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1 Subpavings



1.1 Definitions



A subpaving of R™ is a set of non-overlapping boxes of
R™.

Compact sets X can be bracketed between inner and
outer subpavings:

X" cXcXT.



Example.

X = {(x1, z2) ‘ a:% + a:% € [1,2]}.

Set operationssuchasZ := X + Y, X := f~1(Y),Z :=
XNY... can be approximated by subpaving opera-
tions.



2 Set inversion



If f : R” — R™ and Y C R™,
X = {x ¢ R" | f(x) € Y} = f~}(Y).



(i) [f([x]) CY = [x]CX
() F(X)NY=0 = [x]NnX=0.

Boxes for which these tests failed, will be bisected, ex-
cept if they are too small.



Stack-queue

A queue is a list on which two operations are allowed:

e add an element at the end (push)

e remove the first element (pull).



A stack is a list on which two operations are allowed:

e add an element at the beginning of the list (stack)

e remove the first element (pop).



Example: Let £ be an empty queue.

operation result

L=10
push(L,a) L ={a}
push (L£,b) L = {a,b}
z:=pul (L) z=a,L={b}
r:=pull (L) z=0b,L=0.
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If £ is a stack, the table becomes

k operation result

0 L=1

1 stack(L,a) L ={a}

2 stack(L,b) L =1{a,b}

3 z:=pop(L) z=0bL={a}
4 x:=pop(L) z=a,L=0.



Algorithm Sivia(in: [x](0),f,Y)

L= {[x](0)};

pull [x] from L;

if [f]([x]) C Y, draw([x], 'red’);

elseif [f]([x]) NY = 0, draw([x], 'blue’);
elseif w([x]) < €, {draw ([x], 'yellow")};
else bisect [x] and push into £;

if L F#£ (0, goto?2
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If AX denotes the union of yellow boxes and if X7 is
the union of red boxes then :

X" CXCX UAX.



3 Image evaluation



Define
2
f(a:l,a:z):((””l‘” ‘1”2),

—a? + (22 — 1)°

and
We shall compute X1, f(X;) and f~1 o f (X;).
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4 Paver

A paver is an algorithm which generates boxes by bi-
sections and classifies them.



Take
X={xeR"|t(x)=1}=t"1(1)
We want an enclosure of the form

X~ cXcXT



Algorithm Sivia(in: [x](0), [¢])

Z={H0)};

pull ([x],£);

if [t]([x]) = 1, draw([x], 'red’);

elseif [t]([x]) = 0, draw([x], 'blue’);

elseif w([x]) < €, {draw ([x], 'yellow’)};

else bisect [x] into [x](1) and [x](2); push ([x](1),[x](2)
if £L#£0, goto?2
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5 Projection



Consider the set

Z={z=(xy)€xIx[y] | t(x¥)},

where t (x,y) is a test. The projection of Z onto X is

X={xelx] [Fyelyltxy);.
The test tx (x) defined by

tx (x) < Jy € [yl, t(x,y)

is called the projection of ¢ onto x.



Algorithm [tx](in: [x], Iy], E])

L:={[yl};
while £ # (),

pull ([y], £) ;

if [t]([x],center([y])) = 1, return (1);
if [1]([x], [y]) = 0, goto 2;

if w(ly]) <w([x]), return ([0, 1]);

bisect [y] into [y](1) and [y](2); push ([y](1).[y](2),
7 end while;

8 return 0.
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6 Dealing with quantifiers



Example. Characterize

X={xe[x]|3Iye€yl.f(x,y) <0}.

Z = {(xy) e x[y]|f(xy) <0}
X = projx(Z).



We decompose as follows

X={xe€[x] | ta(x)} where t(x) < (Jy € [y], t1(x,y)
t1(x,y) < (f(x,y) <0).

To use Sivia, build [t7] ([x], [y]) and then build [tx] ([x]).



Example. Consider

X={xe[x]|3dyely],vz € [2] ,f(x,y,2) <O0}.
We have

X={xelx][Tyelyl,-(Fz e [z], -~ (f(x,y,2) <0))}
We decompose as follows

t1(x,y,2z) < f(x,y,z) <0.
tZ(Xa Y Z) g ﬁ751(X7 Y Z)

t3(X7 Y) g (EIZ € [Z] 7t2(X7 Y Z))
t4(X7 Y) — _'t3(X7 Y)

t5(x) < (Jy € [yl ta(x,y))

Thus
X={xe[x]|ts(x)}



Example. Consider

a = min f(x).
xE[x]

For a given y, we have

y > aeIxeclx],f(x)<y
y < aevxelx],f(x)>y.



Thus the global minimum belongs to the singleton

{a} = {yly>a}n{y|y<a}
= {ylIxelx],fx)—y<0}n{y|vxelx], f(x

To use Sivia, we decompose as follows

- ti(y) & (Ix € [x], ¢
{a} ={y [ ta(y) Ata(y)} where { tzl(yy) & - (3x e [x],

t3(x,y) < (f(x) —y <0)
ta(x,y) & (f(x) —y <0).



Example. Consider the optimization problem where
f : R™ +— R™. The problem is

P = min f(x)
xE[X]

The set
P={y|3xe€[x],f(x) <y}n{y,vx € [x], - (f(x) <)}

is called the Pareto set. Here, a < b means that
a<banda#b.



The decomposition is

P={y | t1i(y) A ta(y)}

t1(y) & (Ix € [x], t3(x,y))
ta(y) = —ta(y)
ta(y) & (Ix € [x], t5(x,y))

where

where
where
where

t1(y) & (3x € [¥]
ta(y) < (vx € [x]
t3(x,y) & (f(x) <y
ta(y) < (Ix € [x],f
ts(x,y) & (f(x) <y



Example. Consider

X={xe[x]|3yelyl, f(x,y) =0}.

Theset {(x,y) € [x] X [y], f(x,¥) = 0} has an empty
volume and the inclusion test associated with f(x,y) =

0 will never return 1.



If f is continuous
(Fy €yl f(x,y) =0) <= 3y € [y], f(x,¥) = 0O)A(Ty € |3
Thus

X={xel[x]|3dyelyl,f(x,y) 2 0in{x € [x] | Ty € [y],



The decomposition is thus

B t1(x) & (Fy € [y
X ={xe€ [x] | ti(x) Ata(x)} where tr(x) & (Fy € [y

t1(x) < Jy € [yl t3(x,y)  where t3(x,y) & (f(x,y)
t2(X) g Ely S [Y]a t4(X7 Y) where t4(X7 y) <~ (f(Xa y)



7 Bounded-error estimation



Model : ¢ (p,t) = pye P2t
Prior feasible box for the parameters : [p] C R?

Measurement times : t1,%2,...,tm

Data bars : [y1, 471, [¥5:93 |, - - - [Ym» Uik

S={p e Pl é(ptr) €y, vi -, @ (P tm) € lym, vif]



|f
( ¢ (p,t1) )
@ (p) =
Qb(p,tm)

Y] = [y, v 1 X - X [Ym, Urh]

and

then

S=[p]Nne¢t([y]).



If now ¢ (p,t) = p1sin(27pot) and t;, = kb, .... S
contains an infinite number of connected components.
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8 Robustification against outliers



Define a relaxing function for the box [y] = [y1] X - - - X
[yn]

AY) =y (v1) + - + 7y, (yn)

where

=1 if z€]la,b]
7T[C’Jab](aj){ =0 if xz¢]a,b).



Allow up to g of the n output variables y; to escape
their prior feasible intervals. The posterior feasible set
becomes

Py = {p € [p] | 7, (¢1(P)++ -+, (¢ (P)) = n—q}.

This is a set inversion problem. The set ]ls’q can thus be
characterized by Sivia.



As an illustration, consider the model

¢ (p,t) = 20 exp(—p1t) — 8 exp(—p2t)

with the data bars represented on the figure below




(a) no outlier assumed; (b) one outlier assumed; (c)
two outliers assumed;



9 Robust stability



The stability domain Sp of the polynomial

P(s,p) = s"+an_1(p)s" t+...+a1(p)s + ao(p)

is the set of all p such that P(s,p) is stable.



If P(s,p) is given by

83+(p1+p2+2)82+(p1+p2+2)8+2p1p2+6p1+6p2+2-25,

Its Routh table is given by

1 p1+p2+2
p1+p2+2 2p1p2 + 6p1 + 6P + 2.25
(p1—1)°+(pp—1)*—0.25 0
p1+por+2
2(p1 + 3)(p2 +3) — 15.75 0




lts stability domain is thus defined by

Sp £ {p € R" | x(p) > 0} =x " (]0, +oo[*")
where

p1+p2+2
r(p) = | (pr—1)°+ (p2—1)*—0.25
2(p1 + 3)(p2 +3) — 15.75



Stability domain Sp generated by Proj2d



10 Application to global optimiza-

tion



Consider the optimization problem
min f(x) s.t. g(x) <0.
xcR"”
lts epigraph is defined by
S={(x,a) eR" xR | a > f(x) and g(x) < 0}
Define the ith profile of the epigraph

S; = {(zj,a) ERXR | I(z1,...,%i_1,%4,...,7n) [a > f



Example.

Consider, for instance, the following problem

min sinx1xo s.t. x5+ x5 € 1. 2].
XERM 122 1 2 [ ’ ]

The sets S1 (and also Sy) are obtained by Proj2d.




11 Application to robust control



2
u |t €S + ¢ PP Y
F' 2 2
[ - s (pgs +1)(s” + pss + p3)

with p € [p] =[0.9,1.1]%3 and ¢ € [c] = [0, 1]°.



Y (p,c) is stable < r(c,p) > 0.

Define

Tc = {c € [c] | Vp € [p],r(c,p) > 0}



The transfer function of X(p,c) is

(cos + c1) p1p3

H(s) =
pos* + (pap3 + 1) 83 + (p2p3 + p3) 52 + (3 + cop:

The first column of the corresponding Routh table is

( & \

P2p3 +( 12 )
p2p3 + P3 p2p3au(1 )
5 5 (pop3+1)“(c1p1p3
+C —
P37 C2P1P3 ™ (302 13 ) (p2p3 + 1) —p2 (P +c2p1r3)

\ c1p1P3 )






12 Application to bounded-error
estimation with uncertain iIn-

dependent variables



Model:

¢ (p,t) = 20 exp(—p1t) — 8 exp(—p2t)
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j—t

t; [£:] [9:]

0.75 | [-0.25,1.75] | [2.7,12.1]
1.5 | [0.5,2.5] [1.04,7.14]

225 | [1.25,3.25] | [-0.13,3.61]
3 [2, 4] [~0.95, 1.15]
6 5, 7] [—4.85, —0.29]
9 8,10] | [~5.06, —0.36]
13 12,14] | [-4.1,—0.04]
17 | [16,18 [—3.16, 0.3]
21 20, 22] [-2.5,0.51]
25 24,26 [—2,0.67]




The posterior feasible set is

Sp =1{p € [p] | Ft1 € [t1], ..., Tt10 € [t10], 2(P, 1) € [y1], -




