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1 What is control theory ?



Consider one system
x = f(x,u)

where x iIs the state and u is the control.

Control problem: Find a controller
u=r(x,w),

where w is setpoint, such that the closed loop system

behaves as desired.



2 What is interval analysis ?



Problem. Given f : R™” — R and a box [x] C R",
prove that

vx € [x], f(x) > 0.

Interval arithmetic can solve efficiently this problem.



Example. Is the function

f(x) = x120 — (21 + ) cosxp + sinxq - sinxy + 2

always positive for x1,z € [—1,1] ?



Interval arithmetic

[—1,3] +[2,5]
[=1,3] - [2,5]
abs([ 7,1])

[1, 8],
[—5, 15],
[0, 7]



The interval extension of

f(x1,x2) = x1-x20—(x1 4+ T2)-CcOs To+sin x1-sin To+2

IS

[f1([x1] , [x2]) = [z1] - [%2] — ([x1] + [z2]) - cos [z7]
+sin [z1] - sin [x2] + 2.



Theorem (Moore, 1970)

[f1(x]) CR" = Vx € [x], f (x) > 0.



3 Stability of linear systems



Linear system

any™ +- -+ a19+agy = bynul™ 4+ . £ b1+ bou.



The system is stable iff all roots of

P(s) = ans” + ap_1s" L+ -+ ais + ag.

are in C—.



Routh table

an aAn—2 | An—4 | An—=6 010
An—1 | @n—3 | Apn—5 | On—7 00
b1 b b3 00

00

C2




_ An—-10np—2—Aanln_3 _ An—10n—4—Aanln_5
b1 = by =
b an—1 ) b an—1 )
__0914pn_3—0n_—102 _ 010pn_5—0ap_103
1 = b1 2 = b1

The roots of P(s) are in C™ if all entries on the left
column have the same sign.



Example. One motorbike where 6 is the handlebar an-
gle and ¢ is the roll:

(5) = ——0(s)



Controller

a9 + (38

0(s) = "2 (5u(5) = i)

Sensor:

O (8) = (1 + 25 + ksZ) o(s)






We have
o + 38
(8 — al) (75 4+ 1) 4+ (a2 + a3s) (1 + 25+ ks

)¢d(8)



The characteristic polynomial is

(32 - oq) (7s 4+ 1) 4+ (ao + a3s) (1 + 2s + k52>
= a333 + a232 + a1s + aq

with
a3 = T+ a3k
ar» = ask+2a3+1
a; = a3 — a1T + 2009

ag = —o1+ oo.



The Routh table is:

az ai

a2 ag

a2a1—a3zag 0 (1)
ap

ag 0

. . ana1—as3a
The system is stable if a3, ay, =2 1a2 320 ag have the
same sign.



For

a1 € [8.8,9.2],a0 €[2.8,3.2],a3 € [0.8,1.2],
T € [1.8,2.2],k € [-3.2,—2.8]

we get the robust stability of the closed loop system.



4 Stability domains



The stability domain Sp of

P(s,p) = s" +an_1(p)s" t+...+a1(p)s +ao(p)

is the set of all p such that P(s,p) is stable.

Sp £ {p € R | x(p) > 0} =" (J0, +00[").



Example. Consider

P(s,p) = s>+ (p1+p2+2)s®+ (p1+ po+2)s
+ 2p1p2 + 6p1 + 6p2 + 2.25.

The Routh function is

p1+p2+2
r(p) = | (p1—1)°+(p2—1)*—0.25
2(p1 + 3)(p2 +3) — 16 + 0.25






5 Interval polynomials



Kharitonov Theorem. The interval polynomial
[a] — [Qnaan]sn X X [Q]_,E]_]S X [Q0760]
is robustly stable iff the four polynomials

Qnsn + Qn—lsn_l + an—ZSn_z + an—38n_3 + Qn—43n_4 + ..
ans" +a, 15" V4 a, 2" 2 +a, 35" 3 +G,_as" 4 ..
ns” 4+ Gp_18" L+ a, 0" 2 +a, 35" 3+ a,_as" 4+ ..
Qnsn + a71—15”_1 + an—23n_2 + Qn—33n_3 =+ Qn—43n_4 + ..

are stable.



The family of polynomials

A= {pss*+ (p4 + cos?(p3))s> + 2p15% + poy/Pas + p1 |
p1 €6=E1, prp€[3,4], p3€ £%, pa€[L,2], ps €[1,2

Is a subset of the interval polynomial

[a] = [1, 2]s*+[3/2, 3]s3+[10, 14]s%+[3, 4v/2]s+[5, 7].



The Kharitonov polynomials associated with [a] are

Ki1(s) s*+ %83 + 145° 4 44/25 + 5,
Ks(s) 254 + %:5*3 +10s° + 425 + 7, 2)
K3(s) = 2s*+3534+10s2+3s5+7,
Ky(s) s* + 3s3 + 1452 4+ 35 + 5.
Since all K;(s) are stable, [a] is robustly stable, and so
is A.



6 Control of a sailboat

(Collaboration with P. Herrero)



A robot

f(x,u)
g (x)

5

Set of feasible outputs

Y:{y | H(Xau)v f(Xvu):an:g(X)}°



(b)




v cos 6,
vsinf — BV,
w?
ui,

u,
fssinds— frsin (5r—oszu
m Y
(6—7"3 Ccos 53)_]05—7“7“ Ccos 5'rffr—049w

J )
as (V cos(0 4 ds) — vsinds),

Qv Sin Op.




Polar speed diagram of a sailboat.

W:{ (97U)| El(fsaf’l“a(s’l“755)
0— fssinds— frsindp— Qv
0— (b—rs cosémjfs T €OS O fr

fs = as (V cos (9 +8s) — vsinds)

ffr = Orv sin 5fr
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7 Control of a wheeled climbing

robot



7.1 Context
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7.2 Ildea



Mass transfer system to avoid any sliding
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(c) Right break on : sliding

(d) No breaks : the robot moves

For (a), (b), (c) the fundamental principle of static is satisfied



7.3 Formalization

Consider the class of constrained dynamic robots

x(t) = £(x(¢), u(?))
g(x(t),v(t)) < 0.

u(t) is the evolution input vector,
x(t) is the state vector,
v(t) is the viable input vector.



o If g(x,v) =A(x).v+ b(x) <0 then a simplex
method can find a feasible v.

e Otherwise, interval methods can be used to find a

feasible v.



7.4 Resolution



— u,

. 0.
g( ’



Fundamental principle of static. When the robot
does not move,

( S . —_— .
—p1m] A p1j + P1c3 A _f) —pim3Apuzj = 0
poms A tsj +poco A £ —pop3 A 1’3
< pPomy A pig) = 0
— . —
ry—(pr+pg)i+ f = 0
\ To—f —(uo+ )i+ T3 =0



A scalar decomposition yields

p

—H1 (mlx — pla:) =+ (C2£C — pl:c) fy
— (c2y = p1y) fo — 13 (M3 — P12)
2% (m2:c — p2:c) + (6233 — p2:c) fy
— (Czy — p2y> fo— (P34 — P2z) T3y
+ (p3y — p2y> 3¢ + ta (Magy — P2s)
Tz + Jo
Ty — M1 — 43 + Jy
Tox — Jo + T3y

\ Toy — Jy — Mo — Hg + T3y

N\

O O OO O



In a matrix form as

Ay(z).y = by(z),

where
[0 00
000
100
A1l@) = | 5 { o
001
\0 0 0

Ply—C2y C2x—Plx
C2y—P2y P2r—C2x

1
0
—1
0

O O O O o

1

—1

0

0

P2y—P3y P3zx— P2y

0
0
1
0

—p

0
0 0
1 0
0 0
0

3

0
0
0
1
0
—Hig
0
0
0
0

\

)



( M1 (mlx — plx) — H3P1x \

po (Moy — D2z) — HaP22
0

1+ U3
0

\ p2 + pg )

b1 ()

and

T
y = (Tlx,’l“]_y,’l“zx,7“2y,7“3x,’l“3y,fx,fy,m3x,m4x) :



We have 10 unknowns for 6 equations: our robot has
a second order hyperstatic equilibrium.



Non-sliding conditions. None of the wheels will slide
if all T'; belong to their Coulomb cone:

As(x).y <0,
where Ay(x) is given by

((wy, —up O 0 0 0 00
—ufy ufx 0 0 0 0 00
0 0 uz_ —uz_w 0 0 00
1 £ 0 0 00

0 0 —Ug,,  Ugy _ _
0 0 0 0 “g _ujw 00
\ 0 0 0 0 Uz, uz, 00

O O OO O Oo
o O O O OO




A configuration where the middle wheel is almost
sliding.



Collision avoidance. The pendulums should not inter-
sect the ground or the robot itself

(o 0000O0O0GO0°1 o)ye([mgnqg",mgn;X])

0000O0O0O0OOTGO?1 [y, myaX]



7.5 All constraints



Our robot can be described by

dy =

(i)

(”) g(CU,’U]_, U2)

where (ii) is equivalent to

( Tz, T1ly \
22 T2y
325 T3y

fanfy

K m3g, M4y /

Aq(z).y
As(z).y
As(z).y

IA I
o

IAINA I

bi(x)

bs(x)
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Mass transfer
controller




Angle friction coefficient: ¢ = 0.54

Radius of the wheels: p; = 8bmm, po = 75mm,
pP3 = 85mm

Lengths of the pendulums: ¢1 = 5 = 350mm
Weights of the platforms: pq = pup, = 70N

Weights and the pendulum masses: p3 = g = 20N.
Height and the width of the stairs: 220mm and 280mm






