(Al)ﬂ&)U(S(AQ)ﬂAlL
(ii) S(AlUAz) = (S(Al)ﬁdOAz)U(S(Az)ﬂClOAl)
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Application to easy-boat
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Application to easy-boat

For our boat, the sliding surface for A;: ¢;(x) <0 is

S(A;) = 9A; NUge-11yQ 9NLE(q) N1,
= aA,-ngm(LQ(l)m@uLQ(—l)m@)

where )
Li(q) = {x|l£57 (%, q)SO}
L, = {xl£() <0}
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Application to easy-boat

L (xq) = 9@ (0-Flxg) — —SnEgbunbabe)
c _ d _ sin(atanx; +x2)-x;

Lyt(x) = Gx)fo(x,q) = ﬁ

272 (x,9) 92 (x) fa(x) = 2sin( —x2) - x

2200 = %2(0)-fp(xq) = s

Z3(xq) = 52 (X) fa(x,q) = 0

22 (x) = Gx)-flxqg) = 0

S(A1) = JdAINLIN(LL(1)NQ ULL(-1)nQ+
S(A2) = dANL2N(L2(1)NQ ULZ(-1)NnQ+
S(A3) = dAs
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Application to easy-boat

LalQ=Function("x1","x2","-sin(asin(1)/2-x2)*sin(atan(x1’
LailR=Function("x1","x2","sin(asin(1)/2+x2)*sin(atan(x1)-
Lbil=Function("x1","x2","sin(atan(x1)+x2)*x1/sqrt ((x1~2+:
La2Q=Function("x1","x2","2*sin(asin(1)/2-x2)*x1")
La2R=Function("x1","x2","-2*sin(asin(1)/2-x2)*x1")
Lb2=Function("x1","x2","-2*x1"2/sqrt (x1~2+1)")
dA1=A1&~A1

SLalQ=SepFwdBwd (LalQ, [-00,0])
SLalR=SepFwdBwd (LalR, [-00,0])

SLb1=SepFwdBwd(Lb1, [-00,0])

S1=dA1l & SLbl & (("SLal@)&"R | ("SLalR)&~Q)

dA2=A2&~ A2

SLa2Q=SepFwdBwd (La2Q, [-00,0])
SLa2R=SepFwdBwd (La2R, [-00,0])
SLb2=SepFwdBwd (Lb2, [-00,0])

S2=dA2 & SLb2 & (("SLa2Q)&”R | ("SLa2R)&™Q)
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Application to easy-boat

dA3=A3&"A3
S23=82&A3|dA3&A2
S=51&~ (A2%A3) | S523&~Al
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Application to easy-boat

Slrl(dtdllfl+12) 2 <

S L VA

Li1 sin(atanzy +aa)-2q <0
a(‘ ) a3+l
|
‘ LW
Zsin(§ —ea)sin(atan(en) ) ) <

z3+1 \
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Application to easy-boat
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Application to easy-boat
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