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|. Introduction and Motivation

The capabilities of an aircraft in terms of speed, load, and
altitude are referred to as its flight envelope.

Ensuring that an aircraft remains within its flight envelope
IS essential to prevent loss of control (LoC).

Envelope protection currently entails preventing specific
constraint violations.

The present work is devoted to methods that prevent
constraint violations based on reference governors.
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Preliminaries on conventional Reference
Governors

l

r 3 )
—Q)-' Governor V(1)

.Q(t)

,

* (Controller ult Plant

y(1) € Y

Closed=loop system
w(t)
E. Garone et al. / Automatica 75 (2017)

1. Augment rather than replace an existing nominal
controller.

2. Inactive if no danger of constraint violation.

3. ‘Easy’ to implement / Fast online computations.
4. Special properties.
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Preliminaries on conventional Reference
Governors

x(k +1) = Ax(k) + Bv(k)
y(k) = C x(k) + D v(k)
Prediction
Y(klv,x) =CAkx (k) + C (I — AU - ABv+Dv

Maximum Output Admissible Set (MOAS)
O = {(0, ) |19(k|v,x) €Y,k =0..k*}nOF

where
0¢ ={(w,x)|y, € (1 —e)Y}
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Preliminaries on conventional Reference
Governors

Reference governor computation

K(t) = max «
xe|0,1]

st v=uv( — 1_) +k(r(t) —v(t —1)),
(v,x(t)) € O,

“-041

E. Garone et al. / Automatica75 (2017 )
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Preliminaries on conventional Reference
Governors

~

O, computation is based on two ingredients:

- Every time we compute the next value of the output, we add
and therefore stack some linear inequality constraints,

- Every time we add these new linear inequality constraints, we
check if they are redundant with the previous ones. In case,
they are all redundant, we stop the algorithm.
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Limitations of the Conventional Reference
Governors

Nonlinear constraints

It is ‘hard’ to eliminate redundant constraints

Parametric uncertainties

It is ‘hard’ to propagate the constraints through the
uncertain dynamics
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Constraints elimination and nonlinearities

x(k+1) =Ax(k) + Bv
p

v = ¢ [F®)]

=1

Given a set defined by some polynomial inequality constraints, how do you efficiently
determine that a new polynomial inequality constraint is redundant or not?

A Cotorruelo, I Kolmanovsky, E Garone, “A sum-of-squares-based procedure to approximate
the Pontryagin difference of basic semi-algebraic sets”, Automatica 135, 109783, 2022.
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Constraints propagation through uncertain
dynamics

x(k+1)=AWU0)x(k) + B(U)v
y(k)=Cx(k)+Dv
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The Quadrotor Model

Translation equations of motion involving aerodynamic
effects:

¥ = —ge; + cRe3 — RDRTv — RCA)

Rotational equations of motion:
JQ=—-0xJQ -1+ 17— ARTv — BQ

Assumptions:

» the propellers are rigid (i.e., C = 0),

* the collective thrust remains equal to the commanded collective thrust,
- the yaw angle y and its derivatives remain equal to 0O,

» the drone flies at a constant altitude z,

» the pitch and roll angles are small all the time, and

* the inertia matrix is diagonal and /., = J,,,.
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Trajectory Tracking

Introduce change of coordinates to decouple the x and y
dynamics:

U = Tq — A11Vx — b12q — a13(977x — ¢Vy),

Uy = Ty — A2V — ba1p — a23(977x - ¢Vy)-
Which results in the longitudinal and lateral motions:

Longitudinal Lateral
X = Vy Yy =vy
Uy = g@ — dxVx Uy = —g¢ — dyvy
- 0=q ¢ =p
Jyyq = Uz — az1Vx — b22q JxxP = Ug — aq2Vy — byqp
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Longitudinal Tracking

U, can be specified such that the v, dynamics enjoy suitable
asymptotic tracking properties
J
Uy = —KjonXion + %klvlon-
Defining X;or, = [Vx 0 q]7, the pre-stabilized system can be
rewritten as

Xion = AronXion + BionVion-

u, is designed such that when v;,,, Is constant, then v,
asymptotically tracks the constant v,,,,, but when
kiv;on= 1(t), then x asymptotically tracks x,.

x.(t) is the desired reference trajectory for x(t) to track.
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Lateral Tracking

Equivalent measures can be taken in the lateral direction where it
can be found that

J
Uy = —KjgeXiar — ﬂklvlat
where X, == [vy ¢ p]T

and the pre-stabilized system can be rewritten as

Xiat = A1atXiat + BiatViat-
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Propeller Thrust Limitations

The collective thrust and torques are given by:

-M.C- Ty
11 _ T2
v, | T Mesr |7,

L T3 T4_

where the control effectiveness matrix M.« is invertible and
Is one of a quadrotor operating in the cross configuration.

The following constraints are then enforced:

mg —md,0v, + md,pv,
mc
11
12
13

]
—KjateXiat — = kq1Vigr + a11vy + b12q + a13(0v, — ¢v))
— 1 g9 4
e[o0, Tmax]

1 —_
= Megy J
_KlonXlon - %klvlon + Az2Vy + b21p + a23(9vx o (va)

Mess

az1Vy + azpvy + azz(0v, — ¢vy)
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2. Proposed solution: a Reference Governor
for Polynomial Constraints

Considering the previously established dynamics
Xlon = AonXion T BionVion
X tat = AratXiat + BratViat-
Additionally, the reference dynamics are defined by
Vion = —BVion Viat = —BViat-
Discretizing the system and augmenting the state such that

Z = [ [X10n Xiat» Vions Viaeh [Xion X106 Vion Viae]* ]

the system now takes the form

Z(k+1) = dZ(k)
where the polynomial constraints are now expressed as linear
constraints.

RUTGERS

School of Engineering



Algorithms

MOAS computation
|-Compute 600,21

2-Compute 600,2

Reference Governor updates

|- Initialization by solving a nonlinear optimization problem

2- Bisection algorithm
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Numerical Results

MOAS computations:

First Step:

600’21 is finitely determined in 84 iterations and is defined by 252 linear
inequality constraints.

Second Step:

Dim(Z) = 36
ACJ)OO’Z is finitely determined in 142 iterations and is defined by 390 linear
inequality constraints.
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Numerical Results

Consider the following cases:

Case 1: Starting close to the reference trajectory and following it at
moderate speed.

[x(0), ¥(0)] = [xc(0), c(0)] + [0.5, 0.5]m
w=1rad/s

Case 2: Starting far from the reference trajectory and following it at
moderate speed.

[x(0), ¥(0)] = [xc(0), ¥c(0)] + [2.0, 2.0]m
w=1rad/s

Case 3: Starting close to the reference trajectory and following it at high
speed

[x(0), ¥(0)] = [xc(0), c(0)] + [0.5, 0.5]m
w=2rad/s
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Numerical Results

Same cases while following a more complex trajectory (Figure ‘8’)

Case 1b: Starting close to the reference trajectory and following it at
moderate speed.

[x(0), ¥(0)] = [xc(0), c(0)] + [0.5, 0.5]m
w=1rad/s

Case 2b: Starting far from the reference trajectory and following it at
moderate speed.

[x(0), ¥(0)] = [xc(0), ¥c(0)] + [2.0, 2.0]m
w=1rad/s

Case 3b: Starting close to the reference trajectory and following it at
high speed

[x(0), ¥(0)] = [xc(0), c(0)] + [0.5, 0.5]m
w=2rad/s

RUTGERS

School of Engineering



Numerical Results: Case |

y (m)

05
X (M)
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Numerical Results: Case |
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Numerical Results: Case 2

y (m)

1
X (m)

RUTGERS

School of Engineering



Numerical Results: Case 2
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Numerical Results: Case 3

y (m)

05
X (m)
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Numerical Results: Case 3
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Numerical results: Case |b

y (m)
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Numerical results: Case 2b
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Numerical results: Case 3b
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3. Extension: a Reference Governor for
Uncertain Polynomial Constraints
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Constraints propagation through uncertain
dynamics

x(k+1)=AW0)x(k) + B(U)v
y(k) = Cx(k) + Dv
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Constraints propagation through uncertain
dynamics

x(k +1) = Ax(k) + Bv
y(k) =CU)x(k) + D(U)v
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Model-free Control

« Summary of key results in [I]: 72: output
F(~ 2 (a) (b)Y _ 0 Zm: measurement of z
(z,2,...,2"% u,...,u""’) = o input
e Ultra Local model: F.: unknown dynamics
27(71:) — \u + Fz €: error

If =1, then

. 6 [t . ) - |
Fo= g [ AT =20 = (€)= NT = (e = 01t — u(©) s

If 7 =2, then

~ 5!

o= o [ {07 = 6T (=) +6(t =)z (&) = 5 [T — (t = O (t—€)*u(&) }d

e Controller:

~

(—kpe — kgé + Zg — Fz)

u =

1
)

[1]:Fliess, M. and Join, C. (2013). Model-free control. International Journal of Control, 86(12), 2228-2252.
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Uncertain quadrotor dynamics

We have the following longitudinal and lateral motions
where d, and d,, are uncertain.

Longitudinal Lateral
X = Uy Y =1y
Uy = g@ — dxVy I'Jy = —g¢ — dyvy
| 0=q ¢=p
]yyq = Uy — 21Uy — b22q ]xx}j = U1 — alzvy — bllp
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Robust Longitudinal Tracking using MFC

v_,EB) — iuZ + FZ
Jyy

] .
Uy, = —KjonXion + % (k1Vion — F2)

Defining X;p,, = [Vx 0 q]7, the pre-stabilized system can be
rewritten as
Xion = AronXion + Blon(vlon'l'dz)

u, is designed such that when v;,,, Is constant, then v,
asymptotically tracks the constant v,,,,, but when
kivion= 12(t), then x asymptotically tracks x..

x.(t) is the desired reference trajectory for x(t) to track.
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Robust Lateral Tracking using MFC

Equivalent measures can be taken in the lateral direction where it
can be found that

Ji .
Uy = —Kjge Xjar — % (k1vige + F1)

where X, == [vy ¢ p]T

and the pre-stabilized system can be rewritten as

Xlat = A1gtX1at + Biat (Vlat"l'dl)

RUTGERS

School of Engineering



Propeller Thrust Limitations

The foIIowmg constraints are then enforced:

—K lattX lat —
-1

Mess

—K lonX lon —

which is the same as:

Mery
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az1Vx + azzvy + azz(0v, — ¢pvy)

J
_KlonXlon - %(kl(vlon‘l'dz) - FZ) + azzvy + b21p + a23(9vx - (va)

mg — mdy6v, + mdypv,
J
ZZ (kyViar + F1) + a1V + b12q + a13(0v, — dvy)
]yy elO0, Tmax]4
P == (k1Vion — F) + ay2Vy + by1p + a3(0v, — ¢vy)
az1Vx + azpvy + azz(0v, — ¢pvy)
mg — mdy6v, + mdypv,
J
—KiaeeXiar — == (kg (Vige + d1) + F1) + @11y + b12q + a13(0v, — ¢v)
g 4
€10, Tmaxl



Numerical Results

MOAS computations:

First Step:

Ow,z, is finitely determined in 84 iterations and is defined by 252 linear

inequality constraints

Second Step:

Dim(Z) = 36

Dim(U) =6

bw,Z is finitely determined in 2 iterations and is defined by 702 linear
inequality constraints
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Numerical Results: Uncertain Case |
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Numerical Results: Uncertain Case 2

y (m)

-05

@
S
T

|
Pitch angle (deg)
2 8 o 3 8
T T T

R4
S o
T

|

@

S
T

0.5

=N
o o
T T

|
Roll angle (deg)
T

N
=]
T

&
8
T

—T1
—T2
T3
—T4
— Tmax
——Tmin

X (m) time (s)

RUTGERS

School of Engineering

30




Numerical Results: Uncertain Case 3
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Conclusions

The methods employed were shown to be capable of ‘robustly’
protecting the flight envelope of a quadrotor following high-
speed trajectories.

The method proposed is based on the computation a ‘safe’
forward invariant set in which the state (and reference) of the
quadrotor must remain while tracking a given trajectory.

The method was recently extended to account for some
parametric uncertainties.
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Conclusions

Future work includes expanding to more complex trajectories,
including model uncertainties and/ or disturbances, and real-time
implementation on a physical drone.
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