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1 Interval analysis



Problem. Given f : R™ — R, a box [x] C R", prove that

vx € [x], f(x) > 0.

Interval arithmetic can solve efficiently this problem.



Interval arithmetic

[—1,3] +[2,5]
[=1,3] - [2,5]
abs([ 7,1])

[1,8],
[=5, 15],
[0,7]



If f is given

Algorithm f(in: x = (x1, xp, x3), out: y)

Z = xq;
for k := 0 to 100
z := (cosxp) (sin (z) + kx3);
next;
y :=sin(zx1);
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lts interval extension is

Algorithm [f](in: [x] = ([z1], [z2] , [z3]), out: [y])

1 [z] i= [41];
for Kk := 0 to 100
[2] := (cos [x2]) * (sin ([2]) + K * [z3]);

next;

[y] := sin([2] - [#1]);

1B~ W




Theorem (Moore, 1970)

[f1([x]) CRT = Vx € [x], f(x) >0 = (Ix € [x], f (x) <0)



Proving properties



Example 1

{ g&? ; 8 < min (f(x), g(x)) = 0.



Example 2

(f(x) <0=g(x) > 0)
< (f(x) > 0o0rg(x) > 0)
& max(f(x),9(x)) =20



2 Vaimos



Vaimos (IFREMER and ENSTA)



The robot satisfies a state equation
x =f(x,u,z),

where X is the state vector, u is the input vector, z € [z]
is the perturbation vector



With the controller u = g (x, z),

x = f(x,u,z)

— f(X7g(sz)7Z)
= f(x,2).



Define
F(x) = {f(x,z),z € [z]}

The robot satisfies.
x € F (x)

which is a differential inclusion.



3 Line following
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3.1 Heading controller



omax, S|gn sm )) otherwise

B { omax, sm if cos (0 — 5) >0
T cos(v,b 9)—|—1)
7 .

5max




Rudder

B dMmaX sin (9 — 5) if cos (9 — 9) >0
or = { 5:max.sign (sin (9 — 9)) otherwise
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3.2 Vector field
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A course 8% may be unfeasible

cos (Q,D — 5) +cos¢ < 0= 0 is unfeasible
In this case, take 8 = 7 4+ 1 — (.sign (e)
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Polar projection strategy
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Keep-close-hauled strategy. strategy: even if the route 6
Is feasible, we keep the close hauled mode



http://youtu.be/pHteidmZpnY



3.3 Controller



Controller 0 (m,a, b, 9, v, 7, ()

O ~NOO1T A~ W DN =

_ b—a .
e = det (—Hb—aH , 1M a>
@ =atan2(b — a)

0*f = ¢ — 2700 atan(—)
if cos (v — 9*) +cos( <0
or (le] < r and (cos(v) — ¢) + cos({) < 0))
then = 7 + 1 — (.sign(e);
else 0 = 0%,
end

Without hysteresis




Controller in: m, 0,,a,b; out: §, 67 inout: q

_ b—a .
e = det <—Hb_aH,m a)

if e] > 5 then g = sign(e)
O = atan2(b — a)
0* = — 700 atan(—)
if cos (¢ — 0*) +cos¢ <0
or (le] < r and (cos(y) — ¢) 4+ cos( < 0))
then 6 = 7+ ¢ — q.C.
else 0 = 0*
end
if cos (9 — @) > 0 then 6 = 7" . sin (9 — 9)
else 6 = 6" .sign (sin (9 — @))

smax _ T <cos(¢—§)—|—1)q
s =7 5 .
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With hysteresis




The sailboat robot satisfies

x =1(x,v,q)
or equivalently
x € F (x)

which is a differential inclusion.



4 Validation by simulation






5 Theoretical validation



Stability. The system
x = f(x)
is Lyapunov-stable (1892) is there exists V (x) > 0 such
that
V(x) < 0ifx#0.
Vix) = 0iffx=20



Definition. Consider a differentiable function V' (x) : R"” —
R. The system is V-stable if

(V(x)20 = V(x)<0).
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Theorem. If the system x = f (x) is V-stable then

(i) Vvx(0),3t > 0 such that V (x(t)) <O
(i) if V(x(t)) <O0thenVr >0, V(x(t+ 7)) <O.



Now,

V(x) 20 = V(x)<0)
& (V(x)>0= 9% (x) f(x) <0
& VX,%—Z(X) f(x)<0orV(x)<O0
& - (Elx,a—‘;(x) f(x)>0and V(x) > O)



Theorem. We have

oV
{ ox (‘}/(()Xg (;C)OZ O inconsistent < x = f (x) is V-stable.

7

< max (%—Z(X;f(x),‘/(x)) <0

Interval method could easily prove the V-stability.



Theorem. We have

WV (x).a>0
ac F(x) inconsistent < x & F(x) is V-stable
V(x) >0



Differential inclusion x € F (x) for the sailboat.
V(x) = 25 — 724
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5.1 Parametric case

Consider the differential inclusion

x € F(x,p).

We characterize the set P of all p such that the system is
V-stable.






For Vaimos, we have found parameters for the controller
such that

Property 1. If |e (x)| < rmax then, it will be the case for

Ever.

Property 2. If |e(x)| > 7Tmax then |e (x)| will decrease

until |€(X)| < Tmax-

Property 3. The course is be feasible, i.e.,

cos (w —5) + cos ¢ > 0.



5.2 Experimental validation



Brest
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Brest: Vaimos did 27 km



Show the dashboard



Consequence.

It is possible for a sailboat robot to navigate inside a cor-
ridor.

Essential, to create circulation rules when robot swarms are
considered.

Essential to determine who has to pay in case of accident.



Main reference: L. Jaulin, F. Le Bars (2012). An inter-
val approach for stability analysis; Application to sailboat
robotics. IEEE Transaction on Robotics, Volume 27, Issue

5.



