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Interval analysis
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Interval analysis

Problem. Given f: R" — R and a box [x] C R”, prove that
Vx € [x],f (x) > 0.

Interval arithmetic can solve efficiently this problem.
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Interval analysis

Interval arithmetic
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Interval analysis

Interval arithmetic
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Interval analysis

Theorem (Moore, 1970)

[f1(x]) cR* = ¥x € [x],f (x) > 0.
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Interval arithmetic
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Interval analysis

If o € {+,—,,/,max, min}

oDl = [ {xoylxeldyebl} |-

where [A] is the smallest interval which encloses A C R.
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Exercise.

sin ([0, 7]
sar([—1,3]
sqrt ([— 10,4]
log ([-2,-1]

)
)
) =
)

= [-1,3]=?
[—10,4] =?
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Solution.

sin ([0, 7]
sqr ([-1,3]
sqrt ([—10,4]
log ([-2, 1]

)
)
) —
)
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Inclusion functions
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Interval analysis

A box, or interval vector [x] of R" is

1 x x5 = o] - x [

[X] =[xy ,x 0%

The set of all boxes of R” is denoted by IR".
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Interval analysis

[f] : IR" — IR™ is an inclusion function for f if

v[x] € IR", £([x])  [f] ([x]).

Y

Inclusion functions [f] and [f]*
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Set inversion
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Interval analysis

A subpaving of R" is a set of non-overlapping boxes of R”.
Sets X can be bracketed between two subpavings:

X" cXcX* .
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Interval analysis

Example.
X ={(x,x)|x1+x €[1,2]}.
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Interval analysis

Let f: R" — R™ and let Y be a subset of R™. Set inversion is the
characterization of

X={xecR"|[f(x) e Y} =Ff1(Y).


https://www.ensta-bretagne.fr/jaulin/

Interval analysis

We shall use the following tests.

() Bx)cy = [KcX
(i) [f(x)NY=0 = [x]NX=0.

Boxes for which these tests failed are bisected, except if they are
too small.
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Bode plot


https://www.ensta-bretagne.fr/jaulin/

Interval analysis

Consider the linear system with delays:

I(O) =9 = 1) +29(t) = 3(1 = 1) + (1) = (1)
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Interval analysis

In the Laplace domain, we have
$*9(s) — 7€ "9 (s) +259(s) — se9(s) +H(s) = als)

(s2—s e +2s—se '+ 1)H(s) = als)

. 1 .
$(s) = §2—s2e 5425 —se S+ 1 (s)

=H(s)
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Interval analysis

Its transfer function is

1

HO) = 60 —eo71)

The gain is

h = |H(jo)|
1 1
‘(jawl) " (o(1—e7®)+1)

_ 1| 1
- ’j(l)“rl ‘ Jjo(l—cos w+jsinw)+1 ‘
1 1

V1+o? \/(17wsinw)2+a)2(lfcos )2


https://www.ensta-bretagne.fr/jaulin/

Interval analysis

We ask SIVIA to characterize the set

{(0,n) e R?|h— |H(jo)| = 0}
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Interval analysis

from codac import *
from vibes import vibes
£ = Function("w","h",
"h-1/((sqrt(1+wr2))*sqrt((1-wxsin(w))*2+w 2% (1-cos(w))*2))")
X=Intervalvector([[-50,50],[-1,3]1])
S=SepFwdBwd (f, Interval(0))
vibes.beginDrawing()
SIVIA(X,S,0.004,color_map={SetValue.IN: "white[white]", SetValue.OUT: "white[white]",
SetValue.UNKNOWN: "black[black]"})
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Interval analysis

The spikes are almost impossible to get with classical plot methods
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Stability domain
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Interval analysis

Consider the system

¥ +3.4905) +71.49y® +160.12 ¥ + 1089.65+ 1177.849+4452.2y = u
Its characteristic polynomial is

P(s) =s°+3.457 +71.495* +160.125° + 1089.65> 4 1177.845+4452.2.
The roots are

{-0.2-3j,-0.2+3j,-0.5—7j,—0.5+7j,— 1 — 3j, — 1 + 3j}.
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Interval analysis

0.2 - 3j

Y
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Interval analysis

For u =0, we have

y(t) = apsin(3t+ ¢;)exp(—0.27) + a sin(71 + ¢, ) exp(—0.517)
+o3sin(3t+ @) exp(—1)
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Interval analysis

gg==a3=1land o=@, =3 =0
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Interval analysis

The stability domain S, of the polynomial
P(s,p) =" +a,-1(p)s" " +...+ai(p)s+ao(p)

is the set of all p such that P(s,p) is stable.
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Interval analysis

Consider the example of Ackermann where
P(s,p) =5+ (p1+p2+2)s+ (p1 +p2+2)s+2p1p2+6p1 +6p2+2.25

Its Routh table is given by

1 p1+p2+2
pLtpa+2 2p1p2 +6p1 +6py +2.25
(p1—1)*+(p2—1)>-0.25 0
P1+p2+2
2(p1+3)(p2+3)—15.75 0
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Interval analysis

Its stability domain is thus defined by

Sp 2 {peR" | r(p) >0} = r! (]O,_i_oo[xn)

p1+p2+2
r(p) = ( (p1—1)2+(p2—1)2-0.25 )
2(p1+3)(p2+3)—15.75

where


https://www.ensta-bretagne.fr/jaulin/

Interval analysis

from codac import *
from vibes import vibes
f = Function("pa1","p2",
"(pl+p2+2;\
(p1-1)"2+(p2-1)72-08.25;\
2% (pl+3)*(p2+3)-15.75)")
S=SepFwdBwd (f, Intervalvector(3,Interval(0,00)))
P=IntervalVector([[-5,5],[-5,5]1])
vibes.beginDrawing()
vibes.newFigure('Ackerman')
SIVIA(P,S,0.1)
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Interval analysis

Stability domain Sp

DA
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Stability degrees
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Interval analysis

O-stability
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Interval analysis

P(s) is O-stable if P(s—0) is stable
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Interval analysis

Consider again the example of Ackermann where

P(s,p) =5+ (p1 + P2 +2)5+ (p1 +p2 +2)s+2(p1 +3)(p2 +3) — 13.75

az aj ap

We have
P(S*(SJ))
= (s—8)P+ax(s—8)>+ai(s—38)+ao
s —3528 +38%5 — 83 +ar (s> — 256 +8%) +ai(s—8) +ap
= 4 (ay—38)s*+ (38° —2a8 4+ a))s+ —8> +a28% — a1 8 +ag
—_———

b2 b] bO
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Interval analysis

Its Routh table is given by

1 by
by by
h-21]0
bg 0
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Interval analysis

The & stability domains are defined by

Sp(8) = {peR" | r(p,5) > 0}

by
r(p,(S) = bl - %
bo

b() —53+a252—a15+a0
bl = 352—2a25+a1

where

a, —36

ao 2(p1+3)(p2+3)—13.75
(m) = ( p1+p2+2 )

p1+p2+2
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Interval analysis

from codac import *
from vibes import vibes
vibes.beginDrawing()

R="(b2;b1-b@/b2;bB)"

R=R.replace("b2","(a2-3*d)"); R=R.replace("bl"," (3xd"2-2%a2xd+al)")
R=R.replace("b@","(-d"3+a2xd"2-alxd+a0)"); R=R.replace("a2","(pl+p2+2)")
R=R.replace("al","(pl+p2+2)"); R=R.replace("aB"," (2x(p1+3)*(p2+3)-13.75)")

$@=SepFwdBwd (Function("pl","p2",R.replace("d","8")), IntervalVector(3,Interval(D,co0)))
S1=SepFwdBwd(Function("p1","p2",R.replace("d","8.1")),IntervalVector(3,Interval(0,c0)))
$2=SepFwdBwd (Function("pl*,"p2",R.replace("d","0.2")), IntervalVector(3, Interval(0o,0o0)))

P=IntervalVector([[-5,5]1,[-5,511)

SIVIA(P,S8,0.81,color_map={SetValue.IN: "orange[magenta]"
SetValue.UNKNOWN: "white[white]"})

SIVIA(P,S1,0.081,color_map={SetValue.IN: "yellow[orange]", SetValue.OUT: "transparent",
SetValue.UNKNOWN: “white[white]*})

SIVIA(P,S2,0.01,color_map={SetValue.IN: "magenta[red]", SetValue.OUT: "transparent",
SetValue.UNKNOWN: "white[white]"})

SetValue.OUT: "cyan[blue]",
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Interval analysis
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Contractors
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The operator ¢ : IR" — IR" is a contractor for X C R" if

n J C(X])C[x
V[X]EHR,{ ¢(x])NX

] (contractance),
=[x]NX (completeness).
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-
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The operator ¢ : IR" — IR" is a contractor for the equation

f(x)=0, if

x]) C [x]

A
V[x] € IR ,{ xe[x]and f(x) =0=x€ %F([x])
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Exercise. Let x,y,z be 3 variables such that

[—e°,

8

m M M
R
8
R

X
y
Z
2z

Contract the intervals for x,y,z.
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Solution. We have

x € [x]=1[2,5]
y € DbI=[14
z € [J=1[6,9],


https://www.ensta-bretagne.fr/jaulin/

Since x € [—o0,5],y € [—o0,4],z € [6,00] and z=x+y, we have

7=x+y=> z¢€

X=Z—yYy=> XE

y=z—X= YyE&E

[6,00] N ([—o0,5] +[—e0,4])
= [6700] N [_0079] = [679]'
[=20,5] N ([6,00] = [—20,4])
= [—00,5]N[2,00] = [2,5].
[—e0,4] N ([6,00] = [—22,5])
= [—o0,4]N[1,00] = [1,4].
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The contractor associated with z=x+y is:

] Algorithm pplus (inout: [z],[x],[y]) ‘

[2] := [z N ([ + ) z=x+y
b := [ O ([] = D)) [[x=2—y
D] == D10 (2] = ) [|y=z2—x
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The contractor associated with z=x-y is:

| Algorithm pmult (inout: [z], [x], [y]) ‘
[] == I N ([x] - bT) Nz=x-y
] = [ N (2] - 1/D]) [1x=2z/y
bl = DI (=] -1/[x]) [l y=z/x
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The contractor associated with y =expx is:

’ Algorithm pexp (inout: [y],[x]) ‘

1 [y]:=[y]nexp([x])
2 [x]:=[Nlog([y])
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Any constraint for which such a projection procedure is available
will be called a primitive constraint.
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Example. Consider the primitive equation:

Xp = sinxj.
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Contractors

X1

X, = sinx;
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Decomposition

x+sin(xy) <0,
X € [—1,1],}) € [_151]
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Decomposition

x+sin(xy) <0,
X e [—1,1],}) € [_151]

can be decomposed into
a=xy x€[—1,1] a¢[—oo,o]

b=sin(a) , ye[-1,1] be[—oo,o00]
c=x+b ¢ € [—o0,0]
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Propagation
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Consider the system of two equations.

y = &

y = vx
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We can build two contractors

61 { m z Lyj 2 % associated to y = x2

@il ])

Ny, associated to y = /x

[X] N [y]
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Contractors
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Contractors
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Robust stability
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Consider a motorbike with a speed of 1m/s.
Angle of the handlebars: 6.

Rolling angle: ¢

Wanted rolling angle: ¢,

Measured rolling angle: @,,.

Ba(s)| 4 pat+p3s | B(s) 1 B(s)
pas+1 s2—p1

14 25 + p5s?

Pm(s)
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The input-output relation of the closed-loop system is :

P2 +p3s

§)= : S).
) = ) s+ D+ e pao) (1 25 ps) )
Its characteristic polynomial is thus
P(s) = (s2 —pl) (pas+ 1)+ (p2 +p3s) (1 +2s+p5s2)

= a3s3 + a2s2 +ais—+aop,

with
asz = p4+p3ps az =paps+2p3+1
ay =p3—pips+2p2 ap = —p1+p2.
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The Routh table is :

as a

ay aq
aa;—azag

ap 0

ap 0

(1]

The closed-loop system is stable if a3, as, % and ag have the

same sign.
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Assume that it is known that

p1 €[8.8;9.2]  pr€2.8;3.2]
p3€[0.8;1.2]  ps€e[1.8;2.2]
ps € [~3.2;-2.8].

The system is robustly stable if,

Vp1 € [p1],Vp2 € [p2],Vp3 € [p3], Vpa € [pal, ¥ps € [ps],
as, ap, W and ap have the same sign.
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Now, we have the equivalence

by, by, bz and by have the same sign
o min(bl,bz,b3,b4) >0
or max(bl,bz,b3,b4) <0
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The robust stability condition amounts to proving that
Vp1 € [p1],Vp2 € [p2],Yp3 € [p3], Vp4 € [pa],Vps € [ps]
min LB,LIQ,W,GO >0

or max (6@,612,% ) <0
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This means that the constraint network

Y = {p1,p2,p3:P4.P5},
9 = {LP] [p2], [p3l, [pal. [psl}
=pa+paps; ar =pps+2p3+1
—P3 —p1pa+2p2
ay = —p1+p2
€ = by

— mi aa) —azag
= min (a3,a2, P ,a())

b2 = max <ag,a2 L1 —ad zagag ao)
b1 <0, b, >0.

has no solution.
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Contractors

The proof of robust stability is done using codac

from codac import

pl,p2,p3=Interval(8.8,9.2),Interval(2.8,3.2) ,Interval(0.8,1.2)
p4,pS=Interval(1.8,2.2), Interval(-3.2,-2.8)
bl,b2=Interval(-oc,8),Interval(®,oo)

af,al, a2, a3=Interval(-oc,00),Interval(-oo,00),Interval(-oo,00),Interval(-oo,o00)
en = ContractorNetwork()

cn.add(CteFunction(Function(a3", "pa" "p3", "pS", "p4+p3*p5-a3")),[a3,p3,p4,psl);
cn.add(CtcFunction(Function(“a2","p2", "p3", "p2xp5+24p3+1-a2")), [a2,p2,p3,p5])
cn.add(CtcFunction(Function("al ,"p3", "p3-plepa+2+%p2-a1")), [al,p1,p2,p3,p4l)
cn.add(CtcFunction(Function("a0 -pl-a0")), [a@,pl,p2])

cn.add(CtcFunction(Function( bl "al","a2","a3","min(a3, a2, (a2#al-a3xad)/a2,a0)-b1")),[bl,a0,a1,a2,a3])
cn.add(CtcFunction(Function( b2 ,"al", "a2" "a3", "max(a3, a2, (a2*al-a3+aB)/a2,ad)-b2")),[b2,a0, a1, a2, a3])
en.contract()
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Separators
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A separator .7 is pair of contractors {.7'",.7°U} such that

SN([x])U.7([x]) = [x]  (complementarity).
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A set S is consistent with . (we write S ~.%), if

S~ .7 and S ~ .71
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The remainder of . is
0.7 ([x]) = " ([x]) N.7°([x)).

0.7 is a contractor, not a separator.
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~S([x]), =7 ([x]) and 9.7 ([x])
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Inclusion
S C .S SN C g and FPu C R

Here C means more accurate.
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< is minimal if
ACS ==Y

ie., if M and .#°Ut are both minimal.
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Algebra
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Contractor algebra only allows monotonic operations such as U or
n.
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The complementary € of a contractor €, the restriction €\ %,
etc. cannot be defined.
Separators extend the operations allowed for contractors to non
monotonic expressions.
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The complement of . = {7, 7°out} i

?: {yout’yin}'
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If ;= {7, 7P} i > 1, are separators, we define

ANS = {SPUL SN (intersection)
SV = LIPALA UL (union)
A\S = AN, (difference)
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Theorem. If S; are subsets of R”, we have

SINS;, ~ SANSA
SIUS, ~ AUSA
S o~ A
S\S; ~ S\
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Dealing with quantifiers
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We can build a separator associated to the projection of a set
defined by a separator.

Oblong set. Consider the oblong set
X = {x eR2[Bac [~ 1,12 (xi —a1)2 + (12 —an)? € [4,9]}
We build the separator . for X as follows

(K] [a) ~ (o —a)’+(n—a)’ €[4,9]
< ([x]) = p[r?JYl([X]a[a])
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Separators

from codac import *

from vibes import vibes

f = Function("x1","x2","al","a2", "(x1-al)"2+(x2-a2)"2")
S1=SepFwdBwd(f,Interval(4,9))
A=IntervalVector([[-1,1]1,[-1,111)

S=SepProj(S1,A,0.01)
X=IntervalVector([[-10,10],[-168,10]11)
vibes.beginDrawing()

SIVIA(X,S,08.1)
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Separators

Q>
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Robust control
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Consider the system

2
u | T €8 + ¢ PPy Y
S 2 2
]‘ = i (pys + 1)(s™ +pys +p3)

with p € [p] =[0.9,1.1]*3 and ¢ € [¢] = [0, 1]°.
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X(p,c) is stable < r(c,p) > 0.

Define
C={celc]|Vpe [p],r(c,p) >0}
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The transfer function of X(p,c) is

5) = (cas+c1)pip3
past+ (pop3 + 1) 8> + (pap3 +p3) 2+ (P3 + cop1p?) s+ c1pip3

The first column of the corresponding Routh table is

P2

pap3+1
2(1+
png py— pzplzz( 3ﬁpl)

2 (Z‘lplpz)
(I+ep)ps = —ntiam
(P2P3+1)2

ClPlP%


https://www.ensta-bretagne.fr/jaulin/

Separators

from codac import *
from vibes import vibes
f = Function("c1","c2","p1","p2","p3",
"(p2; p2xp3+1;\
p3*(p2%p3+1) A2-p2xp372x(1+c2xp1) ; \
(1+c2%p1)*p372- (c1*pl*p3) / (1-p2xp3*(1+c2xpl) / ((p2*xp3+1)~2)) ;\
clxplxp3”2)");
P=IntervalVector([[0.9,1.1],[0.9,1.1],[0.9,1.1]])
co =IntervalVector([[0,1],[0,1]])
S1=SepFwdBwd (f, IntervalVector(5,[0,00]))
S=~SepProj(~S1,P)
vibes.beginDrawing()
SIVIA(CO,S,0.1)
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Value set approach


https://www.ensta-bretagne.fr/jaulin/

Separators

The roots of P(p,s) = 0 change continuously with p.
We define the value set

Z ={p|30 >0, P(p,jo) = 0}.

Jw
P2
A P

A\ 5]

>0 B

Zero exclusion theorem


https://www.ensta-bretagne.fr/jaulin/

Cut off frequency. The roots of

P(s)=5"+a, 18"+ +ais+ag
are in the disk with center 0 and radius

@ = 1+max{llaol, [ail],.. -, lan-1[|}

which is the Cauchy bound.
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For
P(p,s) = s> +sin(pip2) - s* +pi -s+pip2
and s =jw, we get
(jo)? +sin(p1p2) - (jw)? +p% -(jo)+p1p2 =0
& —jw’ —sin(pip2) - @* +jpt- 0 +pipr =0

N —sin(pip2) - @*+pip2 = 0
—m2 2 _
0°+py =0
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Linear systems with delays
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Turkulov system. Consider the system
(1) +2x(t—p1)+x(t—p2) =0
Its characteristic function is

P(p,s) = s>+ 2se P! ¢ P2,
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We define
Z ={p|Jo >0, P(p,jo) =0}.

Now

P(pl,p27j(1))

= —@*+2jwe 0P 4 e7iOP

= —0+2jo(cos(wp;) —jsin(wp;))
+cos(@py) —jsin(—wp)

= —?+2wsin(wp;) +cos(wp,)
+j- (2o cos(wp,) — sin(wpy))
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We have

P(p1,P2:ja)) =0
— 0?4+ 2wsin(@p;) + cos(wps)
N - =0
2w cos(wpy) —sin(wp»)

-~

f(p1,p2,@)
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With [p;] =[0,2.5], [p2] = [1,4],[®] = [0,10], with a Matlab
implementation, with a forward-backward contractor, and € = 28
Malti et al. got:

[} Exp-nnemia\_ﬁtab i of Linear (Irrational) Systems in the Parametric Space

Application 2 — Time Delay Systems

of retarded type

o Characteristic function
f(5, 71, 72) = 5° + 25" 4 7"
@ Initialization [{] = ([«]. [n], [=]) =
([0.45.2.5], [0.1.8],[0.3]) .

e Precision n = w([(])/2®

o Nb of calls to SIVIA (o = 0): 238571,
44mn.

@ Nb of calls to SIVIA (o = —0.02) :
251001, 22mn

0 02 04 06 D8 1 12 14 16 18

1

Figure: Stability crossing sets of f(s, 71, 72)

https://youtu.be/DaR2NZZIV107t=2453


https://youtu.be/DaR2NZZIV10?t=2453
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With the basic contractors
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With the centered contractor € = 2%
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Separators

# tubex-lib

& Tubes: basics

Definition

Atube [¥](-) is defined as an envelope enclosing an uncertain trajectory X(-) : i — IR". Itis built as

aninterval of two functions [x~(-), x* ()] such that V1, X~ (1) € X*(1). Atrajectory X(:) belongs to
the tube [x](-)if V1, X(r) € [x](1). Fig. 1 llustrates a tube implemented with a set of boxes. This

Defiition siced implementation is detailed hercinafter.

Arithmetics on tubes

Integralsof tubes.
Set inversion
Contractors for tubes.

Implementatior

Instaling the Tubex lbrary

w to handle tubes with Tub

Fig. 1 Atube [x](-) aset of sices
such asx*().

Code example:

tep = 0
Interval donain (o, 1o

Tube x{domaln, tifestep, Function(*t", "(t-5)%2 + [-6.5,8.51"))

http://www.codac.io/
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