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Flat disk

1. Flat disk



Flat disk

Consider a flat disk spinning in the space without any gravity.
Its inertia matrix

L 00
I=| 0 b O
0 0 &L

satisfies,
I >0, >0,15>0 (positivity)
L=h+1 (flatness)



Flat disk

We assume that
@ we can control I in a strap down manner,

@ the center of gravity of the disk remains static.



Flat disk

At rest,
I, 0 0 %mr2 0 0
I=({ 0L 0 |=| 0 im? O
0 0 I 0 0 gmr’

where 7 is the radius of the disk and m is its mass.



Flat disk

Two symmetric pairs of masses can move along the y and z axis.




Flat disk

Thus
%mr2 + %@ + %K% 0 0
I= 0 A%mrz + %6% 0
0 0 %mr2 + %Eg

We want to control the rotation of the disk.



Flat disk

State equations



Flat disk

The angular momentum % is

Z=R1-0,

where @, is the rotation vector in the body frame, R is the
orientation.



Flat disk

Since .Z is constant, we have

Rlo, +RI0,+R-1-®, =0
< R'Rlo,+1-0,+1-0,=0

We get the Euler’s rotation equation
o, =T" (10, — 0, NI 0,)
The state equations are thus

R = R-(o,N)
o = Il (-Io-0Arl o)



Flat disk

Set

w0, = (0, 0,03)".

The Euler equation @, =1""- (—1- o, — o, NI (o,) rewrites into

(bl 11 0 0 ! *]1(01 (0] 11(!)1
o |=1 0 L 0 —hwoy | —| @ |A[ Lo
3 0 0 &3 —l3m3 3 Lan



Flat disk

o = I (—?1 o — (=)o)
@ = L' (—hoy— (I —)w0)
3 LY (—has— (L —1) o 0;)



Flat disk

Since
o= w416
12 = %mrz + %E%
L = %mr2 + %fg
We have ) . .
I = /0y, f€3f3
L = 12353

L = 305



Flat disk

The state equations of the system are thus

o = —,;‘)Tlh(ﬁzéz +€3€3) - Z;g 03
»n = —%5242 — 030

o = —%5353 + 00

L = 00

L = 305



Flat disk

WiIth the inner loop

wy = ',JH,;[[QEZ + f ) l{:‘{:uh’ W3
U . é.) _u fz . uv‘g =
E- _u i C‘{:% =
Us - 3 3 3 ]2 —
A A I?' —




Flat disk

we get
- - _ o _h-h
O = —p3g(n t ) — IR oo
w = _%ul — W30
w3 = —%Mz + 010
L = uy
I = uy

The state vector is x = (@, @y, @3,1>,13) and the input vector is
u= (ul,uz).



Dzhanibekov

2. Dzhanibekov



Dzhanibekov

The Dzhanibekov effect, discovered by Poinsot (1834):
The second principal axes is unstable

<7

a
M~ 2

C L/ Y

‘/IL/'

https://youtu.be/EA1Rh5EMgGKI
(take t=0:22 and t=48:19)



https://youtu.be/EA1Rh5MgGKI

Dzhanibekov

The inertia matrix of the is

y2 +72 —Xxy —XZ
I= / pxy,2) | —xy X+ —yz | dxdydz
' —xz —yz Ay
i.e.,
P+ 0 0
I=— 0 a?+c? 0

12 0 0 a+b?



Dzhanibekov

The Euler equation is

@ = —I'(L—h)omw
N e
o
n = -L'-(IL-h)oo
N————
[25]
in = —L'-(L-I)oao
N—_————
o3




Dzhanibekov

Stability



Dzhanibekov

The equilibrium points satisfy @; = @, = @3 = 0. We get

wmw; = 0
oo = 0
oo = 0

i.e., among @, ®,®; two at least are equal to zero.



Dzhanibekov

Since
D) = 010r0s
W = 0o
W3 = 03010
at the neighborhood of @, we have,
(O]] (0] 0 o oqin 0 — 0
m |~ @& |+ iz 0 b ) — @
(0] (0}) o o 0 W3 — @3



Dzhanibekov

Let us study the equilibrium at @ = (@®;,0,0):

(0]} (0] 0 0 0 ) — 0
w |~ 0 +1 0 0 100 )
w3 0 0 oo 0 3

The characteristic polynomial is
P(s) = s(s* — @} o 03).

The system is unstable if apo3 > 0.



Dzhanibekov

Now,
moz >0 < %-%>0

= (13—11)(11 —12) >0

This means that I; is between I, and I.



Dzhanibekov

Intermediate axis theorem: the rotation of a rigid body is stable
around its first and third principal axes and unstable around its
second principal axis.



Dzhanibekov

Simulation



Dzhanibekov

For the simulation,

oF = Iil'(_wr/\(l'wr))
R = R-(o,N)
we take
O (t+dh) = o, (1)+d-f(0(1) + 5 -F(0:(1)))
R(r+dt) := R(r)-e 0

where f(0,) =1"!- (—o, A (I- @,).



Dzhanibekov

w,(t) R(t)

R . cdtw

wr(t+ rlf)l R(t + dt)



Dzhanibekov

t = 100s




Dzhanibekov

Poinsot ellipsoid



Dzhanibekov

Take again
o, =T (0,ANI w,))

The kinetic energy given by

1
Ex = 5a), 1w,



Dzhanibekov

Since

e = (1o
5 20]T) o,
= —o 1T (0,A (1 ®,))

—o] (o,AN1-®,))=0

we get that Ex is constant.



Dzhanibekov




Dzhanibekov

w3

Dzhanibekov effect ; heteroclinic orbit



Controller

3. Controller



Controller

Recall that

o]l

& &

I3

12+1% (ul + uz) 12+12 S 03
_%Ml — W30
—%Mz + 0@

uj
us



Controller

ie.,
LT
(0]} _IZ+I§ (0,X0;] _]2?13 _I;ilh
i ~ w30, -7 0
o | = [0 + 0 u+ - % 75)
I 0 1 0
I3 0 0 1
—
=X =f(x) =g (x) =22(x)



Controller

Choose V(x) > 0 such that V(x) = 0 when the objective is reached.

Since
X = f(X) +g1(x) S Uq +g2(x) 7%

we have

V(x,u) = ZV(x)+ Ly V(X) - us + L, V(X) - ur



Controller

Since the solution of

min ayu; +axuy
st. uW+ui=1

where a1 = %, V(X), ar = %, V(X), is
- . ’
u a
2 a% +a% 2
we conclude that a Lyapunov like controller to reach our objective is

u=— ! ,(gglv(x)>.
V(ZVE)P + (Ze VX)) \ LeV(X)




Controller

Alignment control



Controller

We want the disk spins around one principal axis of the body.
For instance its first axis, i.e., the x-axis.



Controller

We define

V(X) (6()2 -+ 603 + (12 —12) -+ ([3 —73)2) .

1
2
The quantity @3 + 3 corresponds to the alignment error.
When V(x) =0, we have @ = @3 =0 and I=1.



Controller

V(X) = a)zd}2+a)3d)3+(12—72)]2+(13—73)13
2 2 - -
= —w%zul — 30,0 — wzuz + w3 + (I — L)uy + (I — I3)up
w? . w? ;
= 0-0mws+ (2+1212) u+ (3+I313> U

4V ~
LV %,

14

1 2



Controller

The same result is obtained using Sympy

from sympy import *

from sympy.diffgeom import *

wl,w2,w3,12,I3 = C.coord_functions()

E = C.base_vectors()

F=-((I3-12)/(I2+I3))#*w2*w3*E[0] -w3*wl+E[1]+wl*w2+E[2]

Gl=-(w1/(I2+I3))*E[0]-(w2/I2)*E[1]+E[3]

G2=-(w1/(I2+I3))*E[0]-(w3/I3)*E[2]+E[4]

V = 1/2%(w2) **2+1 /2% (w3) **2+1 /2% (I2-120) **2
+1/2% (I3-130) *%2

LfV=LieDerivative(F,V)

LglV=LieDerivative(G1,V)

Lg2V=LieDerivative(G2,V)



Controller

Stability analysis. With our controller, we have V(x) =0 if
»3 -1, =
{ _Tzz+ 2~ =
—%3 —|—I3 —13 =

Thus

I
o o

V(x):0¢>{

£ 8



Controller

Take ®(0) = (107°,10,0).
Our controller

@ first increases I, to create a Dzhanibekov effect.

@ generates an oscillation between I and Is.



Controller
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Controller

Passive control



Controller

If the disk losses energy it may limit the precession.



Controller

We define the mechanical energy as

Vx) = o+ lho?+ e+ (h-h)2+1

(I;—1;)* .

o Io, is the kinetic energy
L —1)*+ (I3 —15)? is the artificial potential energy.
2

[STE ST



Controller

We have

V(x) = Lo +Lody+5oyis+ 5071 + 3055 + 5051
+(h—Dh)h+ (I — 1)

1 1 -
— 0 +<—20)12—2(1)22+12—12>M1

~—~
4V
LoV
1, 1, _
+ _§w1—§w3+13—13 /%)

LoV



Controller

The passivity approach does not cancel the precession



Controller

Precession control



Controller

Recall the Euler’s rotation equation
o, =T" (10, -0, NI-0,).
The precession energy is

W Loy
er/\I'erZ = o | AN Lo
3 Lo

= ((Ih— b))+ ((I) — L)oo )
+((h—I) o)



Controller

V(x) = 3((Is—h)omes)’+5 (I 13)(030)1)+%((12—11)w1w2)2
+3(L-h)?+ 1 —1)%

With (0) = (10,4, 1), we get
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Controller

Combination



Controller

At time ¢t = 0, we spin around the second axis:
®,(0) = (107°,10,0)

and we want to spin around the second axis.



Controller

@ We apply first the alignment controller

@ Then we switch to the precession controller so that @,
converges to the nearest principal axis.



Controller




Controller

An illustrative video : https://youtu.be/gRzIDYFuMts


https://youtu.be/gRzlDYFuMts

Controller

Perspective



Controller

Find a unique objective function which would allow the controller
to switch from one principal axes to another.



Controller
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