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Consider the system

ẋ = f (x)

Its solution is φ (t,x0). The limit set is

X
∞ = {x ∈ Rn | ∀ε > 0, ∃t > 1, �φ (t,x)− x� < ε} .



1 Quantization



Paving: is a collection Ω = {X1, . . . ,Xp} of non-

overlapping polytopes Xi s.t.

p�

i=1

Xi = R
n.



Relation.

ηi (x0) = inf
t≥0

{t | φ (t,x0) /∈ Xi} .

We define the relation →֒ between Xi and Xj

�
Xi →֒ Xj

�
⇔

�
(i) ∃x0 ∈ Xi | φ (η (x0) ,x0) ∈ Xj
(ii) dim

�
Xi ∩ Xj

�
≥ n− 1.







Quantization. It is a graph G defined by
�
Xi,Xj

�
∈ G ⇔ Xi →֒ Xj.



2 Station keeping








ẋ = cos θ
ẏ = sin θ

θ̇ = u





The robot can be described by





(i) ϕ̇ = sinϕ
d + u

(ii) ḋ = − cosϕ.
(iii) α̇ = −sinϕd .



Control.

u =

�
+1 if cosϕ ≤ 1√

2
(the robot turns left)

− sinϕ otherwise (the robot goes toward zero)



Closed loop system.






(i) ϕ̇ =






sinϕ
d + 1 if cosϕ ≤ 1√

2�
1
d − 1

�
sinϕ otherwise

(ii) ḋ = − cosϕ.









[G] =
	
G,G



=






0 1 0 1 0 0
0 0 0 0 1 0
1 1 0 0 1 1
0 0 0 0 1 1
0 0 0 0 0 1
0 0 0 1 0 [0, 1]










The transitive closure of the graph is
	
G
+


=

	
G
+,G

+


=
	
G+G2 +G3 + . . . , G+G

2
+G

3
+ . .

=






0 1 0 1 1 1
0 0 0 1 1 1
1 1 0 1 1 1
0 0 0 1 1 1
0 0 0 1 1 1
0 0 0 1 1 1






The attractor of the graph is given by the ones in the di-

agonal. It corresponds to the set X4 ∪ X5 ∪ X6.



The attractor of the controlled robot satisfies

A ⊂ (X4 ∪ X5 ∪ X6) .


