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I. MOTIVATIONS

Model : ym (p, t) = pie 2.

Parameters : py, ps.

Sampling times : t1,%9,...,t,,

Data bars : [y, y], (Y2 v5 ), - -+ U Ui

Feasible set for the parameters
S = {p € RQ? Ym (patl) < [yl_ay;r]a

Ym (Ps tm) € [Yn> Ul }-



Presentation of the software Setdemo



As a conclusion,

- Interval methods are fast when the number n of
variables is small (here 2).

- when n Is large, constraint propagation can be
used to limit the number of bisections



II. PROJECTORS

A constraint A (zq,...,xz,) s a subset of R".
A projector associated with A is a function

Cy x| = lIxJnAJ.
A constraint A is projectable if a polynomial
projector is available for A.
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Presentation of the solver Proj2d



Among projectable constraints, we have

e acyclic constraints such as
r7 4+ xgsin (v5) > 0
Ty +exp(xy) = 1
which can be projected using interval arithmetic,

e [inear constraints such as
0x1 —4xy +6x4+2 > 0
91 + a3 +6x4 —5 = 0
which can be projected using linear programming,



e [inear matrix inequalities (LMI) such as

102 —9 2 2 173
033 +z1 | 2 45 |+. 42, | 714 >0
2 3 —4 2 02 341

which can be projected using convex optimization
techniques.



III. DECOMPOSITION

Decompose the CSP to be solved into a conjunction
of projectable constraints.

Example: The CSP
Y, = T+ 279 + 23

Ly

3
[ 2 2
LTI+

can be decomposed into the 3 following projectable
constraints:

= x1 + 229 +
A1Z{y1 1 2 3

Yo = To + T3 —

Yo = T9+ T3 — 2

Ay iz = x/2

3
Az 0 oz = /x? + 22



IV. PROPAGATION

Consider the three following constraints

A -y =,
Ay xy =1,
Az - y=—2x+1.

To each variable x, y, we give the domain | — 0o, oo].

Constraint propagation projects all constraints
upto the equilibrium.



















(C1) = y € ] = 00,00 = [0,00]
(Cy) = z € 1/[0,00] = [0, 00|
(C3) = y € [0,00[ N ((—2).]0, 00[+1)
= [0,00[ N (] =00, 1]) = 0,1]
z e [0,00[ N (—[0,1)/24+1/2)
=10,1/2
(C)) = ye€ [0,1]N]0,1/2]*=10,1/4]
(Cy) = z € [0,1/2] N 1/[0,1/4] =)
ye [0,1/4Nn1/0=10




V. LOCAL CONSISTENCY

If C*, and Cj; are two projectors for two .A and B, the
contractor

CyoCzolCyoCrollyolho...

IS not necessarily a projector for AN B.



A
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Problem: Decrease the pessimism due to local
consistency.

Solution: Increase the class of projectable con-
straints to avoid unnecessary decompositions.



VI. LINEAR MATRIX INEQUALITY

The constraint C (x4, ) given by

3—|—4.CE1—|—7CU2 4—|—5CU1—35E2 6—|—2.CU1—|—2$2
44 5x1 —3x9 245x1+ 519y 94 1527 + 29 ~ 0
6+ 256’1 + 2562 9+ 15561 + X9 1+ 10561 + 8562

or equivalently

346 4 5 2 T =32
429 |4+z| 55 15 |+z2| =3 5 1 | =0
691 2 15 10 3 1 8

IS an LMI.



Linear constraints are LMIs

A set of linear inequalities is an LMI. For instance

a111 -+ a19T9 -+ b1 Z 0
a911 -+ a99X9 -+ bg Z 0

IS equivalent to the following LMI

b 0
a11Z1 + a19T2 + 04 -0,
O a911 —+ a99T9 —+ b2






Ellipsoids are LMI sets (Schur complement
theorem).

15131562
3wt + 208 —2rry <5 |z 2 1 | =0
i) 1 3
100 010 001

<1021 [ +2 [ 100 | +22] 000 | =0.
013 000 100



LMIs are involved in global optimization

Function :
f(x) = 40% — zoxy + 2 + 2lay — 4a5 + 1175

Gradient
(x) 6x1 — dxgz] + 629 + 2x175 + 75
X)) =
5 —xt + a3 — 8xo + 4T

Hessian matrix
( 8= 12wz 4 300+ 2y —dwy G +day )

—4a} + 63125 + Ay 6xiTy — 8 + 127175



Constraints

(da? — zoa? + 20 + 2223 — 4z + 22l < fF
6x1 — daixo + 627 + 22125 + x5 =
—x + 3xixs — 8wy + dw2s =0
( 8 — 1222wy + 302! + 223 —423 + 63,22 + 423 ) o
\

—4z? + 6z125 + 4oy 6xixre — 8+ 127175

L\




Decomposition . The previous set of constraints
can be decomposed into the following set of
projectable constraints

2 3 4 5) .6
1 -

b1 = .CCQ, b2 = .CCQ, bg = .CC%,
Ay 11 = azzy, ¢ =aiby, ci = ayxy, c5= aiby,
Az g = x1by, c3=x1b3, 7 = a1x9, 5 = 11by,
[ da; — 1+ a5+ co — 4by + 3 < fF
656’1 —4C4+6a4—|—265—|—b3 =0
L —a,3—|—366—8332—|—465:0

m (81207+30a3+2b2 4a2+608+4b2> o

>

—40,2 + 668 + 4b2 667 — 8+ 1268



Better : The constraint given by

/

Ay <

./452(

( 2 2
a; > x7, b > @3,

da; —cy+as+cy —4by +c5 < fF
6x1 — 4cy + 6ay + 2¢c5 + b3 =0
—as + 3cg — 8wy +4cy, =0
8 — 12¢7 + 30ag + 2by —4ay + 6 +4b2> o
—4a9 + 6¢cg + 4by O6c; — 8 + 12¢g -

IS convex (better, it is an LMI). Its projector can be
built using convex techniques.



VI. PROJECTION OF LMlIls

A matrix A of 8™ Is positive semade finite (PSD),
denoted by A > 0, if

Vz € R",z"Az > 0.



Theorem: The set of PSD matrices is convex.

Proof:
St = {A eS8 vzeR",z'Az > 0}
— m [A eS8 |z'Az >0}

zcR"?

— m AeS"\szzjaUZO

ZER” 77]



For instance, the constraint C (z, z5) given by

3—|—CU1—|—7CC2 4—|—5CC1—332 6—|—2.CU1—|—.CC2
4+5x1 —x9 24521 +529 9+0x1+29 | =0
6—|—2.CC1—|—CU2 9—|—5CE’1—|—CE’2 4—|—CE’1—|—8CE’2

IS convex, because it is the reciprocal image of the
convex set S¢ by the af fine function:

44+ 5x1 —x9 2+ 521 +5x9 9+ D21 + 29

3—|—CU1—|—7CU2 4—|—5CE’1—.§EQ 6—|—25U1—|—CU2
6—|—2.CC1—|—CU2 9—|—5CE’1—|—CE’2 4—|—CE’1—|—8CE’2

L9



The projection of an LMI with m variables requires
2m LMI optimizations.

Each of them can be performed by SeDuMi which
has a worst-case complexity of

0 ((n3‘5m £ 25m?) log @) |



