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Ile des morts experiment
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Test-case
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Consider an underwater robot:
ẋ = cosψ

ẏ = sinψ

ż = u1
ψ̇ = u2
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The robot is able to measure its altitude, the angle of the gradient
of h and its depth

y1 = z−h(x ,y)
y2 = angle(∇h(x ,y))−ψ

y3 = −z

If y =
(
−7, π

2 ,2
)
, the robot knows that it is following an isobath

corresponding to −7−2=−9m, at a depth of 2m.
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The seafloor is described by

h (x ,y) = 2 · e−
(x+2)2+(y+2)2

10 +2 · e−
(x−2)2+(y−2)2

10 −10.
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We take the controller may thus be given by

u =

(
y3−y3

-tanh(h0+ y3+ y1)+ sawtooth(y2+
π

2 )

)
.
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Guaranteed integration
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We consider a state equation ẋ = f(x).
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Let ϕ be the flow map.
The forward reach set of X⊂ Rn is:

−→
T ϕ (X) = {x | ∃x0 ∈ X,∃t ≥ 0,x = ϕ(t,x0)} .
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ẋ1 = 1
ẋ2 = sign(sin(x1)−x2)

Guaranteed following of an isobath



Follow an isobath
Computing invariant sets

Guaranteed following of an isobath



Follow an isobath
Computing invariant sets

The Van der Pol system{
ẋ1 = x2
ẋ2 =

(
1−x2

1
)
·x2−x1
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Largest positive invariant sets
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Example: Consider{
ẋ1 = x2
ẋ2 =

(
1−x2

1
)
·x2−x1
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Positive invariant sets : I+ϕ (X) with X= [−4,4]× [−4,4].
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The largest positive invariant set in X⊂ Rn is:

I+ϕ (X) = {x0 | ∀t ≥ 0,ϕ(t,x0) ∈ X} .
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Positive invariant sets : I+ϕ (X) with X= [−4,4]× [−4,4].
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Positive and negative invariant sets : I+
ϕ−1 (X)∩ I+ϕ (X)
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Mazes
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A maze [2][1] is a set of trajectories.
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Mazes can be made more accurate by adding polygones.
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Or using doors instead of a graph
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Here, we use bi-directional doors

The trajectory x(·) belongs to the maze [x] (·)
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Here, a maze L is composed of
A paving P

Doors between adjacent boxes

Guaranteed following of an isobath



Follow an isobath
Computing invariant sets

The set of mazes forms a lattice with respect to ⊂.
La ⊂Lb means :

the boxes of La are subboxes of the boxes of Lb.
The doors of La are thinner than those of Lb.
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Contract trajectories that certainly go to A
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Contract trajectories that possibly go to A
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Getting the largest positive invariant set
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Viability kernel
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Dimension 2|1|1
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Consider the system: 
ẋ = v cosψ

ẏ = v sinψ

ψ̇ = u1
v̇ = u2

which is of dimension 4 or more presily 2|1|1 (which is easier).
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From flatness tools, taking (x ,y) as outputs, we may express all
state variables and derivative as a function of (x ,y , ẋ , ẏ , ẍ , ÿ , . . .) .
Indeed: 

ψ = atan2(ẏ , ẋ)
v =

√
ẋ2+ ẏ2

ẋ = ẋ
ẏ = ẏ

ψ̇ = 1
( ẏ
ẋ )

2
+1

(
ÿ ẋ− ẍ ẏ

ẋ2

)
v̇ = ẋ ẍ+ẏ ÿ√

ẋ2+ẏ2

· · · · · ·
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If we follow the dynamics

{
ẋ = y
ẏ =

(
1−x2) ·y −x
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then all variables ψ,v , ẋ , ẏ , ẍ , ÿ , ψ̇, v̇ , . . . are functions of x ,y :

ψ = atan2(ẏ , ẋ) = atan2
((
1−x2) ·y −x ,y

)
= ψd (x ,y)

v =
√
ẋ2+ ẏ2 =

√
y2+((1−x2) ·y −x)2

= vd (x ,y)
ẍ = ẏ =

(
1−x2) ·y −x

= ẍd (x ,y)
ÿ = −2xẋy +

(
1−x2) ẏ − ẋ =−2xy2+

(
1−x2)((1−x2) ·y −x

)
−y

= ÿd (x ,y)

ψ̇ = 1
( ẏ
ẋ )

2
+1

(
ÿ ẋ− ẍ ẏ

ẋ2

)
= ψ̇ (x ,y) = · · ·

= ψ̇d (x ,y)
v̇ = v̇ (x ,y) = · · ·

= v̇d (x ,y)
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If we take
u1 = ψd (x ,y)−ψ + ψ̇d (x ,y)
u2 = vd (x ,y)−v + v̇d (x ,y)

then both |ψd −ψ| and |vd −v |decrease in e−t .
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If for instance |ψd (y ,x)−ψ|< ε0 and |vd (y ,x)−v |< ε0 t = 0, it
will be the case for all t > 0. Thus we have{

ẋ = v cosψ ∈ vd cos(ψd)+ [ε]
ẏ = v sinψ ∈ vd sin(ψd)+ [ε]

where [ε] = [−2vmax ,2vmax ] (draw the pie in the polar plane).
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Denote by I+xy a robust positive invariant set for{
ẋ ∈ y +[ε]
ẏ ∈

(
1−x2) ·y −x+[ε]

A positive invariant set for our system is{
(x ,y ,v ,ψ) | (x ,y) ∈ I+xy ,v ∈ vd (x ,y)+ [ε],ψ ∈ ψd (x ,y)+ [ε]

}
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