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1 Contractors



The operator C : IR"™ — IR"™ is a contractor for the
equation f (x) =0, if

{ C([x]) C [x] (contractance)
x € [x] and f(x) =0=x € C([x]) (consistence)



Example. Consider the primitive equation:

To = sinxy.
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C is monotonic if | [x] C [y] = C([x]) C C([y])

C is minimal if C([x]) = [[x] N set (C)]

C is idempotent if | C (C(]x])) = C([x])

C is continuous if | C (C*°([x])) = C°°([x]).




Contractor algebra

intersection | (C1 NCs) ([x]) def C1 ([x]) NCa ([x])
(C1UC) (x]) £ [C1 ([x]) U Ca ([x])]
composition | (C1 0 C2) ([x]) & €1 (C2 ([x]))
reiteration C° def CoCoCo...




Contractor on images

The robot with coordinates (x1, z2) is in the water.









Building contractors for equations

Consider the primitive equation

Tr1+ T2 = 3

with 1 € [z1], 2 € [x2], 3 € [23].



We have

3 =1z1+x2= z3€ [z3]N([r1]+ [22]) // forward
r1=x3—x2 = x1 € [z1]N([x3] —[x2]) // backward
rp =23 —x1 = x2 € [z2] N ([x3] —[x1]) // backward



The contractor associated with x1 + x5 = x3 is thus

[1] [z1] N ([x3] — [z2])
C| [z2] | = [=2] N ([z3] — [z1])
[x3] [z3] N ([z1] + [x2])



2 Solver



Example 1. Solve the system

8



We build two contractors

vl =N [z]? . 2
Cq: { ] = [2] N \/m associated toy =«

: [y]:[y]ﬂ\/m associated to y = v/«
2 | B SR st toy =3



Cly=x2

CzJ’:ﬁ

Contractor graph
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Example 2. Consider the system

(v

3sin(x)

. xr eR, yeR.
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We converge the largest box [x] such that

C1([x]) = Ca([x]) = [x].



Example 3. Consider the following problem
(C1): y=a?
(C2): zy=1
(C3): y=—-2zx+1
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3 SLAM with point marks



Show the video
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Mine detection with SonarPro



Loch-Doppler returns the speed robot vy-.



Inertial central (Octans Il from IXSEA).

b 1.75 x 1074, [—1, 1]
0 el 6 |+]| 1.75 x 1074, [-1,1]
W 5.27 x 1073.[-1, 1]




Six mines have been detected.

i 0 1 2 3 4 5
7(i) 7054 7092 7374 7748 0038 9688
o(i) 1 2 1 0 1 5
(i) 52.42 12.47 54.40 52.68 27.73 26.98

6 I 3 9 10 11
10024 10817 11172 11232 11279 11688
4 3 3 4 5 1
3790 36.71 37.37 31.03 33.51 15.05




3.1 Constraints



t € {6000.0,6000.1,6000.2,...,11999.4},

ie{0,1,..., 11},

pz(t) \ _ , 0 L\ ([ la(t) — €
(m(t))‘””” (cos(fym-l—zo) 0) (@(t)—é&})’

P(t) = (pz(t), py(t), p=(1)),

cosy(t) —siny(t) O
Ry (t) = ( singp(t) cosy(t) O ) :

0 1
( cosf(t) 0 sinf(t) )
Ry(t) = 0 10 )
—sinf(t) 0 cos6(t)



1 0 0
Ry(t) = ( 0 cosp(t) —sinp(t) ) :
0 sinp(t) cosp(t)

R(t) = Ry (1) - Ry(t) - Roo(2),
p(t) = R(2) - vr(2),
lm(a(2)) — p(T(D)l| = r(3),

R'(7(2)) - (m(o(i)) — p(7(9))) € [0] x [0, 00] *2.



3.2 GESMI



GESMI, for the estimation of seamarks using interval analysis
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4 \Vaimos



Vaimos (IFREMER and ENSTA)



The robot satisfies a state equation
x =f(x,u).

With the controller u = g (x), the robot satisfies an equa-
tion of the form

x = f(x).
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Middle of Atlantic ocean

350 km made by Vaimos in 53h, September 6-9, 2012.



5 Range-only SLAM



{ x (t) f(x(t),u(t)) (evolution equation)
z (t) d(x(t),M) (map equation)

where t € R, x € R”, u € R™, M € C(R9) is the
occupancy map.

Unknown: the map M and the trajectory x.



Assumption. d corresponds to a rangefinder, i.e.,

{ d(Xa Ml U MZ) = min {d (X7 Ml) ) d(X7 MZ)}
d(x,0) = +oo.



Impact, covering and dug zones



Define the function 6x : R? — R as

ox (a) = d(x,{a}).

For given x and z, we define

covering zone | 53 ([0, oo[) = {a, dx (a) < oo}

impact zone | 0x* ({z}) = {a,dx (a) = z}

dug zone o<+ ([0, 2]) = {a, 0x (a) < z}




The dug zone does not intersect M, i.e.,

z=d(x,M) =61 ([0,2]) "M = 0.

The set D = Uy (5;(1) ([0, z(¢)]) is called the dug space.
We have

DNM = 0.



For all x, the impact zone intersects the map, i.e,

z=d(x,M) =6 ({z}) N M # 0.



5:5([0,2(1)D)
U 858 ([0.202)D)

Sty ({2(3)})




The range-only SLAM problem is a hybrid CSP.
Variables: x(t), M and D.

Constraints:

(1) %) =f(x(t),u(®)

(2) D= Ute[t] 5;(%5) (10, z(¢)[)

(3) DNM=20 }:z(t)d(x(t),M)
(4) oy {=(O}NM#0.

Domains: [M] = [D] = [0,RY?], [x] (t) = R™ for t > 0
and [x] (0) = x (0).



Constraint diagram of the range only SLAM problem



6 Hybrid intervals



A closed interval (or interval for short) [x] of a complete
lattice &€ is a subset of £ which satisfies

[zl ={z & | ANz] <z < V[z]}

Both @ and &€ are intervals of &.
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Lattice (P (R"™), C)
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An interval function (or tube) and a set interval




Hybrid intervals. If [x] € I&;, [y] € [Ey then [x] X [y] is
a hybrid interval.



6.1 Interval arithmetic
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(d ﬁmﬁ% ©) %fﬂ ® %&;Eﬁ:mf%
[A]L[B], [A] N [B], [A]U[B], [A]\ [B], ([A]U[B])\ ([A] N [B]).




Intersection.

A]M[B] = {X,X e [A] and X € [B]}
= [A—uB—,MmBﬂ.
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6.2 Contractors
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Example

ACB
A € [A],B € [B].

The optimal contractor is

{ (i) [A]:= [A] M ([A] N [B])
(i) [B] := [B] 1 ([A] U [B])



void Set_Contractor_Subset(paving& A,paving& B)
{ paving Z=A&B;

A=Sqcap(A,Z);

Z=B|A;

B=Sqcap(B,Z) ;

¥



Hybrid contractor
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6.3 Propagation



Consider the following CSP

(i) XCA
(ii) BCX
(i) XNC=0

(V) fX) =X,

where X is an unknown subset of R? f is a rotation with
an angle of —¢, and

(A = (:cl,:cz),:c%—l—:c%SS}
§ B = {(z1,22), (w1 —05)* +23 <03}
C = {(z1,22),(x1—1)°+ (22— 1)° < o.15}
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7 SLAM



Range-only SLAM equations

r1(t) = wi1(t)cos (ux(t))
To(t) = wq(t)sin (ux(t))
() = d(x(t),M).

Actual trajectory and dug space
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