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Oderudwrluh g*Lqjìqlhulh ghv V|vwëphv Dxwrpdwlvìv/

95 dyhqxh Qrwuh Gdph gx Odf 7< 333 Dqjhuv

mdxolqCxqly0dqjhuv1iu

Devwudfw= Wklv sdshu suhvhqwv d �uvw vwxg| rq wkh dssolfdwlrq ri lqwhuydo dqdo|vlv dqg frqvlv0

whqf| whfkqltxhv wr vwdwh hvwlpdwlrq ri frqwlqxrxv0wlph v|vwhpv ghvfulehg e| qrqolqhdu ruglqdu|

gl�huhqwldo htxdwlrqv1 Wkh dssurdfk lv suhvhqwhg lq d erxqghg0huuru frqwh{w dqg wkh uhvxowlqj

phwkrgrorj| lv looxvwudwhg rq dq h{dpsoh1

Nh|zrugv= erxqghg0huuru hvwlpdwlrq/ frqvlvwhqf|/ frqvwudlqw sursdjdwlrq/ FVS/ lghqwl�fdwlrq/

lqwhuydo dqdo|vlv/ qrqolqhdu vwdwh hvwlpdwlrq/ vhw hvwlpdwlrq1

� �������	�
��

Wkh sureohp wr eh frqvlghuhg lq wklv sdshu lv wkh vwdwh hvwlpdwlrq ri d qrqolqhdu frqwlqxrxv0wlph

v|vwhp lq d erxqghg0huuru frqwh{w1 Wkh v|vwhp lv dvvxphg wr eh ghvfulehg e|

;?
=

b{+w, @ i+{+w,,

|+w, @ j+{+w,,=
= +4,

zkhuh w 5 ^w> �w` � U lv wkh wlph/ {+w, 5 U? dqg |+w, 5 U6 duh wkh vwdwh dqg wkh rxwsxw yhfwruv

dw wlph w1 Zkhq wkh hyroxwlrq dqg wkh revhuydwlrq ixqfwlrqv i dqg j duh olqhdu/ pdq| h!flhqw

phwkrgv fdq eh irxqg lq wkh olwhudwxuh +vhh/ h1j1/ ^4<`/ ^8`,1 Wr p| nqrzohgjh/ zkhq i lv qrqolqhdu/

vwdwh hvwlpdwlrq kdv qhyhu ehhq vwxglhg lq wkh erxqghg0huuru dqg frqwlqxrxv0wlph frqwh{w1 Wklv

sdshu sursrvhv d �uvw dwwhpsw lq wkdw gluhfwlrq1 Wkh edvlf wrrov wr eh xvhg duh lqwhuydo dqdo|vlv

dqg frqvlvwhqf| whfkqltxhv1

Lq d erxqghg0huuru frqwh{w/ lqwhuydo dqdo|vlv ^49` kdv riwhq ehhq xvhg iru sdudphwhu hvwlpdwlrq

^4:`/ ^45`/ ^6`/ ^48` dqg vwdwh hvwlpdwlrq ri glvfuhwh0wlph v|vwhpv ^7`/ ^46`1 Frqvlvwhqf| whfkqltxhv

kdyh ehhq suryhg wr lqfuhdvh wkh h!flhqf| ri lqwhuydo phwkrgv zkhq wkh qxpehu ri yduldeohv

lv kljk +vhh ^9`/ ^;`/ ^4;`, dqg kdyh uhfhqwo| ehhq dssolhg wr sdudphwhu hvwlpdwlrq ^<` dqg vwdwh
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hvwlpdwlrq ^44`/ ^43`1 Qhyhuwkhohvv/ lqwhuydo dqg frqvlvwhqf| whfkqltxhv kdyh qhyhu ehhq xvhg wr

hvwlpdwh vwdwh yduldeoh ri frqwlqxrxv0wlph v|vwhpv1

Khuh/ zh vkdoo rqo| dvvxph wkdw i lv frqwlqxrxv dqg gl�huhqwldeoh1 Lw lv dovr dvvxphg wkdw iru

doo w/ grpdlqv ^{�` +w, dqg ^|�` +w, frqwdlqlqj wkh yduldeohv {�+w, dqg |�+w, duh dydlodeoh1 Wkhvh

grpdlqv fdq eh duelwudulo| odujh/ h1j1/ ^{�` +w, @`�4>4^ li qr lqirupdwlrq lv dydlodeoh rq {�+w,1

Li d phdvxuhphqw a|�+wf, ri |�+wf, kdv ehhq froohfwhg dw wlph w @ wf dqg li dq xsshu erxqg �h

rq wkh devroxwh ydoxh iru wkh huuru a|�+wf,� |�+wf, lv nqrzq/ wkhq wkh grpdlq iru |�+wf, zloo eh

^|� ` +w, @ ^a|�+wf,� �h> a|�+wf, . �h`1 Iru vlpsolflw|/ wkhvh grpdlqv zloo eh dvvxphg wr eh lqwhuydov/

exw xqlrq ri lqwhuydov frxog dovr eh frqvlghuhg1

Vhfwlrq 5 uhfdoov wkh edvlf qrwlrqv ri lqwhuydo dqdo|vlv wr eh xvhg1 Vhfwlrq 6 lqwurgxfhv d edvlf

lqwhuydo phwkrg wr ghdo zlwk ruglqdu| gl�huhqwldo htxdwlrq1 Vhfwlrq 7 suhvhqwv dq dojrulwkp

edvhg iru qrqfdxvdo vwdwh hvwlpdwlrq1 Dq looxvwudwlyh h{dpsoh lv jlyhq lq Vhfwlrq 81

� ������� 	�������
��

Dq lqwhuydo ^{` lv d forvhg dqg frqqhfwhg vxevhw ri U1 D er{ ^{` ri U? lv d Fduwhvldq surgxfw ri q

lqwhuydov1 Wkh vhw ri doo er{hv ri U? lv ghqrwhg e| LU?1 Qrwh wkdw U? @`�4>4^�� � ��`�4>4^

lv dq hohphqw ri LU?1 Edvlf rshudwlrqv rq uhdo qxpehuv ru yhfwruv fdq eh h{whqghg wr lqwhuydov

lq d qdwxudo zd|1

H{dpsoh 4 Li ^w` @ ^w> �w` lv dq lqwhuydo dqg ^{` @ ^{�> {�` � ^{2> {2` lv d er{/ wkhq wkh surgxfw

^w` � ^{` lv gh�qhg dv iroorzv

^w> �w` �

3
C ^{�> {�`

^{2> {2`

4
D @

3
C ^w> �w` � ^{�> {�`

^w> �w` � ^{2> {2`

4
D @

3
C ^plq+w{�> w{�> �w{�> �w{�,>pd{+w{�> w{�> �w{�> �w{�,`

^plq+w{2> w{2> �w{2> �w{2,>pd{+w{2> w{2> �w{2> �w{2,`

4
D =

Wkh ixqfwlrq ^i `+=, = LU? $ LU
R lv dq lqfoxvlrq ixqfwlrq ri d ixqfwlrq i =U? $ U

R li

;^{` 5LU?> i+^{`, / ii+{, m { 5 ^{`j � ^i `+^{`,=

Lqwhuydo frpsxwdwlrq pdnhv lw srvvleoh wr rewdlq lqfoxvlrq ixqfwlrqv ri d odujh fodvv ri qrqolqhdu

ixqfwlrqv/ dv looxvwudwhg e| wkh iroorzlqj h{dpsoh1
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H{dpsoh 5 = Li i+{�> {2, / ++4� 3=34{2,{� > +�4 . 3=35{�,{2,/ d phwkrgrorj| wr rewdlq dq

hqforvxuh ri wkh lpdjh vhw i+^43> 53`> ^73> 83`, lv dv iroorzv=

i

3
C ^73> 83`

^43> 53`

4
D �

3
C +4� 3=34 � ^73> 83`, � ^43> 53`

+�4 . 3=35 � ^43> 53`, � ^73> 83`

4
D @

3
C +4� ^3=7> 3=8`, � ^43> 53`

+�4 . ^3=5> 3=7`, � ^73> 83`

4
D

@

3
C ^3=8> 3=9` � ^43> 53`

^�3=;>�3=9` � ^73> 83`

4
D @

3
C +^8> 45`,

+^�73>�57`,

4
D =

Wklv phwkrgrorj| fdq hdvlo| eh dssolhg iru dq| er{ ^{�`� ^{2` dqg wkh uhvxowlqj dojrulwkp fruuh0

vsrqgv wr dq lqfoxvlrq ixqfwlrq iru i 1 �

Wkh lqwhuydo xqlrq ^{`w ^|` ri wzr er{hv ^{` dqg ^|` lv wkh vpdoohvw er{ zklfk frqwdlqv wkh xqlrq

^{`^ ^|`1 Wkh zlgwk z+^{`, ri d er{ ^{` lv wkh ohqjwk ri lwv odujhvw vlgh1 Wkh %0lq dwlrq ri d er{

^{` @ ^{�> {�`� � � � � ^{?> {?` lv gh�qhg e|

lq dwh +^{`> %, / ^{� � %> {� . %`� � � � � ^{? � %> {? . %`= +5,

Dq hqforvxuh ri wkh vhw ^{` _ j
3� +^|`, zkhuh j = U?

$ U
R> ^{` 5LU? dqg ^|` 5LUR fdq eh

rewdlqhg e| wkh iruzdug0edfnzdug sursdjdwlrq dojrulwkp ^4`/ ^43`1 Lwv sulqflsoh/ edvhg rq lqwhuydo

frpsxwdwlrq/ lv looxvwudwhg e| wkh iroorzlqj h{dpsoh1

H{dpsoh 6 Li j+{�> {2, @ {� � {2 . h{s +{�,/ dq hqforvxuh ri ^{`_j3� +^|`, lv rewdlqhg e| wkh

iroorzlqj dojrulwkp1

Dojrulwkp= Hqforvh +lq= ^|`/ lqrxw= ^{`,

4 ^}�` =@ ^{�` � ^{2` >

5 ^}2` =@ h{s+^{�`,>

6 ^|` =@ +^}�` . ^}2`, _ ^|` >

6* ^}�` =@ +^|`� ^}2`, _ ^}�` > ^}2` =@ +^|`� ^}�`, _ ^}2` >

5* ^{�` =@ orj+^}2`, _ ^{�` >

4* ^{�` =@ +^}�` @ ^{2`, _ ^{�` > ^{2` =@ +^}�` @ ^{�`, _ ^{2` =

Wkh }�*v duh xvhg wr ghfrpsrvh j lqwr elqdu| ru whuqdu| vwdwhphqwv1 Vwhsv 4/ 5 dqg 6/ fru0

uhvsrqglqj wr wkh iruzdug sursdjdwlrq/ frpsxwh dq lqwhuydo hydoxdwlrq ri j+^{`,1 Vwhsv 6*/ 5*

dqg 4* fruuhvsrqg wr wkh edfnzdug sursdjdwlrq ri 4/ 5 dqg 6/ uhvshfwlyho|1 Edfnzdug vwdwhphqwv
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duh rewdlqhg e| uhzulwlqj wkh frqvwudlqwv ri wkh iruzdug vwdwhphqwv lq d gl�huhqw irup dqg lq

wkh uhyhuvh rughu1 Iru lqvwdqfh/ Vwhs 6 fruuhvsrqgv wr wkh frqvwudlqw | @ }� . }2 zklfk fdq eh

uhzulwwhq }� @ | � }2 ru }2 @ | � }� wr pdnh Vwhs 6*1 �

� �
	��� �������

Lqwhuydo dqdo|vlv iru ruglqdu| gl�huhqwldo htxdwlrqv zhuh lqwurgxfhg e| Prruh ^49` +Vhh ^5` iru

d ghvfulswlrq dqg d eleolrjudsk| rq wklv wrslf,1 Wkhvh phwkrgv surylgh qxphulfdoo| uholdeoh

hqforvxuhv ri wkh h{dfw vroxwlrq dw vdpsoh wlphv wf> w�> = = = Wkhvh whfkqltxhv duh edvhg rq Slfdug

Wkhruhp1

Wkhruhp 4 Ohw w� dqg w2 eh wzr uhdo qxpehuv1 Dvvxph wkdw {+w�, lv nqrzq wr ehorqj wr wkh

er{ ^{`+w�,1 Ohw ^z` eh d er{ +wkdw lv h{shfwhg wr hqforvh wkh wudmhfwru| {+�,> � 5 ^w�> w2`,1 Li

^{`+w�, . ^3> w2 � w�` � ^i `+^z`, � ^z`> +6,

zkhuh ^i `+=, lv dq lqfoxvlrq ixqfwlrq ri i dqg zkhuh ^3> w2 � w�` lv wkh vpdoohvw lqwhuydo zklfk

frqwdlqv 3 dqg w2 � w�/ wkhq

+l, ;� 5 ^w�> w2`> {+�, 5 ^{`+w�, . ^3> w2 � w�` � ^i `+^z`,>

+ll, {+w2, 5 ^{`+w�, . +w2 � w�, � ^i `+^z`,=
+7,

Iurp wklv wkhruhp/ rqh fdq exlog dq dojrulwkp frpsxwlqj dq hqforvxuh ^{`+w2, iru {+w2, iurp dq

hqforvxuh ^{`+w�, iru {+w�,1

Dojrulwkp ^!` +lq= w�> w2> ^{`+w�,> rxw ^{`+w2,,

4 ^a{`+w2, =@ ^{`+w�, . +w2 � w�, � ^i `+^{`+w�,,,>

5 ^y` =@ ^{`+w�, w ^a{`+w2,>

6 ^z` =@ lq dwh+^y`>�=z+^y`, . �,=

7 li ^{`+w�, . ^3> w2 � w�` � ^i `+^z`,, - ^z` ~^{`+w2, =@ U?> uhwxuq�>

8 ^{`+w2, =@ ^{`+w�, . +w2 � w�, � ^i `+^z`,=

Frpphqwv= Vwhs 4 frpsxwhv dq hvwlpdwlrq ^a{`+w2, iru wkh grpdlq ri doo {+w2, frqvlvwhqw zlwk

wkh idfw wkdw {+w�, 5 ^{`+w�,1 Qrwh wkdw/ lw lv qrw fhuwdlq wkdw ^a{`+w2, frqwdlqv {+w2,1 Vwhs 5
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frpsxwhv wkh vpdoohvw er{ ^y` frqwdlqlqj ^{`+w�, dqg ^a{`+w2,1 Dw Vwhs 6/ ^y` lv lq dwhg +vhh +5,, wr

surylgh d jrrg fdqglgdwh iru ^z`1 � dqg � duh vpdoo srvlwlyh qxpehuv +lq wkh h{dpsohv wuhdwhg

lq sdshu wkh| duh fkrvhq dv � @ 3=4 dqg � @ 3=3334,1 Vwhs 7 fkhfnv wkh frqglwlrq ri Wkhruhp

41 Li wkh frqglwlrq lv qrw vdwlv�hg/ qr erxqgv fdq eh frpsxwhg iru {+w2, dqg U
? lv uhwxuqhg1

Rwkhuzlvh/ Vwhs 8 frpsxwhv d er{ frqwdlqlqj {+w2, xvlqj +7,1 Qrwh wkdw/ li mw2 � w�m lv vpdoo

hqrxjk/ wkh Slfdug frqglwlrq +4, krogv wuxh1 �

D gluhfw frqvhtxhqfh ri wkh Slfdug wkhruhp lv wkh iroorzlqj lpsolfdwlrq

{+w�, 5 ^{`+w�, , {+w2, 5 ^!`+w�> w2> ^{`+w�,,= +8,

Wkh rshudwru ^!` fdq eh xvhg wr frpsxwh jxdudqwhhg hqforvxuhv ri wkh vwdwh yhfwru dw wlphv

�> 5�> = = = > �n�/ zkhuh � lv wkh vdpsolqj wlph dqg n lv wkh odujhvw lqwhjhu vpdoohu wkdq w@�/ iurp d

jlyhq er{ ^{`+3, frqwdlqlqj {+3,1 Wklv lv shuiruphg e| wkh iroorzlqj dojrulwkp Slfdug/ zkhuh

^{`+n, lv d vkruw qrwdwlrq iru ^{`+n�,1

Dojrulwkp Slfdug
�
lq= w�> w2> ^{`+3,> rxw= ^{`+4,> = = = > ^{`+�n,

�

4 iru n =@ 3 wr �n � 4

5 ^{`+n . 4, =@ ^!`+n�> +n . 4,�> ^{`+n,,

Wklv dojrulwkp lv nqrzq wr surylgh yhu| urxjk hqforvxuhv ri wkh {+n,*v dv looxvwudwhg e| wkh

iroorzlqj h{dpsoh1

H{dpsoh 7 Frqvlghu wkh Orwnd0Yrowhuud suhgdwru0suh| prgho jlyhq e| wkh iroorzlqj htxdwlrqv

;?
=

b{� @ +4� 3=34{2,{�

b{2 @ +�4 . 3=35{�,{2
+9,

Iru ^{`+3, @ ^7<=8> 83=8` � ^7<=8> 83=8`> � @ 3=338 dqg �n @ 733/ Slfdug jhqhudwhv d vhtxhqfh ri

er{hv ^{`+n,/ wkh vxshusrvlwlrq ri zklfk lv ghslfwhg lq Iljxuh 41 Iru doo n 5 i4> = = = > �nj/ zh duh

fhuwdlq wr kdyh i{+n, m {+3, 5 ^{`+3,j � ^{`+n,1 Wkh {+n,*v lq zklwh lq wkh slfwxuh duh rewdlqhg

iru {+3, @ +83> 83,1
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Iljxuh 4= Vhw ri doo er{hv jhqhudwhg e| Slfdug> wkh iudph er{ lv ^3> 433`� ^3> 533`

H{dpsoh 7 looxvwudwhv wkh pdmru sureohp ri lqwhuydo phwkrgv lq ruglqdu| gl�huhqwldo htxdwlrqv=

wkh h{sorvlrq ri wkh vl}h ri wkh ^{`+n,*v1 Wkhuh duh pdlqo| wzr uhdvrqv iru wklv h{sorvlrq1 Rq wkh

rqh kdqg/ vwhs phwkrgv kdyh d whqghqf| wr dffxpxodwh huuruv iurp srlqw wr srlqw1 Rq wkh rwkhu/

wkh dssur{lpdwlrq ri dq duelwudu| uhjlrq e| d er{/ fdoohg wkh zudsslqj h�hfw/ pd| lqwurgxfh

frqvlghudeoh lpsuhflvlrq diwhu qxpehu ri vwhsv1 Wklv h{sorvlrq fdq eh uhgxfhg e| xvlqj wkh

Orkqhu phwkrg ^47`1

� ����
����	� �����
���� ��� ����� ���
���
��

Frqvlghu djdlq wkh v|vwhp +4,/ zkhuh grpdlqv ^{�` +w, dqg ^|� ` +w, iru wkh yduldeohv {�+w, dqg

|�+w, duh dydlodeoh1 Uhfdoo wkdw wkhvh grpdlqv pd| eh htxdo wr ` �4>4^ lv qr lqirupdwlrq lv

dydlodeoh rq wkh dvvrfldwhg yduldeoh1 Dw vdpsolqj wlphv w @ n�/ wkh yduldeohv {�+w, dqg |�+w,

zloo eh ghqrwhg e| {�+n, dqg |�+n,1 Wkh edvlf lghd ri frqvlvwhqf| whfkqltxhv lv wr frqwudfw wkh

grpdlqv iru wkh yduldeohv e| suxqlqj sduwv wkdw duh lqfrqvlvwhqw zlwk +4, dqg wkh grpdlqv iru

wkh rwkhu yduldeohv1 Xvlqj frqvlvwhqf| iru ruglqdu| gl�huhqwldo htxdwlrq kdv �uvw ehhq suhvhqwhg

lq ^:`1 Wkh frqwudfwlrqv wr eh frqvlghuhg duh edvhg rq wkh iroorzlqj lpsolfdwlrqv1

+l, {+n, 5 ^{`+n, @, {+n . 4, 5 ^!`+n�> +n . 4,�> ^{`+n,, +vhh +8,,

+ll, {+n, 5 ^{`+n, @, |+n, 5 j+^{`+n,,

+lll, |+n, 5 ^|`+n, @, {+n, 5 j3�+^{`+n,,

+ly, {+n . 4, 5 ^{`+n . 4, @, {+n, 5 ^!`++n . 4,�> n�> ^{`+n . 4,, +vhh +8,,

Hdfk ri wkhvh lpsolfdwlrqv fruuhvsrqgv wr d frqwudfwlqj vwdwhphqw ri wkh iroorzlqj dojrulwkp1

Qrwh wkdw qr frqvlvwhqw ydoxhv fdq eh orvw1
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Dojrulwkp Frqwudfw
�
lqrxw= ^{`+3,> = = = > ^{`+�n,> ^|`+3,> = = = > ^|`+�n,

�

4 iru n =@ 3 wr �n

5 ^{`+n . 4, =@ ^{`+n . 4, _ ^!`+n�> +n . 4,�> ^{`+n,,> 22 vhh +l,

6 ^|`+n, =@ ^|`+n, _ ^j`+^{`+n,,> 22 vhh +ll,

7 hqgiru

8 iru n =@ �n wr 3

9 ^{`+n, =@ ^{`+n, _ ^j3�`+^|`+n,,> 22 vhh +lll,

: ^{`+n, =@ ^{`+n, _ ^!`++n . 4,�> n�> ^{`+n . 4,,> 22 vhh +ly,

; hqgiru

Dw Vwhs 6/ ^j`+=, lv dq lqwhuydo h{whqvlrq ri j+=,1 Wkh frqwudfwlrq ri ^{`+n, dw Vwhs 9 lv shuiruphg

dv lq H{dpsoh 61 Wkh surfhgxuh fdq eh fdoohg vhyhudo wlphv xqwlo qr pruh vljql�fdqw fdq eh

revhuyhg1 Zkhq wkh �{hg srlqw lv uhdfkhg/ grpdlqv pd| vwloo frqwdlqv odujh sduwv ri lqfrqvlvwhqw

ydoxhv1 Elvhfwlrqv vkrxog wkxv eh shuiruphg wr holplqdwh wkhp1 Wkh vwudwhj| wr eh iroorzhg lv wr

sduwlwlrq ^{`+nf,> iru d jlyhq nf/ zlwk vpdoohu er{hv lq rughu wr holplqdwh lqfrqvlvwhqw ydoxhv lq

doo wkh rwkhu grpdlqv1 Wkh uhvxowlqj dojrulwkp lv ghvfulehg ehorz1 % lv d vpdoo srvlwlyh qxpehu1

1

Dojrulwkp Vwudqjoh
�
lq= nf> %/ lqrxw= ^{`+3,> = = = > ^{`+�n,> ^|`+3,> = = = > ^|`+�n,

�

4 sduwlwlrq ^{`+nf, lqwr c er{hv ^{
�
`+nf,> = = = > ^{�

`+nf, ri zlgwk vpdoohu wkdq %>

5 iru l =@ 4 wr c>

6 iru n =@ 4 wr �n gr ~^{
�
`+n, =@ ^{`+n,> ^|

�
`+n, =@ ^|`+n,�> hqgiru n

7 zkloh d vljql�fdqw lpsuryhphqw lv rewdlqhg gr

8 Frqwudfw
�
^{

�
`+3,> = = = > ^{

�
`+�n,> ^|

�
`+3,> = = = > ^|

�
`+�n,

�
>

9 hqgiru l

: iru n =@ 3 wr �n

; ^{`+n, =@ ^{
�
`+n, w � � � w ^{

�
`+n,>

< ^|`+n, =@ ^|
�
`+n, w � � � w ^|

�
`+n,>

43 hqgiru n

Qrwh wkdw hyhq iru lq�qlwho| vpdoo %/ wkh grpdlqv ^{`+n, dqg ^|`+n, pd| frqwdlq odujh sduw

ri lqfrqvlvwhqw ydoxhv1 Wkh sulqflsoh ri wkh dojrulwkp VwdwhErxqg wr eh qrz jlyhq lv wr

:



fdoo Vwudqjoh iru gl�huhqw nf dqg iru ghfuhdvlqj ydoxhv ri % lq rughu wr frqwudfw h!flhqwo| wkh

grpdlqv1 Djdlq/ hyhq zkhq wkh �{hg srlqw lv uhdfkhg/ wkh grpdlqv pd| vwloo frqwdlq lqfrqvlvwhqw

ydoxh/ exw qr frqvlvwhqw ydoxhv kdv ehhq orvw1

=

Dojrulwkp VwdwhErxqg
�
lq= %/ lqrxw= ^{`+3,> = = = > ^{`+�n,> ^|`+3,> = = = > ^|`+�n,

�

4 gr

5 gr

6 fkrvh d udqgrp lqwhjhu nf lq i3> 4> = = = > �nj>

7 Vwudqjoh
�
nf> %> ^{`+3,> = = = > ^{`+�n,> ^|`+3,> = = = > ^|`+�n,

�
>

8 zkloh wkh lpsuryhphqw lv vljql�fdqw>

9 ghfuhdvh %>

: zkloh wkh lpsuryhphqw lv vljql�fdqw1

Uhpdun 4 Iru vlpsolflw|/ lq wkh h{dpsoh ri Vhfwlrq 8/ wkh h{whuqdo gr0zkloh orrs lv uhsodfhg

e| wkh orrs �iru q� =@ 4 wr �q��/ zkhuh �q� lv fkrvhq e| wkh xvhu1 Wkh lqwhuqdo gr0zkloh orrs lv

uhsodfhg e| wkh orrs �iru q2 =@ 4 wr 63�1 Wkh vwdwhphqw �ghfuhdvh %� lv uhsodfhg e| % =@ %@81 �

� �������

Frqvlghu wkh v|vwhp +4, zkhuh wkh hyroxwlrq htxdwlrq lv jlyhq e| +9, dqg wkh revhuydwlrq htxdwlrq

lv | @ {�1 Wkh gdwd a|+w, kdyh ehhq rewdlqhg e| vlpxodwlqj wkh v|vwhp zlwk {+3, @ +83> 83, dqg

e| dgglqj wr wkh qrlvh0iuhh rxwsxw |+w, d udqgrp zklwh qrlvh zlwk d xqlirup glvwulexwlrq lqvlgh

wkh lqwhuydo ^�4>�4`1 Wkh grpdlqv ^|`+w, iru |+w, duh wdnhq dv ^|`+w, @ ^a|+w,� 4=8> a|+w, . 4=8`/ wr

wdnh lqwr dffrxqw wkdw dffxudwh erxqgv iru wkh ihdvleoh huuruv lv uduho| dydlodeoh1 Wkh dydlodeoh

grpdlqv iru wkh {+w,*v duh doo wdnhq htxdo wr ^3> 433` � ^3> 533`1 Iru � @ 3=36> dqg n @ 533/

Vwudqjoh+nf @ 3> % @ 7, jhqhudwhv wkh vhtxhqfh ^{`+n, ghslfwhg lq Iljxuh 5 +d,/ lq 4166 vhf1 rq

d Shqwlxp 6331 Qrwh wkdw iru vpdoo n*v/ wkh grpdlqv ^{`+n, duh pxfk pruh dffxudwh wkdq iru

odujh n*v1 Ohw xv qrz fdoo Vwudqjoh
�
nf @ �n> % @ 7

�
1 Iru odujh n*v wkh grpdlqv kdyh qrz ehhq

frqvlghudeo| frqwudfwhg +vhh Iljxuh 5 +e,,1 Iru �q� @ 4 +l1h1/ wkh h{whuqdo orrs lv uxq rqfh,/

VwdwhErxqg+% @ 7, jhqhudwhv wkh grpdlqv ri Iljxuh 5 +f, lq 4417 vhf1

;



Iljxuh 5= Vxshusrvlwlrq ri doo grpdlqv ^{`+n, frqwudfwhg e|

wkh dojrulwkp Vwudqjoh> phdvxuhphqwv iru |+n, duh dydlodeoh

Dvvxph qrz wkdw wkh phdvxuhphqwv duh qr pruh dydlodeoh/ l1h1/ doo grpdlqv iru wkh |+w,*v duh

wdnhq dv `�4>4^1 Doo grpdlqv iru {+w, duh wdnhq dv ^3> 433`� ^3> 533`1 Wkh rqo| yduldeoh wr eh

dssur{lpdwho| nqrzq lv {f/ wkh grpdlq ri zklfk lv wdnhq dv ^{`+3, @ ^7<=8> 83=8`� ^7<=8> 83=8`1

Iru � @ 3=338> n @ 733/ �q� @ 4> VwdwhErxqg+% @ 83, jhqhudwhv wkh grpdlqv ^{`+n, ghslfwhg

rq Iljxuh 6 +d,1 Iru �q� @ 5> lw jhqhudwhv wkh grpdlqv ri Iljxuh 6 +e, dqg iru �q� @ 6> wkrvh ri

Iljxuh 6 +f,1 Wkhvh uhvxowv duh pruh dffxudwh wkdq wkrvh ri Iljxuh 4 rewdlqhg e| wkh Slfdug

dojrulwkp1

Iljxuh 6 = Vxshusrvlwlrq ri wkh grpdlqv ^{`+n, frqwudfwhg e| VwdwhErxqg>

qr phdvxuhphqw lv dydlodeoh dqg wkh lqlwldo vwdwh yhfwru lv dssur{lpdwho| nqrzq

� ���	���
��

Iru wkh �uvw wlph/ wklv sdshu vwxglhv wkh dssolfdwlrq ri lqwhuydo dqdo|vlv wr vwdwh hvwlpdwlrq

ri qrqolqhdu frqwlqxrxv0wlph v|vwhpv1 Lq d erxqghg0huuru dqg lq d qrqfdxvdo frqwh{w/ d qhz

dojrulwkp wr hqforvh h!flhqwo| doo frqvlvwhqw ydoxhv iru wkh vwdwh yhfwru lqvlgh d er{ kdv ehhq

suhvhqwhg1 Wklv dojrulwkp frxog eh xvhg wr exlog d uhfxuvlyh dqg fdxvdo vwdwh hvwlpdwru1 Lwv

<



h!flhqf| frxog eh lpsuryhg e| xvlqj pruh h!flhqw frqvlvwhqf| whfkqltxhv ^:` dqg pruh dffxudwh

lqwhuydo vlpxodwlrq surfhgxuhv ^47`1

Wkh vrxufh frgh lq F.. +zklfk wdnhv ohvv wkdw 433 olqhv, fruuhvsrqglqj wr wkh h{dpsoh lv

dydlodeoh rq uhtxhvw1

�������	��

^4` I1 Ehqkdprx/ I1 Jrxdodug/ O1 Judqyloolhuv/ dqg M1 I1 Sxjhw1 Uhylvlqj kxoo dqg er{ frqvlv0

whqf|1 Lq Lqwhuqdwlrqdo Frqihuhqfh rq Orjlf Surjudpplqj/ 4<<<1

^5` P1 Ehu}/ F1 Elvfkri/ J1 Fruolvv/ dqg J1 D1/ hglwruv1 Frpsxwdwlrqdo Gl�huhqwldwlrq= Whfk0

qltxhv/ Dssolfdwlrqv dqg Wrrov1 VLDP/ Sklodghoskld/ Shqq1/ 4<<91

^6` P1 Fdqghy1 Vflhqwl�f Frpsxwdwlrq dqg Ydolgdwhg Qxphulfv/ fkdswhu Rq wkh Dssolfdwlrq

ri dq Lqwhuydo Dojrulwkp iru Vhw Lqyhuvlrq/ sdjhv 473�4791 Dndghplh Yhuodj/ 4<<91

^7` J1 Fkhq/ M1 Zdqj/ dqg O1 V1 Vklhk1 Lqwhuydo Ndopdq �owhulqj1 LHHH Wudqv1 rq Dhurvsdfh

dqg Hohfwurqlf V|vwhpv/ 66+4,=583�58;/ 4<<:1

^8` I1 O1 Fkhuqrxvnr1 Vwdwh Hvwlpdwlrq iru G|qdplf V|vwhpv1 FUF Suhvv/ Erfd Udwrq/ 4<<71

^9` H1 Gdylv1 Frqvwudlqw sursdjdwlrq zlwk lqwhuydo odehov1 Duwl�fldo Lqwhooljhqfh/ 65=5;4�664/

4<;:1

^:` \1 Ghylooh/ P1 Mdqvvhq/ dqg S1 Y1 Khqwhqu|fn1 Frqvlvwhqf| whfkqltxhv lq ruglqdu| gl�hu0

hqwldo htxdwlrqv1 Lq Surfhhglqjv ri wkh Irxuwk Lqwhuqdwlrqdo Frqihuhqfh rq Sulqflsohv dqg

Sudfwlfh ri Frqvwudlqw Surjudpplqj/ Ohfwxuh Qrwhv lq Frpsxwhu Vflhqfh1 Vsulqjhu Yhuodj/

4<<;1

^;` H1 K|yùqhq1 Frqvwudlqw uhdvrqlqj edvhg rq lqwhuydo dulwkphwlf> wkh wrohudqfh sursdjdwlrq

dssurdfk1 Duwl�fldo Lqwhooljhqfh/ 8;=:4�445/ 4<<51

^<` O1 Mdxolq1 Lqwhuydo frqvwudlqw sursdjdwlrq zlwk dssolfdwlrq wr erxqghg0huuru hvwlpdwlrq1

Dxwrpdwlfd/ 69=487:�4885/ 53331
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^43` O1 Mdxolq/ L1 Eudhpv/ P1 Nlh�hu/ dqg H1 Zdowhu1 Qrqolqhdu vwdwh hvwlpdwlrq xvlqj iruzdug0

edfnzdug sursdjdwlrq ri lqwhuydov1 Lq VFDQ 5333/ 53331

^44` O1 Mdxolq/ P1 Nlh�hu/ L1 Eudhpv/ dqg H1 Zdowhu1 Jxdudqwhhg qrqolqhdu hvwlpdwlrq xvlqj

frqvwudlqw sursdjdwlrq rq vhwv1 Lqwhuqdwlrqdo Mrxuqdo ri Frqwuro +dffhswhg iru sxeolfdwlrq,/

53331

^45` O1 Mdxolq dqg H1 Zdowhu1 Vhw lqyhuvlrq yld lqwhuydo dqdo|vlv iru qrqolqhdu erxqghg0huuru

hvwlpdwlrq1 Dxwrpdwlfd/ 5<+7,=4386�4397/ 4<<61

^46` P1 Nlh�hu/ O1 Mdxolq/ H1 Zdowhu/ dqg G1 Phl}ho1 Urexvw dxwrqrprxv urerw orfdol}dwlrq

xvlqj lqwhuydo dqdo|vlv1 Uholdeoh Frpsxwlqj/ 9=66:�695/ 53331

^47` U1 Orkqhu1 Frpsxwhu Dulwkphwlf= Vflhqwl�f Frpsxwdwlrq dqg Surjudpplqj Odqjxdjhv/

fkdswhu Hqforvlqj wkh vroxwlrqv ri ruglqdu| lqlwldo dqg erxqgdu| ydoxh sureohpv/ sdjhv

588�5;91 H1 Ndxfkhu dqg X1 Nxolvfk dqg Fk1 Xooulfk/ 4<;:1

^48` V1 D1 Pdodq/ P1 Plodqhvh/ dqg P1 Wdudjqd1 Urexvw dqdo|vlv dqg ghvljq ri frqwuro v|vwhpv

xvlqj lqwhuydo dulwkphwlfv1 Lq Surfhhglqjv ri wkh LIDF 46wk Wulhqqldo Zruog Frqjuhvv/ sdjhv

58�63/ Vdq Iudqflvfr/ 4<<91

^49` U1 H1 Prruh1 Lqwhuydo Dqdo|vlv1 Suhqwlfh0Kdoo/ Hqjohzrrg Fol�v/ Qhz Mhuvh|/ 4<991

^4:` U1 H1 Prruh1 Sdudphwhu vhwv iru erxqghg0huuru gdwd1 Pdwkhpdwlfv dqg Frpsxwhuv lq

Vlpxodwlrq/ 67=446�44</ 4<<51

^4;` G1 Vdp0Kdurxg dqg E1 Idowlqjv1 Frqvlvwhqf| whfkqltxhv iru frqwlqxrxv frqvwudlqwv1 Frq0

vwudlqwv/ 4=;8�44;/ 4<<91

^4<` I1 F1 Vfkzhssh1 Uhfxuvlyh vwdwh hvwlpdwlrq= xqnqrzq exw erxqghg huuruv dqg v|vwhp

lqsxwv1 LHHH Wudqv1 rq Dxwrpdwlf Frqwuro/ 46+4,=55�5;/ 4<9;1
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