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Contractors and separators
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€ ([x]) C [x] (contractance)
x] C[y] = €(x]) Cc€(y]) (monotonicity)


https://www.ensta-bretagne.fr/jaulin/

Contractors and separators
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Contractors and separators

Inclusion

G C 6 = Vx| € IR, % (x]) C %a([x]).
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Contractors and separators

A set S is consistent with ¢ (we write S ~ %) if

#(x))NS = [x] NS.
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Contractors and separators

% is minimal if
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Contractors and separators

The negation =€ of € is defined by

(X)) ={xex [x¢ & (x])}-

It is not a box in general.
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Contractors and separators
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Contractors and separators

vf
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Separators
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Contractors and separators

A separator .7 is pair of contractors {.7'",.7°Ut} such that

SN([x])U.7([x]) = [x]  (complementarity).
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Contractors and separators

A set S is consistent with . (we write S ~.%), if

S~ .7 and S ~ .71
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Contractors and separators

The remainder of . is
0.7 ([x]) = ."([x]) N7°([x]).

0.7 is a contractor, not a separator.
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Contractors and separators

We have .
S ([x)) U= (X)) U0 ([x]) = [x].

Moreover, they do not overlap.
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~S([x]), =7 ([x]) and 9.7 ([x])
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Contractors and separators

Inclusion
S C. S SN C .7 and SPU ¢ R

Here C means more accurate.
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Contractors and separators

< is minimal if
ACS ==Y

ie., if M and .#°Ut are both minimal.
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Paver
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We want to compute X, X" such that

X" cXcX".
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Algorithm Paver(in: [x],.; out: X~, XT)

2 :={[x]};

Pull [x] from .Z;

{[x"], x>} =7 ([x)):

Store [x]\[x"] into X~ and also into X*;

[X] — [Xln] N [Xout];

If w([x]) < &, then store [x] in X,

Else bisect [x] and push into . the two childs
If £ +#0, go to 2.

O ~NO OB~ WN =
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For the implementation, the paving is represented by a binary tree.
The ith node of the tree contains two boxes: [x""](i) and [x°"!](i).
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The binary tree is said to be minimal if for any node i; with brother
i and father j, we have

(i) [xX"](in) # 0, [x**](ir)
(i) [x)G) N Ixow] ) = ([X'”](ll)ﬂ[X“t](l))
L (X" (22) N [x°*)(i2))
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Algebra


https://www.ensta-bretagne.fr/jaulin/

Contractor algebra only allows monotonic operations such as U or
N, i.e.,

Vi,6: C € = G U(NEG) C U (%m%’).
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The complementary € of a contractor €, the restriction €\ %,
etc. cannot be defined.
Separators extend the operations allowed for contractors to non
monotonic expressions.
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The complement of .7 = {.7n, 7°out} is

?: {yout’yin}'
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If ;= {7, 7P} i > 1, are separators, we define

SNS = {Frugin seutn .ol (intersection)

AU = {Fnngin oy gom (union)
{a} {m—g—1}  {q}
NS = n "N (relaxed intersection)

1\ A NS (difference)
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Theorem. If S; are subsets of R”, we have

(I) SINS; ~ ANSA
(ii) SIUS;, ~  AUSA
(i) S~ i
(iv), S ~ FK k>0
{a} {a}
v) NS ~ N
i) SI\S;, ~ A\
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Inversion of separators
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The inverse of Y C R” by f: R” — R™ is defined as
X=f1(Y)={x|f(x) € Y}.

f can be a translation, rotation, homothety, projection, ....
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We define _
1 () = {1 (A1 ()}
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Theorem. The separator f~! () is a separator associated with
the set X =f! (Y), i.e.,

1Y) ~ 1 (A).
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Rot(M)
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Atomic separators
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Equation-based separators
If
X={f(x) <0},
the pair {.7",.7°t}, where .7°Ut: f(x) <0 and ™ f(x) >0, is
a separator for X.
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Algebra

Database-based separators
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Dealing with quantifiers

Dealing with quantifiers
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Dealing with quantifiers

We can build a separator associated to the projection of a set
defined by a separator. Consider the set

X = {x eR*Fac|[-11P (xj—a1)*+ (—a)’ € [4,9]}
We build the separator . for X as follows
A(x,[a) ~ (x1—a1)’+(x—a)* € 4,9]

< ([x]) = P[r?jyl ([x][a])
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Dealing with quantifiers

from pyibex import *

from vibes import vibes

f = Function("x1","x2","al","a2","(x1-al)"2+(x2-a2)"2");
S1=SepFwdBwd(f,Interval(4,9))
A=IntervalVector([[-1,1],[-1,1]11)

S2=SepProj(S1,A,0.001)

X0 =IntervalVector([[-10,10],[-10,10]1]);
vibes.beginDrawing()

vibes.newFigure('Proj')

pySIVIA(X0,52,0.1)
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Dealing with quantifiers
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Dealing with quantifiers

Example 1. Build a separator for

X={xe[x] | Jyelylf(xy) <0}.
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Dealing with quantifiers

We build the separator . for X as follows

(XL 0y) ~ (fxy) <0)

7 ([x]) = proj-#1([x],[y])
[v]
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Dealing with quantifiers

Example 2. Build a separator for
X={xe[x]|Jyely],vze [z.f(x,y,z) <0}.
We have

X={xelx][Iyely,~(Czelz, ~(f(xy,2) <0))}.
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Dealing with quantifiers

We build the separator . for X as follows

(x50 [2) ~ (f(xy,2) <0)
([, [y],[2]) = ~1(x], [yl [2])
(L) = p[rz?J«Vz([X] (¥, [2])
(L) = (X))

< ([x]) = proj.sa([x], [y])
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Dealing with quantifiers

Example 3. The problem

y = minf (x)

x€E[x]

is equivalent to
Ix e [x].f(x) <y
Vx € [x].f(x) > y.


https://www.ensta-bretagne.fr/jaulin/

Dealing with quantifiers

The solution set is

Y={y| Gxex].f(x)<y) and (vx € [x] | f(x) =)}

Y={y, (xex].f(x)<y) and (~(Fx € [x].f(x) <¥))}
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Dealing with quantifiers

A separator .#([y]) for the solution set Y can be built as follows

AP~ (fx) <y)
(D)) = p{;t]n%([] )
(XD~ (F(x)<y)
(D)) = p[;?j%([X]v[yD
() 7))

(D) A5 (D))
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Dealing with quantifiers

Example. Consider the optimization problem where f: R” — R™.
The problem is
Y = minf(x).
x€(x]
The set
Y ={y [ Ix € [x].f(x) <y}n{y,vx € [x], = (f(x) <y)}

is called the Pareto set. Here, a <b means that a <b and a #b.
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Dealing with quantifiers

Since

Y ={y | 3x e [x],f(x) <y} N{y,~(Fx € [x], (f(x) <y))}

a separator . ([y]) for Y can be built as follows

~

2
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Dealing with quantifiers

Example. Consider
X={xe[x]|Jyely.f(x,y)=0}.

The set {(x,y) € [x] x [y],f(x,y) =0} has an empty volume. Thus
separator associated with f(x,y) = 0 will never return an inner

approximation.
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Dealing with quantifiers

If f is continuous
(Fy € yl.f(x,y) =0) = (Fy € [yl.f(x,y) > 0)A(Ty € [y].f(x,y) <0).
Thus

X={xe[x] [ Jye[yl.f(xy) >0}n{xe[x] | Iy € [yl.f(x,y) <0}.
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Dealing with quantifiers

A separator . for X can be built as follows

Ax]Ly) ~ (fx,y) >0)
y)) = pﬁj%([] )

()L y)) ~ (fx,y) <0)

Z4([y]) = p[r<]>1:73([] [y])

Z(y]) = Ay Aally))-
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Dealing with quantifiers

Condiser for example the set

X ={x€[~10,10]"? | Iy € [y}, f +x1 %2 +x3 +* = 10}
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Dealing with quantifiers

from pyibex import *

from vibes import vibes

f = Function("x1","x2","y", "X172+X1#*X2+x2"2+y"2-10")
S1=SepFwdBwd(f,Interval(0,1000))

Y=Interval(-10,10)

$2=SepProj(S1,Y,0.001)

S$3=~51

S4=SepProj(S3,Y,0.001)

=52&54

X0 =IntervalVector([[-10,10],[-10,10]]);
vibes.beginDrawing()
vibes.newFigure('Proj')
pySIVIA(X0,S,0.1)


https://www.ensta-bretagne.fr/jaulin/

Dealing with quantifiers
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Dealing with quantifiers

Global optimization
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Dealing with quantifiers

Consider the optimization problem

minf(x) s.t. g(x) <0.

xeR”

Its epigraph is defined by
S={(xa) €R"xR | a>f(x) and g(x) <0}
Define the ith profile of the epigraph

Si={(xj,a) ERXR | F(x1,...,Xi—1,Xiy.--,X,) | @ >f(x) and g(x) < 0},i
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Dealing with quantifiers

Example.
Consider, the following problem

m]iRpx%—xz—Fsinxlxz s.t. x1+x €[1,2].
xeRR”
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Dealing with quantifiers

from pyibex import *

from vibes import vibes

f = Function("x1","a","x2", "x172-x2+sin(x1*x2)-a")
g = Function("x1","a","x2", "x1+x2")
S1=SepFwdBwd(f,Interval(-1000,0))
S2=SepFwdBwd(g,Interval(1,2))

5$3=51&52

S=SepProj(S3,Interval(-100,100),0.01)
vibes.beginDrawing()
pySIVIA(Intervalvector([[-5,5],[-5,5]]),5,0.1)
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Dealing with quantifiers
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Dealing with quantifiers

Bounded error estimation
with uncertain times
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Dealing with quantifiers

Model:
¢ (p,1) = 20exp(—p1t) — 8exp(—pat)
Data
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Dealing with quantifiers
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Dealing with quantifiers

fi [1i] il

075 | [=0.25,1.75] | [2.7,12.1]
15 | [05,2.5] [1.04,7.14]
225 | [1.25,3.25] | [-0.13,3.61]
3 2,4] [~0.95,1.15]
6 5,7] [~4.85,—0.29]
8,10] | [-5.06,—0.36]
13 [12,14] | [~4.1,-0.04
17 [16, 18] [-3.16,0.3]
21 20,22] [-2.5,0.51]
25 | [24,26] =2,0.67]

S O 0 1IN DN kAW~
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Dealing with quantifiers

The posterior feasible set is

Sp={pelp] | 3t €[t],...,3t10 € [t10], 0 (p,11) € 1],---,9(P,110) € [V10]]
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Dealing with quantifiers

from pyibex import *

from vibes import vibes

f = Function("p1", "p2", "t", "20%exp(-pl*t)-8*exp(-p2*t)");

Y=
Interval(2.7,12.1), Interval(1.04,7.14), Interval(-0.13,3.61),
Interval(-0.95,1.15), Interval(-4.85,-0.29), Interval(-5.06,-0.36),
Interval(-4.1,-0.04), Interval(-3.16,0.3), Interval(-2.5,0.51),
Interval(-2,0.67)]

T=[
Interval(-0.25,1.75), Interval(0.5,2.5), Interval(1.25,3.25),
Interval(2,4), Interval(5,7), Interval(s,10),
Interval(12,14), Interval(16,18), Interval(20,22),
Interval(24,26)]

seps = []

for Yi,T1 in zip(Y,T):

S1=SepFwdBwd(f,Y1i)

S2=SepProj(51,T1,0.001)

seps.append(S2)
S=SepInter(seps)
vibes.beginDrawing()
pySIVIA(IntervalVector([[0,1.2],[0,0.5]]), S, 0.01)
vibes.endDrawing()
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Dealing with quantifiers
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Dealing with quantifiers

Path planning
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Dealing with quantifiers

Wire loop game : a metal loop on a handle and a curved wire.
The player holds the loop in one hand and attempts to guide it
along the curved wire without touching.
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Dealing with quantifiers
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Dealing with quantifiers

The feasible configuration space is

M = {(x1,x2) € [-m, 7] | £2(x) €Y and f3(x) ¢ Y}

B COsX| cos (x1 +x2)
i (x) 4( sinx; ) +£< sin (x] +x7) ) '

A separator for M is

where

Su=1 ()Nt (F).
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Dealing with quantifiers
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Dealing with quantifiers
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quantifiers
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Dealing with quantifiers

References


https://www.ensta-bretagne.fr/jaulin/

Dealing with quantifiers

© Interval analysis [4, 2, 3]
@ Separators [1]
© IAMOOC [3]


https://www.ensta-bretagne.fr/jaulin/

Dealing with quantifiers

[@ L. Jaulin and B. Desrochers.
Introduction to the algebra of separators with application to
path planning.
Engineering Applications of Artificial Intelligence, 33:141-147,
2014.

[§ L. Jaulin, M. Kieffer, O. Didrit, and E. Walter.
Applied Interval Analysis, with Examples in Parameter and
State Estimation, Robust Control and Robotics.
Springer-Verlag, London, 2001.

[§ L. Jaulin, O. Reynet, B. Desrochers, S. Rohou, and J. Ninin.
1aMOOC, Interval analysis with applications to parameter
estimation and robot localization ,
www.ensta-bretagne.fr/iamooc/.

ENSTA-Bretagne, 2019.
[ R. Moore.


https://www.ensta-bretagne.fr/jaulin/

Dealing with quantifiers

Methods and Applications of Interval Analysis.
Society for Industrial and Applied Mathematics, jan 1979.


https://www.ensta-bretagne.fr/jaulin/

	Contractors and separators 
	Paver 
	Algebra 
	Dealing with quantifiers 

