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1 Set computation



1.1 Basic notions on set theory



We define

XNY = {x|x€Xand x € Y}
xuy % {x|xeXorzeVY}
X\Y *  frjzeXandz¢Y)
Xxy % {(z,y) | reXand y € Y}

projc (Z) & {z e X |3y e, (z,y) € Z}.






Exercise: If X = {a,b,c,d} and Y = {b,c,x,y},
then

XNY =
XUY
X\Y
X XY =

I
=~J =~J =~J =~J



Exercise: If X = {a,b,c,d} and Y = {b,c,x,y},
then

XNY = {b,c}

XuY {a,b,c,d,x,y}

X\Y {a, d}

XxY = {(a,b),(a,c),(a,z),(a,y),
..., (d,b),(d,c),(d,x),(d,y)}



The direct image of X by f is

f(X) = {f(z) |z €X}.
The reciprocal image of Y by f is

FHY) £ {z e X | f(z) € Y}



Exercise: If f is defined as follows
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Exercise: If f is defined as follows

A B
a o1
b 1.2
C e 3
de | » 4
e *°5

f(A) = {2,3,4} = Im(f).

F~4(B) {a,b,c,e} = dom(f).

FH(f(A)) {a,b,c,e} C A
FHf(Eb,e}) = {a,b,c}.



Exercise: If f(z) = x2, then

£(12,3])
F1([4,9])



Exercise: If f(x) = x2, then

£(12,3]) = [4,9]
f_l([47 9]) — [—3, —2] U [27 3]

This is consistent with the property

Frtm) ey



1.2 Interval arithmetic



If o € {4, —, ., /, max, min}

[zl o[yl = Hz oy |z €[],y € [y]}].

For instance,

1
)
~)

[—1,3] +

_275: B 7



If o € {4, —, ., /, max, min}

[zl o[yl = Hz oy |z €[],y € [y]}].

For instance,

[-1,3] +[2,5] =[1,8],
[—1,3].[2,5] =[5, 15],
[-1,3]V[2,5] =[2,5]



x_,:c+
ZU_,CE+
ZU_,CE+

f+[y_,y+] =
1 y=,yT] =
JVIy,yt] =

T +y,zt +yt,
'aj_y_/\aj TyTAxTYyT AxTyT,
rTy  VzTy Vo yTVaTyT],
V(z ™, y7), V(zT, y )]




If f € {cos, sin,sqr, sqrt, log, exp, ...}

flz]) = [{f (=) [z € [=]}].

For instance,

sin ([0, 7]
sqr ([—1, 3]
abs ([—7, 1]

sqrt ([—10, 4]

log ([—2, —1

N’ N’ N’ N’ N

?,
[-1,3]? =7,
?

")

J[-10,4] =2,

7.



If f € {cos, sin,sqr, sqrt, log, exp, ...}

flz]) = [{f (=) [z € [=]}].

For instance,

sin ([0, 7]) = [0,1],
sar ([-1,3]) = [-1,3]*=[0,9],
abs ([-7,1]) = [0,7],
sqrt ([—10,4]) = /[-10,4] = [0, 2],
log ([-2,—1]) = 0.



1.3 Boxes



A box, or interval vector [x] of R™ is
[X] — [CC]__,LE]{__] X X ['CET_LVCE?_’L'_] — [LE]_] X X [CCn]

The set of all boxes of R™ will be denoted by TR".



The width w ([x]) of a box [x] is the length of its largest
side. For instance

w([1,2] x [~1,3]) = 4

The principal plane of [x] is the symmetric plane [x]
perpendicular to its largest side.




1.4 Inclusion function



The interval function [f] from TR" to IR™, is an inclu-

sion function of f if

Vx| € IR™, f([x]) C [£] ([x])-

1 [x] . Yop
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Inclusion functions [f] and [f]*; here, [f]* is minimal.



The inclusion function [f] is

monotonic | if | ([x] C [y]) = ([f] ([x]) C [f] (Iy]))
minimal if | V[x] € IR"™, [f]([x]) = [f ([x])]
thin if | w([x]) =0= w([f]([x]) =0
convergent | if | w([x]) — 0 = w([f]([x]) — O.
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Convergent but non-monotonic inclusion function
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Convergent and monotonic inclusion function



The natural inclusion function for f(x) = z% + 2z + 4
IS

[£1([z]) = [z]° + 2[z] + 4.
If [z] = [3, 4], we have
[f1([-3,4]) = [-3,4]°+ 2[-3,4] + 4

= [0,16] +[-6,8] + 4
— [-2,28].

Note that f([—3,4]) = [3,28] C [fI([-3,4]) = [-2, 28].




A minimal inclusion function for
e R? — R3

" (z1,72) — (xlxz,x%,xl—aQ).

IS

1] IR? — 1IR3
([z1], [w2]) = ([2a] * [22], [24]? [21] — [22]) -



If £ is given by the algorithm

Algorithm f(in: x = (z1, 72, 23), out: y = (y1,¥2))

Z = xq;
for k := 0 to 100
z = x2(z + kx3);
next,
Y1 = 2
yo = sin(zx1);

(O RNG IS SN OORN R




lts natural inclusion function is

Algorithm [f](in: [x], out: [y])
1 [2] := [z1];

2 for k:=0 to 100

3 [2] == [z2] * ([2] + & * [z3]);
4 next;

5 [y1] := [2];

6 [y2] := sin([z] * [z1]);

Here, [f] is a convergent, thin and monotonic inclusion

function for f.



1.5 Subpavings



A subpaving of R™ is a set of non-overlapping boxes of
R™.

Compact sets X can be bracketed between inner and
outer subpavings:

X" cXcXT.



Example.

X = {(x1, z2) ‘ a:% + a:% € [1,2]}.

Set operationssuchasZ := X + Y, X := f~1(Y),Z :=
XNY... can be approximated by subpaving opera-
tions.



1.6 Set inversion



Let £ : R"® — R™ and let Y be a subset of R"™. Set
Inversion iIs the characterization of

X = {x € R" | f(x) € Y} = f~}(Y).



We shall use the following tests.

(i) [f]([x]) CY = [x]CX

(i) flI(xDNY =0 = [x]nX=040.
Boxes for which these tests failed, will be bisected, ex-
cept if they are too small.



Stack-queue

A gueue is a list on which two operations are allowed :

e add an element at the end (push)

e remove the first element (pull).



A stack is a list on which two operations are allowed :

e add an element at the beginning of the list (stack)

e remove the first element (pop).



Example: Let £ be an empty queue.

operation result

L=10
push(L,a) L ={a}
push (L£,b) L = {a,b}
z:=pul (L) z=a,L={b}
r:=pull (L) z=0b,L=0.

DA WODNEFER O



If £ is a stack, the table becomes

k operation result

0 L=1

1 stack(L,a) L ={a}

2 stack(L,b) L =1{a,b}

3 z:=pop(L) z=0bL={a}
4 x:=pop(L) z=a,L=0.



Algorithm Sivia(in: [x](0),f,Y)

L= {[x](0)};

pull [x] from L;

if [f]([x]) C Y, draw([x], 'red’);

elseif [f]([x]) NY = 0, draw([x], 'blue’);
elseif w([x]) < €, {draw ([x], 'yellow")};
else bisect [x] and push into £;

if L F#£ (0, goto?2

~NOo oW




If AX denotes the union of yellow boxes and if X7 is
the union of red boxes then :

X" CXCX UAX.



1.7 Image evaluation



Define
2
f(a:l,a:z):((””l‘” ‘1”2),

—a? + (22 — 1)°

and
We shall compute X1, f(X;) and f~1 o f (X;).
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2 Applications of set computation



2.1 Bounded-error estimation



Model : ¢ (p,t) = pye P2t
Prior feasible box for the parameters : [p] C R?

Measurement times : t1,%2,...,tm

Data bars : [y1, 471, [¥5:93 |, - - - [Ym» Uik

S={p e Pl é(ptr) €y, vi -, @ (P tm) € lym, vif]



|f
( ¢ (p,t1) )
@ (p) =
Qb(p,tm)

Y] = [y, v 1 X - X [Ym, Urh]

and

then

S=[p]Nne¢t([y]).



Show Setdemo (Guillaume Baffet), available at

www.ensieta.fr/jaulin/demo.html



If now ¢ (p,t) = p1sin(27pot) and t;, = kb, .... S
contains an infinite number of connected components.
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2.2 Robustification against outliers



Define a relaxing function for the box [y] = [y1] X - - - X
[yn]

AY) =y (v1) + - + 7y, (yn)

where

=1 if z€]la,b]
7T[C’Jab](aj){ =0 if xz¢]a,b).



Allow up to g of the n output variables y; to escape
their prior feasible intervals. The posterior feasible set
becomes

Py = {p € [p] | 7, (¢1(P)++ -+, (¢ (P)) = n—q}.

This is a set inversion problem. The set ]ls’q can thus be
characterized by Sivia.



As an illustration, consider the model

¢ (p,t) = 20 exp(—p1t) — 8 exp(—p2t)

with the data bars represented on the figure below




(a) no outlier assumed; (b) one outlier assumed; (c)
two outliers assumed;



2.3 Sailboat



State equations

(. = v cos
Yy = vsinf — 1
0 w
by = uq
$ O = U
v = fssindg — frsind, — v
w = (1—cosds) fs —cosdr.fr —w
fs = cos (0 + ds) — vsinds
| fr = vsindp.



In a cruising phase

6=0,6s=0,0,=0,0=0,0=0.

W
U1
U2
fssindg — frsind, — v
(1 —cosds) fs — cosdr.fr —w
cos (0 + ds) — vsinds

vsindp.

e N e NeNeNoNe
|



The polar diagram is

Sy — {(97 U)

| Elf87687f7“757“7
fssindg — frsindy —v =20
(1 —cosds) fs —cosdrfr =0
fs = cos (0 4+ 6s) —vsinds
fr =wvsind, }
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3 Interval and graphs



3.1 Path planning
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3.2 Counting connected components

(Collaboration with N. Delanoue and B. Cottenceau)



Move the mouse over the image !
beta = 88°

[~

3

alpa=161°
Configuration space Working space

Figure 1:

The point visa star for S C R"if vx € S, Va € [0, 1],
av+(l—a)x €8S..



V1 is a star for S whereas vs is not




The set S C R" is star-shaped is there exists v such
that v is a star for S.



Theorem: Define the set

s ¥ {x € [x]| f(x) < 0}

where f is differentiable. We have the following impli-
cation

df .
{x € [x]| f(x) = O,&(X).(x —v) < O} = () = v is a star




If v is a star for S7 and a star for Sy then it is a star
for S1 NSy and for S1 U S».



Consider a subpaving P = {[p1], [P>], . . -} covering S.
The relation R defined by

[pPIR[a] & Sn[p]Niq] # 0
is star-spangled graph of the set S if

V[p] € P, SN[p] is star-shaped.

For instance, a star-spangled graph for the set

( 22 + 4y2 — 16 ‘
def 2 : 2 _ 3
S = < (x,y) € R | 2sinz —cosy +y° — 5 <0,
2
\ (@32 -4y -8’+1 )



For each [p] of the paving P, a common star located
at the corner of [p] (represented in red) has been
found for all three constraints.



Theorem: The number of connected components of
the star-spangled graph of S is equal to that of S.

An extension of this approach has also been developed
with N. Delanoue to compute a triangulation homeo-

morphic to S.




4 Contractors



To characterize X C R", bisection algorithms bisect all
boxes in all directions and become inefficient. Interval
methods can still be useful if

e the solution set X is small (optimization problem,
solving equations),

e contraction procedures are used as much as possi-
ble,

e bisections are used only as a last resort.



4.1 Definition



The operator Cx : IR™ — IR" is a contractor for X C
R™ if

n | Cx([x]) C [X] (contractance),
vix] € IR, { Cx([x])NX =[x] "X (completeness).
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d
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L2

C([x])

set(C )_>




Cx is monotonic if

x] C [y] = Cx([x]) C Cx([y])

Cx is minimal if

vix] € IR™, Cx([x]) = [[x] N X]

Cx is thin if

vx € R", Cx({x}) = {x}nX

Cx Is idempotent if

vix] € IR™, Cx (Cx([x])) = Cx([x])-




Cx is said to be convergent if

x](k) = x = Cx([x](k)) — {x}nX.



4.2 Projection of constraints



Let =, vy, z be 3 variables such that

r € [—o0,5],
y € [—o0,4],
z € [6,00],
zZ = T +Y.

The values < 2 for x, < 1 for y and > 9 for z are
Inconsistent.



To project a constraint (here, z = = + y), is to com-
pute the smallest intervals which contains all consistent
values.

For our example, this amounts to project onto x,y and
z the set

S ={(z,y,2) € [-00,5] X [—00,4] X [6,00] | z=x + y}.



4.3 Numerical method for projection



Since x € [—00,5],y € [-00,4],2 € [6,00] and z =
x + y, we have

z=x+y= z€ [6,00]N([—00,5]+ [—00,4])

r=z—y= x € [—00,5]N([6,0] —[—00,4])
— :_0075] M [2700 — 275
Yy=z—r= yc —OO,4]ﬁ([6,00——OO,5)
= [—o0,4] N[1, 00] = [1, 4].




The contractor associated with z = x + y is.

Algorithm pplus(inout: [z], [x], [y])

L [2] := [l 0 ([=] + [9]);
2 [z] := [x] N ([2] = [9]);
3 [yl =yl (lz] = [z]) .




The projection procedure developed for plus can be ex-
tended to other ternary constraints such as mult: z =
x * 1, or equivalently

multé{(az,y,z)ER3 | z:x*y}.

The resulting projection procedure becomes

Algorithm pmult(inout: [z], [z], [y])
1 [z] := [2] N ([] * [9])
2 [z] = [z] N ([2] * 1/[y]) ;
3 [yl :==1[yln([z] *1/[z]).




Consider the binary constraint

exp = {(z,y) € R"|y = exp(z)} .

The associated contractor is

Algorithm pexp(inout: [y], [z])

1 [y] :== [yl Nexp([z]);
2 [z] :=[z]Nlog ([y]) -




Any constraint for which such a projection procedure is
available will be called a primitive constraint.



\/ /]

Projection of the sine constraint



4.4 Constraint propagation



A CSP (Constraint Satisfaction Problem) is composed
of

1) a set of variables V = {x1,...,zn},
2) a set of constraints C = {cq,...,cm} and
3) a set of interval domains {[z1], ..., [zn]}.



Principle of propagation techniques: contract [x] =
[£1] X - - - X [zn] as follows:

((((((X]TTer) Mex) Me ) Mem) Mey) Mep) - -

until a steady box is reached.



Example. Consider the system of two equations.

y = a°

y = Vz.



We can build two contractors

vl =N [z]? . 2
Cq: { 2] = [2] N \/m associated toy =«

: [y]:[y]ﬂ\/m associated to y = v/«
62'{[x1=[x1m[y12 ted toy =



Y,

L




Y,

L

























4.5 Local consistency



If C§1 and C§2 are two minimal contractors for S7 and
So then

ngcglocgzocglocgzo...

is a contractor for S = S7 N Sy, but it is not always
optimal. This is the local consistency effect.



Exemple. Consider the system

(v

3sin(x)

. r€eR, yeR.
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4.6 Decomposition into primitive constraints



x + sin(zy) < 0,
S [_17 1]7y S [_17 1]72 S [_17 1]

can be decomposed into

a = zy r € [-1,1] a € [—o0, ]
b= Sin(a) ) y € [_17 1] b e [_007 OO]
c=x+b ze€[-1,1] cé€[—o0,0]



4.7 Set and contractors



A contractor represents a set of R™. The set associated
with a contractor C is

set (C) = {x € R",C({x}) = {x}}.

lts domain is

dom (C) = {x € R",C({x}) = 0}.
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C([x])

set(C )_>




For instance, the set associated with the contractor

[z1] \ ¢ [ [x] O ([z3] = [22])
Ci| [z2] | = | [x2] N ([z3] — [71])
[x3] [3] N ([z1] + [z2])

set (C1) = {(x1,x2,23), 23 = 21 + 22} .
A contractor is also one way to represent one equation

r3 = xr1 + T2.



4.8 Operations on contractors



intersection (C1 N Co) ([x]) def C1 ([x]) NCa ([x])
(C1UCo) (Ix]) = €1 ([x]) U Co (Ix))]
composition (C10Co) ([x]) o C1(Co ([x]))
repetition C° def CoCoCo...

repeat intersection | C1 M Cy = (C1 NCy)™°

repeat union C1UCy = (CLUC)™®




Consider the contractor C ([x], [y]), where [x] € R", [y] €

IRP. We define the contractor

UM ([x]) =

c([x], [y]) [XIxIy]
A

™ (C([x],¥))
(a)

\ \ C(Efcl,.V)

| W g

J m(C([x],y))

| yE(y]

(projected union)

| L x
eyl (1x
T



and also the contractor

cCI(x]) = () mx(C([x],y)), (projected intersecti
yElyl
¢ ([, y)) s A N

\ [x]x[y]

P | FT 77777_
A L4441 T
HliA (N
M ]
K
b
L4

(b)



We have

set ECU[Y]S ={x,3dy € [y], (x,y) € set (C)}

set (CV]) = {x, vy € [y],(x,y) € set (C)} .



4.9 QUIMPER



The collection of contractors {Cq,...,Cm} is comple-
mentary if

set(C1) N---Nset(Cp) = 0.



Quimper is a high-level language for QUick Interval
Modeling and Programming in a bounded-ERror con-

text.
Quimper is an interpreted language for set computation.

A Quimper program is a set of complementary contrac-

tors.



Quimper returns m subpavings, where m is the number
of contractors

It i1s available at

http://ibex-1ib.org/



b Application of contractors



5.1 Bounded-error estimation



V ~




It is known that

U, e[6,7]V, r € [7,8]Q, Up € [6,6.2]V
R € [100,110]Q, E € [18,20]V, I. € [0, c0]A
I €] —00,00[A, I €] — 00, 0[A, Re € [50,60]€2.

The constraints are

Zener diode I, = max(0, @Q)
Ohm rule U, = Rcle,
Currentrule I = 1.+ I,,

Voltage rule E = RI + U,.



IntervalPeeler contracts the domains into:

U, € [6,007;6,518],r € [7, 8]Q,

Up € [6,6.2]V, R € [100,110]%,

E € [18,20]V, I, € [0.,0.398] A

I €[0.11;0.14]A, I. € [0.1;0,13]A,
R: € [50, 60]2



5.2 SLAM



Redermor, GESMA
(Groupe d'Etude Sous-Marine de I'Atlantique)






Montrer la simulation



5.2.1 Sensors



GPS (Global positioning system), only at the surface.

to =6000s, ¢O=(—4.4582279°,48.2129206°) + 2.5m
tp=12000s, £/=(—4.4546607°,48.2191297°) & 2.5m



Sonar (KLEIN 5400 side scan sonar).







Echo intensity




Z ¥ersion 9.6 - SonarPro® Sonar Processing System - L-3 Communications Klein As:
Session  Source  Print

; =10l x|
Window Help
G- HRHEMAECEE s« - cod 5% @ 0 NSRS S
- e =10l x|
[z

Ready

5 Range: 19,8 meters

Lat: 48:13.0636 M Lon: 004:27.1424 W

Screenshot of SonarPro
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Mine detecttion with SonarPro



Loch-Doppler returns the speed robot vy..

vy € Vi +0.004 % [—1,1] .V, + 0.004 * [—1, 1]



Inertial central (Octans Il from IXSEA).

1.75 x 1074.[-1, 1]
+ | 1.75 x 1074.[-1,1]
5.27 x 1073, [-1, 1]

D
M
L1/~




Six mines have been detected.

i 0 1 2 3 4 5
7(i) 7054 7002 7374 7748 9038 9688
o(i) 1 2 1 0 1 5

7(i) 52.42 12.47 54.40 52.68 27.73 26.98

6 I 3 9 10 11
10024 10817 11172 11232 11279 11688
4 3 3 4 5 1
3790 36.71 37.37 31.03 33.51 15.05




5.2.2 Constraints

t € {6000.0,6000.1,6000.2,...,11999.4},

ie{0,1,...,11},

pz(t) | _ 0 1 Ca(t) — 03
( (1) ) = 111120 ( cos (£y(t) * 1) O ) ( £y(t) — 10

P(t) = (pz(t), py(t), p=(1)),

cosy(t) —siny(t) O
Ry (t) = ( siny(t) cosy(t) O ) :
0 0 1

( cosf(t) 0 sinf(t) )
Ry(t) = 0 1 0 :
—sinf(t) 0 cosf(t)



1 0 0
Ry(t) = ( 0 cosp(t) —sinp(t) ) :

0 sing(t) cosp(t)
R(t) = Ry(t)Rg(t)Ry (1),
p(t) = R(t).vr(?),
[Im(o(2)) —p(7(2))[| = r(7),
R'(7(4)) (m(o(i)) — p(7(4))) € [0] x [0, 00] *2,

mz(o(2)) — pz(7(2)) — a(7(2)) € [-0.5,0.5]



Constants
N = 59996; // Number of time steps
Variables
RIN-1][3][3], // rotation matrices
p[N][3], // positionms
v[N-11[3], // speed vectors
phi[N-1] ,theta[N-1],psi[N-1]; // Euler angles
px[N],py[N]; // for display only



function R[3] [3]=euler(phi,theta,psi)
cphi = cos(phi);
sphi = sin(phi);
ctheta = cos(theta);
stheta = sin(theta);
cpsi = cos(psi);
spsi = sin(psi);
R[1] [1]=ctheta*cpsi;
R[1] [2]=-cphi*spsi+stheta*cpsi*sphi;
R[1] [3]=spsi*sphi+stheta*cpsi*cphi;
R[2] [1]=ctheta*spsi;
R[2] [2]=cpsi*cphit+stheta*spsi*sphi;
R[2] [3]=-cpsi*sphi+stheta*cphi*spsi;
R[3] [1]=-stheta;
R[3] [2]=ctheta*sphi;
R[3] [3]=ctheta*cphi;

end






contractor-list rotation

for k=1:N-1;
R[k]=euler (phil[k],thetalk],psilk]);
end

end

contractor-list statequ
for k=1:N-1;
p[k+1]1=p[k]+0.1*R [k]*v[k];
end

end

contractor init
inter k=1:N-1;
rotation(k)
end
end



contractor fwd
inter k=1:N-1;
statequ(k)
end

end

contractor bwd
inter k=1:N-1;
statequ(N-k)
end

end



main

pl1l] :=read("gps_init.dat");

v :=read("Quimper_v.dat");

phi :=read("Quimper_phi.dat");
theta :=read("Quimper_theta.dat");

psi :=read("Quimper_psi.dat");

init;

fwd;

bwd;

column(p,px,1);

column(p,py,2);

print ("--- Robot positions: ---");

newplot("gesmi.dat");
plot (px,py,color(rgb(1,1,1),rgh(0,0,0)));
end



5.2.3 GESMI



GESMI, for the estimation of seamarks using interval analysis

s demarrer E 1 E ) ce - Ci\jaulintbuilderiRed.




GESMI, for the estimation of seamarks using interval anal

1 AL

; demarrer

ContractForward

Conlract Seamarks

ContractBackward

Waterfall

]
¥! Draw trajectory with Euler

| Draw tiaiectory with nav d

:
H
2




100 -

0 100



5.3 Robust state estimation
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lllustration (in gray) of the g-relaxed intersection
the 6 sets X1,...,Xg where ¢ € {2, 3,4}



The feasible set for the state vector X(k + 1),
assuming at most ¢ = 1 outlier, can be defined

recursively from X(k)
and from the data sets Y(k), Y(k — 1), Y(k — 2).



Assumption. Within any time window of length £ there
are less than q outliers.

The set of feasible state can be computed recursively
by

{q}
Xpp1 = (Xp) N () frofy_10...ofp_jog; 1, (Yj_;) .
i€{0,...,0}
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Superposition of the poses of the robot






