
Interval Robotics

Chapter 3: Contractors

L. Jaulin

https://www.ensta-bretagne.fr/jaulin/
https://www.ensta-bretagne.fr/robex/
https://www.ensta-bretagne.fr/sperob/
https://www.defense.gouv.fr/dga
http://gdr-macs.cnrs.fr/
https://labsticc.fr/en/teams/robex
https://www.ensta-bretagne.fr
https://www.gdr-robotique.org/
https://www.univ-brest.fr/


Contractors
Contractor algebra

Applications

Contractors

L. Jaulin Interval Robotics

https://www.ensta-bretagne.fr/jaulin/


Contractors
Contractor algebra

Applications

L. Jaulin Interval Robotics

https://www.ensta-bretagne.fr/jaulin/


Contractors
Contractor algebra

Applications

To characterize X⊂ Rn, bisection algorithms bisect all boxes in all
directions and become ine�cient. Interval methods can still be
useful if

the solution set X is small (optimization problem, solving
equations),

contraction procedures are used as much as possible,

bisections are used only as a last resort.
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The operator C : IRn → IRn is a contractor for X ⊂ Rn if

∀[x] ∈ IRn,

{
C ([x])⊂ [x] (contractance),
C ([x])∩X= [x]∩X (completeness).
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The operator C : IRn → IRn is a contractor for the equation
f (x) = 0, if

∀[x] ∈ IRn,

{
C ([x])⊂ [x]
x ∈ [x] et f (x) = 0 ⇒ x ∈ C ([x])
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C is monotonic if [x]⊂ [y]⇒ C ([x])⊂ C ([y])
C is minimal if ∀[x] ∈ IRn, C ([x]) = [[x]∩X]
C is thin if ∀x ∈ Rn, C ({x}) = {x}∩X
C is idempotent if ∀[x] ∈ IRn,C (C ([x])) = C ([x])
C is convergent if [x] (k)→ x ⇒ C ([x] (k))→{x}∩X
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Exercise. Replace the symbol ▷◁ either by ⇒,⇐ or ⇔.

C minimal ▷◁ C idempotent
C thin ▷◁ C minimal
C minimal ▷◁ C monotonic
C thin ▷◁ C convergent
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Solution. We have

C minimal ⇒ C idempotent
C thin ⇐ C minimal
C minimal ⇒ C monotonic
C thin ⇐ C convergent
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Exercise. If C1,C2,C3,C are contractors, do we always have

C ∞ is idempotent (yes/no)
(C1 ∩C2)

∞ = (C1 ◦C2)
∞ (yes/no)

C1 minimal and C2 minimal⇒ C1 ∪C2 minimal (yes/no)
C1 minimal and C2 minimal⇒ C1 ∩C2 idempotent (yes/no)
C1 ⊓ (C2 ∪ (C1 ∩C3)) is idempotent (yes/no)
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Solution.

C ∞ is idempotent Yes (if Scott continuous)
(C1 ∩C2)

∞ = (C1 ◦C2)
∞ Yes

C1 minimal and C2 minimal⇒ C1 ∪C2 minimal Yes
C1 minimal and C2 minimal⇒ C1 ∩C2 idempotent No
C1 ⊓ (C2 ∪ (C1 ∩C3)) is idempotent Yes
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Exercice. Let x,y,z be 3 variables such that

x ∈ [−∞,5]

y ∈ [−∞,4]

z ∈ [6,∞]

z = x+ y.

Contract the intervals for x,y,z.
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Solution. We have

x ∈ [x] = [2,5]

y ∈ [y] = [1,4]

z ∈ [z] = [6,9],
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Since x ∈ [−∞,5],y ∈ [−∞,4],z ∈ [6,∞] and z = x+ y, we have

z = x+ y ⇒ z ∈ [6,∞]∩ ([−∞,5]+ [−∞,4])
= [6,∞]∩ [−∞,9] = [6,9].

x = z− y ⇒ x ∈ [−∞,5]∩ ([6,∞]− [−∞,4])
= [−∞,5]∩ [2,∞] = [2,5].

y = z− x ⇒ y ∈ [−∞,4]∩ ([6,∞]− [−∞,5])
= [−∞,4]∩ [1,∞] = [1,4].
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The contractor associated with z = x+ y is:

Algorithm pplus(inout: [z], [x], [y])
[z] := [z]∩ ([x]+ [y]) // z = x+ y
[x] := [x]∩ ([z]− [y]) //x = z− y
[y] := [y]∩ ([z]− [x]) // y = z− x
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The contractor associated with z = x · y is:

Algorithm pmult(inout: [z], [x], [y])
[z] := [z]∩ ([x] · [y]) // z = x · y
[x] := [x]∩ ([z] ·1/[y]) //x = z/y
[y] := [y]∩ ([z] ·1/[x]) // y = z/x
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The contractor associated with y = expx is:

Algorithm pexp(inout: [y], [x])
1 [y] := [y]∩ exp([x])
2 [x] := [x]∩ log([y])
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Any constraint for which such a projection procedure is available
will be called a primitive constraint.
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Example. Consider the primitive equation:

x2 = sinx1.
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Decomposition

x+ sin(xy)≤ 0,
x ∈ [−1,1],y ∈ [−1,1]
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Decomposition

x+ sin(xy)≤ 0,
x ∈ [−1,1],y ∈ [−1,1]

can be decomposed into
a = xy
b = sin(a)
c = x+b

,
x ∈ [−1,1] a ∈ [−∞,∞]
y ∈ [−1,1] b ∈ [−∞,∞]

c ∈ [−∞,0]
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Forward Backward contractor
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For the equation
(x1 + x2) · x3 ∈ [1,2] ,

we decompose into
a = x1 + x2
b = a · x3
b ∈ [1,2]
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For the equation
(x1 + x2) · x3 ∈ [1,2] ,

we have the following contractor:

Algorithm C (inout[x1], [x2], [x3])

[a] = [x1]+ [x2] // a = x1 + x2
[b] = [a] · [x3] //b = a · x3
[b] = [b]∩ [1,2] // b ∈ [1,2]
[x3] = [x3] ∩ [b]

[a] // x3 =
b
a

[a] = [a] ∩ [b]
[x3]

// a = b
x3

[x1] = [x1] ∩ [a]− [x2] // x1 = a− x2
[x2] = [x2] ∩ [a]− [x1] // x2 = a− x1
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Properties

(C ∞
1 ∩C ∞

2 )∞ = (C1 ∩C2)
∞

(C1 ∩ (C2 ∪C3)) ⊃ (C1 ∩C2)∪ (C1 ∩C3){
C1 minimal
C2 minimal

⇒ C1 ∪C2 minimal
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Contractor on images

The robot with coordinates (x1,x2) is in the water.
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Propagation
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A CN (Constraint Network) is composed of
1) a set of variables V = {x1, . . . ,xn} ,
2) a set of constraints C = {c1, . . . ,cm} and
3) a set of interval domains {[x1], . . . , [xn]}.
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Principle of propagation techniques: contract [x] = [x1]×·· ·× [xn]
as follows:

(((((([x]⊓c1)⊓ c2)⊓ . . .)⊓ cm)⊓c1)⊓c2) . . . ,

until a steady box is reached.
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Consider the system of two equations.

y = x2

y =
√

x.
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We can build two contractors

C1 :
{

[y] = [y]∩ [x]2

[x] = [x]∩
√
[y]

associated to y = x2

C2 :
{

[y] = [y]∩
√
[x]

[x] = [x]∩ [y]2
associated to y =

√
x
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If C ∗
S1

and C ∗
S2

are two minimal contractors for S1 and S2 then

CS = C ∗
S1
◦C ∗

S2
◦C ∗

S1
◦C ∗

S2
◦ . . .

is a contractor for S= S1 ∩S2, but it is not always optimal. This is
the local consistency e�ect.
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Exemple. Consider the system{
y = 3sin(x)
y = x

x ∈ R, y ∈ R.
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Contractor algebra
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intersection (C1 ∩C2)([x]) = C1 ([x])∩C2 ([x])
union (C1 ∪C2)([x]) = [C1 ([x])∪C2 ([x])]

composition (C1 ◦C2)([x]) = C1 (C2 ([x]))
repetition C ∞ = C ◦C ◦C ◦ . . .

repeat intersection C1 ⊓C2 = (C1 ∩C2)
∞

repeat union C1 ⊔C2 = (C1 ∪C2)
∞
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Consider the contractor C ([x] , [y]), where [x] ∈ Rn, [y] ∈ Rp. We
de�ne the contractor

C ∪[y] ([x]) =
[⋃

y∈[y] πx (C ([x] ,y))
]

(projected union)
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and also the contractor

C ∩[y] ([x]) =
⋂

y∈[y] πx (C ([x] ,y)) , (projected intersection)
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We have

set
(
C ∪[y])= {x,∃y ∈ [y] ,(x,y) ∈ set(C )}

set
(
C ∩[y])= {x,∀y ∈ [y] ,(x,y) ∈ set(C )} .
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A link with matrix algebra
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linear application → matrices

L :
{

α = 2a+3h
γ = h−5a

→ A =

(
2 3
1 −5

)
We have a matrix algebra and Matlab.
We have: var(L ) = {a,h}, covar(L ) = {α,γ} .
But we cannot write: var(A) = {a,h}, covar(A) = {α,γ}.
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constraint → contractor

a ·b = z →
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Contractor fusion {
a ·b = z → C1
b+ c = d → C2

Since b occurs in both constraints, we fuse the two contractors as:

C = C1 ×C2⌋(2,1)
= C1|C2 (for short)
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Consider the problem:
(C1) : y = x2

(C2) : xy = 1
(C3) : y =−2x+1
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An over constrained system
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(C1)⇒ y ∈ [−∞,∞]2 = [0,∞]
(C2)⇒ x ∈ 1/[0,∞] = [0,∞]
(C3)⇒ y ∈ [0,∞] ∩ ((−2) .[0,∞]+1)

= [0,∞] ∩ ([−∞,1]) = [0,1]
x ∈ [0,∞] ∩ (−[0,1]/2+1/2) = [0, 1

2 ]
(C1)⇒ y ∈ [0,1]∩ [0,1/2]2 = [0,1/4]
(C2)⇒ x ∈ [0,1/2] ∩ 1/[0,1/4] = /0

y ∈ [0,1/4]∩1/ /0 = /0
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A contractor represents a set of Rn. The set associated with a
contractor C is

set(C ) = {x ∈ Rn,C ({x}) = {x}} .

Its domain is

dom(C ) = {x ∈ Rn,C ({x}) = /0} .
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For instance, the set associated with the contractor

C1

 [x1]
[x2]
[x3]

=

 [x1]∩ ([x3]− [x2])
[x2]∩ ([x3]− [x1])
[x3]∩ ([x1]+ [x2])


is

set(C1) = {(x1,x2,x3) ,x3 = x1 + x2} .

A contractor is also one way to represent one equation x3 = x1 + x2.
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Circuits
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Example 1
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Domains

E ∈ [23V,26V]; I ∈ [4A,8A];

U1 ∈ [10V,11V];U2 ∈ [14V,17V];

P ∈ [124W,130W];R1 ∈ [0,∞[ and R2 ∈ [0,∞[.

Constraints

(i) P = EI, (ii) E = (R1 +R2) I, (iii) U1 = R1I,
(iv) U2 = R2I, (v) E = U1 +U2.
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Solution set

S=





E
R1
R2
I

U1
U2
P


∈



[23,26]
[0,∞[
[0,∞[
[4,8]

[10,11]
[14,17]

[124,130];


,


P = EI
E = (R1 +R2) I
U1 = R1I
U2 = R2I
E = U1 +U2
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variables

E in [23 ,26];

I in [4,8];

U1 in [10,11];

U2 in [14 ,17];

P in [124,130];

R1 in [0 ,1e08 ];

R2 in [0 ,1e08 ];

contractor_list L

P=E*I;

E=(R1+R2)*I;

U1=R1*I;

U2=R2*I;

E=U1+U2;

end
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contractor C

compose(L);

end

contractor epsilon

precision(1);

end
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Quimper returns

[24;26]× [1.846;2.307]× [2.584;3.355]

× [4.769;5.417]× [10;11]× [14;16]× [124;130] ,

i.e.,
E ∈ [24;26] , R1 ∈ [1.846;2.307] ,
R2 ∈ [2.584;3.355], I ∈ [4.769;5.417] ,
U1 ∈ [10;11] , U2 ∈ [14;16] ,
P ∈ [124;130] .
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Exercise.
A robot measures its own distance to three marks. The distances
and the coordinates of the marks are as follows

mark xi yi di

1 0 0 [22,23]
2 10 10 [10,11]
3 30 −30 [53,54]

Build the contractor associated with the pose of the robot.
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ym(p, t) = 20exp(−p1t)−8exp(−p2t).
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i [ti] [yi]

1 [−0.25,1.75] [2.7,12.1]
2 [0.5,2.5] [1.04,7.14]
3 [1.25,3.25] [−0.13,3.61]
4 [2,4] [−0.95,1.15]
5 [5,7] [−4.85,−0.29]
6 [8,10] [−5.06,−0.36]
7 [12,14] [−4.1,−0.04]
8 [16,18] [−3.16,0.3]
9 [20,22] [−2.5,0.51]

10 [24,26] [−2,0.67]
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The feasible set is

S =
⋂

i∈{1,...,10}
{

p ∈ R2 | ∃ti ∈ [ti] | ym(p, ti) ∈ [yi]
}︸ ︷︷ ︸

Si

.

The complementary set is

S̄ =
⋃

i∈{1,...,10}
{

p ∈ R2 | ∀ti ∈ [ti] | ym(p, ti) /∈ [yi]
}︸ ︷︷ ︸

S̄i
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De�ne two contractors Ci (p, ti) and C̄i (p, ti) such that{
set(Ci (p, ti)) = {(p, ti) ,ym(p, ti) ∈ [yi]}
set

(
C̄i (p, ti)

)
= {(p, ti) ,ym(p, ti) /∈ [yi]} .

We have

set
(
C

∪[ti]
i

)
= Si

set
(
C̄

∩[ti]
i

)
= S̄i.
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De�ne two contractors

C ([p]) =
⋂

i∈{1,...,10}
C

∪[ti]
i ([p],ti)

C̄ ([p]) =
⋃

i∈{1,...,10}
C̄

∩[ti]
i ([p],ti) .

We have set(C ) = S et set
(
C̄
)
= S̄.
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constant

Y[10] = [[2.7,12.1]; [1.04,7.14];

[-0.13,3.61];[-0.95,1.15];

[-4.85,-0.29];[-5.06,-0.36];

[-4.1,-0.04]; [-3.16,0.3];

[-2.5,0.51]; [-2,0.67]];

variables

p1 in [0,1.2]; p2 in [0,0.5];

parameters

t[10] in [[-0.25,1.75]; [0.5,2.5]; [1.25,3.25];

[2,4]; [5,7]; [8,10]; [12,14];

[16,18]; [20,22]; [24,26]];

function z=f(p1,p2,t)

z=20*exp(-p1*t)-8*exp(-p2*t);

end
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contractor outer

inter (i=1:10,

proj_union(f(p1,p2,t[i]) in Y[i]),t[i]);

end

end

contractor inner

union (i=1:10,

proj_inter(f(p1,p2,t[i]) notin Y[i]),t[i]);

end

end

contractor epsilon

precision(0.01)

en
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