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Problem. Given f : Rn → R and a box [x]⊂ Rn, prove that

∀x ∈ [x], f (x)≥ 0.

Interval arithmetic can solve e�ciently this problem.
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Interval arithmetic

[−1,3]+ [2,5] =?,
[−1,3] · [2,5] =?,
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Interval arithmetic

[−1,3]+ [2,5] = [1,8],
[−1,3] · [2,5] = [−5,15],
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Theorem (Moore, 1970)

[f ] ([x])⊂ R+ ⇒∀x ∈ [x], f (x)≥ 0.
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If ⋄ ∈ {+,−, ·,/,max,min}

[x]⋄ [y] = [ {x⋄ y | x ∈ [x],y ∈ [y]} ] .

where [A] is the smallest interval which encloses A⊂ R.
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If f ∈ {cos, sin,sqr, sqrt, log, exp, . . .}

f ([x]) = [{f (x) | x ∈ [x]}] .

L. Jaulin Interval analysis with application to robust control of linear systems

https://www.ensta-bretagne.fr/jaulin/


Interval analysis

Contractors

Separators

Exercise.

sin([0,π]) = ?

sqr([−1,3]) = [−1,3]2 =?

sqrt([−10,4]) =
√

[−10,4] =?

log([−2,−1]) = ?.
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Solution.

sin([0,π]) = [0,1]

sqr([−1,3]) = [−1,3]2 = [0,9]

sqrt([−10,4]) =
√

[−10,4] = [0,2]

log([−2,−1]) = /0.
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A box, or interval vector [x] of Rn is

[x] = [x−1 ,x
+
1 ]×·· ·× [x−n ,x

+
n ] = [x1]×·· ·× [xn].

The set of all boxes of Rn is denoted by IRn.
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[f] : IRn → IRm is an inclusion function for f if

∀[x] ∈ IRn, f([x])⊂ [f] ([x]).

Inclusion functions [f] and [f]∗
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A subpaving of Rn is a set of non-overlapping boxes of Rn.
Sets X can be bracketed between two subpavings:

X− ⊂ X⊂ X+.
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Example.
X= {(x1,x2)

∣∣ x2
1 + x2

2 ∈ [1,2]}.
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Let f : Rn → Rm and let Y be a subset of Rm. Set inversion is the
characterization of

X= {x ∈ Rn | f(x) ∈ Y}= f−1(Y).
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We shall use the following tests.

(i) [f]([x])⊂ Y ⇒ [x]⊂ X
(ii) [f]([x])∩Y= /0 ⇒ [x]∩X= /0.

Boxes for which these tests failed are bisected, except if they are
too small.
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Consider the linear system with delays:

ÿ(t)− ÿ(t−1)+2ẏ(t)− ẏ(t−1)+ y(t) = u(t)
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In the Laplace domain, we have

s2ŷ(s)− s2e−sŷ(s)+2sŷ(s)− se−sŷ(s)+ ŷ(s) = û(s)

i.e., (
s2 − s2e−s +2s− se−s +1

)
ŷ(s) = û(s)

i.e.

ŷ(s) =
1

s2 − s2e−s +2s− se−s +1︸ ︷︷ ︸
=H(s)

· û(s)
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Its transfer function is

H(s) =
1

(s+1)(s(1− e−s)+1)

The gain is

h = |H(jω)|∣∣∣ 1
(jω+1) ·

1
(jω(1−e−jω )+1)

∣∣∣
=

∣∣∣ 1
jω+1

∣∣∣ · ∣∣∣ 1
jω(1−cosω+jsinω)+1

∣∣∣
1√

1+ω2 · 1√
(1−ω sinω)2+ω2(1−cosω)2

L. Jaulin Interval analysis with application to robust control of linear systems

https://www.ensta-bretagne.fr/jaulin/


Interval analysis

Contractors

Separators

We ask SIVIA to characterize the set{
(ω,h) ∈ R2 |h−|H(jω)|= 0

}
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The spikes are almost impossible to get with classical plot methods
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Consider the system

y(6)+3.4y(5)+71.49y(4)+160.12
...
y +1089.6ÿ+1177.84ẏ+4452.2y= u

Its characteristic polynomial is

P(s)= s6+3.4s5+71.49s4+160.12s3+1089.6s2+1177.84s+4452.2.

The roots are

{−0.2−3j,−0.2+3j,−0.5−7j,−0.5+7j,−1−3j,−1+3j}.
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For u = 0, we have

y(t) = α1 sin(3t+ϕ1)exp(−0.2t)+α2 sin(7t+ϕ2)exp(−0.5t)
+α3 sin(3t+ϕ2)exp(−t)
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α1 = α2 = α3 = 1 and ϕ1 = ϕ2 = ϕ3 = 0
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The stability domain Sp of the polynomial

P(s,p) = sn +an−1(p)sn−1 + . . .+a1(p)s+a0(p)

is the set of all p such that P(s,p) is stable.
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Consider the example of Ackermann where

P(s,p)= s3+(p1+p2+2)s2+(p1+p2+2)s+2p1p2+6p1+6p2+2.25

Its Routh table is given by

1 p1 +p2 +2
p1 +p2 +2 2p1p2 +6p1 +6p2 +2.25

(p1−1)2+(p2−1)2−0.25
p1+p2+2 0

2(p1 +3)(p2 +3)−15.75 0
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Its stability domain is thus de�ned by

Sp ≜ {p ∈ Rn | r(p)> 0}= r−1 (]0,+∞[×n)
where

r(p) =

 p1 +p2 +2
(p1 −1)2 +(p2 −1)2 −0.25
2(p1 +3)(p2 +3)−15.75

 .
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Stability domain Sp
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Stability degrees

L. Jaulin Interval analysis with application to robust control of linear systems

https://www.ensta-bretagne.fr/jaulin/


Interval analysis

Contractors

Separators

δ -stability
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P(s) is δ -stable if P(s−δ ) is stable
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Consider again the example of Ackermann where

P(s,p)= s3+(p1 +p2 +2)︸ ︷︷ ︸
a2

s2+(p1 +p2 +2)︸ ︷︷ ︸
a1

s+2(p1 +3)(p2 +3)−13.75︸ ︷︷ ︸
a0

We have

P(s−δ ,p)
= (s−δ )3 +a2(s−δ )2 +a1(s−δ )+a0
= s3 −3s2δ +3δ 2s−δ 3 +a2(s2 −2sδ +δ 2)+a1(s−δ )+a0

= s3 +(a2 −3δ )︸ ︷︷ ︸
b2

s2 +(3δ
2 −2a2δ +a1)︸ ︷︷ ︸

b1

s+−δ
3 +a2δ

2 −a1δ +a0︸ ︷︷ ︸
b0
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Its Routh table is given by

1 b1

b2 b0

b1 − b0
b2

0
b0 0
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The δ stability domains are de�ned by

Sp(δ )≜ {p ∈ Rn | r(p,δ )> 0}

where

r(p,δ ) =

 b2

b1 − b0
b2

b0


 b0

b1
b2

 =

 −δ 3 +a2δ 2 −a1δ +a0
3δ 2 −2a2δ +a1

a2 −3δ


 a0

a1
a2

 =

 2(p1 +3)(p2 +3)−13.75
p1 +p2 +2
p1 +p2 +2


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The operator C : IRn → IRn is a contractor for X ⊂ Rn if

∀[x] ∈ IRn,

{
C ([x])⊂ [x] (contractance),
C ([x])∩X= [x]∩X (completeness).
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The operator C : IRn → IRn is a contractor for the equation
f (x) = 0, if

∀[x] ∈ IRn,

{
C ([x])⊂ [x]
x ∈ [x] and f (x) = 0 ⇒ x ∈ C ([x])
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Exercise. Let x,y,z be 3 variables such that

x ∈ [−∞,5]

y ∈ [−∞,4]

z ∈ [6,∞]

z = x+ y.

Contract the intervals for x,y,z.
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Solution. We have

x ∈ [x] = [2,5]

y ∈ [y] = [1,4]

z ∈ [z] = [6,9],
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Since x ∈ [−∞,5],y ∈ [−∞,4],z ∈ [6,∞] and z = x+ y, we have

z = x+ y ⇒ z ∈ [6,∞]∩ ([−∞,5]+ [−∞,4])
= [6,∞]∩ [−∞,9] = [6,9].

x = z− y ⇒ x ∈ [−∞,5]∩ ([6,∞]− [−∞,4])
= [−∞,5]∩ [2,∞] = [2,5].

y = z− x ⇒ y ∈ [−∞,4]∩ ([6,∞]− [−∞,5])
= [−∞,4]∩ [1,∞] = [1,4].
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The contractor associated with z = x+ y is:

Algorithm pplus(inout: [z], [x], [y])
[z] := [z]∩ ([x]+ [y]) // z = x+ y
[x] := [x]∩ ([z]− [y]) //x = z− y
[y] := [y]∩ ([z]− [x]) // y = z− x
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The contractor associated with z = x · y is:

Algorithm pmult(inout: [z], [x], [y])
[z] := [z]∩ ([x] · [y]) // z = x · y
[x] := [x]∩ ([z] ·1/[y]) //x = z/y
[y] := [y]∩ ([z] ·1/[x]) // y = z/x
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The contractor associated with y = expx is:

Algorithm pexp(inout: [y], [x])
1 [y] := [y]∩ exp([x])
2 [x] := [x]∩ log([y])

L. Jaulin Interval analysis with application to robust control of linear systems

https://www.ensta-bretagne.fr/jaulin/


Interval analysis

Contractors

Separators

Any constraint for which such a projection procedure is available
will be called a primitive constraint.
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Example. Consider the primitive equation:

x2 = sinx1.
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Decomposition

x+ sin(xy)≤ 0,
x ∈ [−1,1],y ∈ [−1,1]
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Decomposition

x+ sin(xy)≤ 0,
x ∈ [−1,1],y ∈ [−1,1]

can be decomposed into
a = xy
b = sin(a)
c = x+b

,
x ∈ [−1,1] a ∈ [−∞,∞]
y ∈ [−1,1] b ∈ [−∞,∞]

c ∈ [−∞,0]
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Consider the system of two equations.

y = x2

y =
√

x.
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We can build two contractors

C1 :
{

[y] = [y]∩ [x]2

[x] = [x]∩
√
[y]

associated to y = x2

C2 :
{

[y] = [y]∩
√
[x]

[x] = [x]∩ [y]2
associated to y =

√
x
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Robust stability
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Consider a motorbike with a speed of 1m/s.
Angle of the handlebars: θ .
Rolling angle: φ

Wanted rolling angle: φd

Measured rolling angle: φm.
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The input-output relation of the closed-loop system is :

φ(s) =
p2 +p3s

(s2 −p1)(p4s+1)+(p2 +p3s)(1+2s+p5s2)
·φd(s).

Its characteristic polynomial is thus

P(s) =
(
s2 −p1

)
(p4s+1)+(p2 +p3s)

(
1+2s+p5s2)

= a3s3 +a2s2 +a1s+a0,

with
a3 = p4 +p3p5 a2 = p2p5 +2p3 +1

a1 = p3 −p1p4 +2p2 a0 =−p1 +p2.

L. Jaulin Interval analysis with application to robust control of linear systems

https://www.ensta-bretagne.fr/jaulin/


Interval analysis

Contractors

Separators

The Routh table is :

a3 a1

a2 a1
a2a1−a3a0

a2
0

a0 0

The closed-loop system is stable if a3,a2,
a2a1−a3a0

a2
and a0 have the

same sign.
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Assume that it is known that

p1 ∈ [8.8;9.2] p2 ∈ [2.8;3.2]
p3 ∈ [0.8;1.2] p4 ∈ [1.8;2.2]

p5 ∈ [−3.2;−2.8].

The system is robustly stable if,

∀p1 ∈ [p1],∀p2 ∈ [p2],∀p3 ∈ [p3],∀p4 ∈ [p4],∀p5 ∈ [p5],
a3, a2,

a2a1−a3a0
a2

and a0 have the same sign.
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Now, we have the equivalence

b1, b2, b3 and b4 have the same sign

⇔
{

min(b1,b2,b3,b4)> 0
or max(b1,b2,b3,b4)< 0
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The robust stability condition amounts to proving that

∀p1 ∈ [p1],∀p2 ∈ [p2],∀p3 ∈ [p3],∀p4 ∈ [p4],∀p5 ∈ [p5] min
(

a3,a2,
a2a1−a3a0

a2
,a0

)
> 0

or max
(

a3,a2,
a2a1−a3a0

a2
,a0

)
< 0

L. Jaulin Interval analysis with application to robust control of linear systems

https://www.ensta-bretagne.fr/jaulin/


Interval analysis

Contractors

Separators

This means that the constraint network

V = {p1,p2,p3,p4,p5},
D = {[p1], [p2], [p3], [p4], [p5]} ,

C =



a3 = p4 +p3p5 ; a2 = p2p5 +2p3 +1
a1 = p3 −p1p4 +2p2
a0 =−p1 +p2

b1 = min
(

a3,a2,
a2a1−a3a0

a2
,a0

)
b2 = max

(
a3,a2,

a2a1−a3a0
a2

,a0

)
b1 ≤ 0, b2 ≥ 0.


has no solution.
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The proof of robust stability is done using codac
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A separator S is pair of contractors
{
S in,S out

}
such that

S in([x])∪S out([x]) = [x] (complementarity).
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A set S is consistent with S (we write S∼ S ), if

S∼ S out and S∼ S in.
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The remainder of S is

∂S ([x]) = S in([x])∩S out([x]).

∂S is a contractor, not a separator.
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¬S in([x]), ¬S out([x]) and ∂S ([x])
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Inclusion

S1 ⊂ S2 ⇔ S in
1 ⊂ S in

2 and S out
1 ⊂ S out

2 .

Here ⊂ means more accurate.
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S is minimal if
S1 ⊂ S ⇒ S1 = S .

i.e., if S in and S out are both minimal.
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Algebra
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Contractor algebra only allows monotonic operations such as ∪ or
∩.
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The complementary C of a contractor C , the restriction C1\C2,
etc. cannot be de�ned.
Separators extend the operations allowed for contractors to non
monotonic expressions.
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The complement of S =
{
S in,S out

}
is

S =
{
S out,S in

}
.
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If Si =
{
S in

i ,S out
i

}
, i ≥ 1, are separators, we de�ne

S1 ∩S2 =
{
S in

1 ∪S in
2 ,S out

1 ∩S out
2

}
(intersection)

S1 ∪S2 =
{
S in

1 ∩S in
2 ,S out

1 ∪S out
2

}
(union)

S1\S2 = S1 ∩S2. (di�erence)
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Theorem. If Si are subsets of Rn, we have

S1 ∩S2 ∼ S1 ∩S2
S1 ∪S2 ∼ S1 ∪S2

Si ∼ Si

S1\S2 ∼ S1\S2.
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Dealing with quanti�ers
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We can build a separator associated to the projection of a set
de�ned by a separator.

Oblong set. Consider the oblong set

X=
{

x ∈ R2 |∃a ∈ [−1,1]2, (x1 −a1)
2 +(x2 −a2)

2 ∈ [4,9]
}

We build the separator S for X as follows

S1([x] , [a]) ∼ (x1 −a1)
2 +(x2 −a2)

2 ∈ [4,9]
S ([x]) = proj

[a]
S1([x] , [a])
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Robust control
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Consider the system

with p ∈ [p] = [0.9,1.1]×3 and c ∈ [c] = [0,1]2.
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Σ(p,c) is stable ⇔ r (c,p)> 0.

De�ne
C= {c ∈ [c] | ∀p ∈ [p],r(c,p)> 0}
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The transfer function of Σ(p,c) is

H(s)=
(c2s+ c1)p1p2

3

p2s4 +(p2p3 +1)s3 +
(
p2p2

3 +p3
)

s2 +
(
p2

3 + c2p1p2
3

)
s+ c1p1p2

3

The �rst column of the corresponding Routh table is

p2
p2p3 +1

p2p2
3 +p3 −

p2p2
3(1+c2p1)
p2p3+1

(1+ c2p1)p2
3 −

(c1p1p3)

1− p2p3(1+c2p1)

(p2p3+1)2

c1p1p2
3


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Value set approach
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The roots of P(p,s) = 0 change continuously with p.
We de�ne the value set

P = {p |∃ω > 0, P(p, jω) = 0}.

Zero exclusion theorem
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Cut o� frequency. The roots of

P(s) = sn +an−1sn−1 + · · ·+a1s+a0

are in the disk with center 0 and radius

ωc = 1+max{∥a0∥,∥a1∥, . . . ,∥an−1∥}

which is the Cauchy bound.
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For
P(p,s) = s3 + sin(p1p2) · s2 +p2

1 · s+p1p2

and s = jω, we get

(jω)3 + sin(p1p2) · (jω)2 +p2
1 · (jω)+p1p2 = 0

⇔ −jω3 − sin(p1p2) ·ω2 + jp2
1 ·ω +p1p2 = 0

⇔
{

−sin(p1p2) ·ω2 +p1p2 = 0
−ω2 +p2

1 = 0
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Linear systems with delays
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Turkulov system. Consider the system

ẍ(t)+2ẋ(t−p1)+ x(t−p2) = 0

Its characteristic function is

P(p,s) = s2 +2se−sp1 + e−sp2 .
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We de�ne
P = {p |∃ω > 0, P(p, jω) = 0}.

Now
P(p1,p2, jω)

= −ω2 +2jωe−jωp1 + e−jωp2

= −ω2 +2jω(cos(ωp1)− jsin(ωp1))
+cos(ωp2)− jsin(−ωp2)

= −ω2 +2ω sin(ωp1)+ cos(ωp2)
+j · (2ω cos(ωp1)− sin(ωp2))
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We have

P(p1,p2, jω) = 0

⇔
(

−ω2 +2ω sin(ωp1)+ cos(ωp2)
2ω cos(ωp1)− sin(ωp2)

)
︸ ︷︷ ︸

f(p1,p2,ω)

= 0
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With [p1] = [0,2.5], [p2] = [1,4],[ω] = [0,10], with a Matlab
implementation, with a forward-backward contractor, and ε = 2−8,
Malti et al. got:

https://youtu.be/DaR2NZZIV10?t=2453
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With the basic contractors
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With the centered contractor ε = 2−4
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http://www.codac.io/
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https://www.ensta-bretagne.fr/iamooc/
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