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2 Pd{0Sodqfn0Lqvwlwxw iÿu Lqirupdwln/ Vwxkovdw}hqkdxvhqzhj ;8/ 99456 Vddueuÿfnhq/

Jhupdq|

vwhidq1udwvfkdqCpsl0ve1psj1gh

Nh|zrugv= erxqghg0huuruv/ frqvwudlqw sursdjdwlrq/ FVS/ lqwhuydo dqdo|vlv/ qrqolqhdu

frqwuro/ uholdeoh phwkrgv/ vhw frpsxwdwlrq1

Devwudfw= Wklv sdshu sursrvhv d qhz dssurdfk wr vroyh wkh sureohp ri �qglqj d frqwuro

vhtxhqfh iru d qrqolqhdu glvfuhwh0wlph v|vwhp wkdw vkrxog vdwlvi| jlyhq vhw0phpehuvkls

vshfl�fdwlrqv rq wkh vwdwh dqg wkh rxwsxw yhfwruv1 Wklv dssurdfk lv edvhg rq vhw frpsxwd0

wlrq dqg frqvwudlqw sursdjdwlrq1 Wzr looxvwudwlyh h{dpsohv duh surylghg1 Wkh dssurdfk lv

wkhq h{whqghg wr ghdo zlwk wkh urexvw frqwuro sureohp ri qrqolqhdu glvfuhwh0wlph v|vwhpv1

4 Lqwurgxfwlrq

Frqvlghu wkh qrqolqhdu glvfuhwh0wlph v|vwhp ghvfulehg e|+
 & ' uE &3�c�&3��c

)& ' }E &�c
& 5 i�c � � � c 7&jc +4,

zkhuh  & 5 U?{ lv wkh vwdwh yhfwru/ )& 5 U?| lv wkh rxwsxw yhfwru +zklfk lv dvvxphg

wr eh phdvxuhg, dqg �& 5 U?x lv wkh frqwuro yhfwru +zklfk fdq eh fkrvhq duelwudulo|

lqvlgh d grpdlq X&,1 Wkh lqlwldo vwdwh yhfwru  f lv dvvxphg wr eh nqrzq1 Ixqfwlrqv u

dqg } duh wkh hyroxwlrq dqg wkh revhuydwlrq ixqfwlrqv dw wlph &1 Lq d vhw0phpehuvkls

dssurdfk/ yhfwruv �&/  & dqg )&/ duh dvvxphg wr ehorqj wr nqrzq grpdlqv X&/ [& dqg \&1

Vxfk grpdlqv pd| fruuhvsrqg wr sulru frqvwudlqwv ru vshfl�fdwlrqv rq wkh vwdwh/ lqsxw

ru rxwsxw yhfwruv/ ru wr wkh uhsuhvhqwdwlrq ri d phdvxuhphqw1 Iru lqvwdqfh/ dfwxdwruv

+surylglqj �&, duh qdwxudoo| olplwhg lq wkh irufh +ru htxlydohqw, dqg vdihw| olplwv vwdwh

yduldeohv/ vxfk dv whpshudwxuh/ suhvvxuh dqg yhorflw|1

Rq wkh rqh kdqg/ d grpdlq pd| eh duelwudulo| odujh1 Iru lqvwdqfh/ li qrwklqj lv nqrzq

derxw  &/ zh vkdoo wdnh [& ' U?{ � Rq wkh rwkhu kdqg/ lw pd| eh duelwudulo| vpdoo1 Iru
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lqvwdqfh/ li )& lv phdvxuhg zlwkrxw dq| huuru/ \& zloo eh wkh vlqjohwrq ih)&j frqwdlqlqj/

dv vlqjoh srlqw/ wkh phdvxuhphqw yhfwru h)&1 Wklv sdshu sursrvhv d qhz dssurdfk edvhg

rq vhw frpsxwdwlrq wr vroyh wkh fodvvlfdo sureohp +vhh ^6`, ri �qglqj d frqwuro vhtxhqfh

�fc��c � � � c �7&3� iru +4, vxfk wkdw doo uhtxluhg vhw0phpehuvkls vshfl�fdwlrqv duh vdwlv�hg

+l1h1/ iru doo &/ �& 5 X&/  & 5 [& dqg )& 5 \&,1

Wkh sureohp/ zklfk fdq eh frqvlghuhg dv xqvroyhg iru jhqhudo qrqolqhdu v|vwhpv/ lv wkh

edvlf vwhs riprgho suhglfwlyh frqwuro +PSF,1PSF +vhh ^<` iru d vxuyh|, lv d irup ri frqwuro

lq zklfk wkh fxuuhqw frqwuro dfwlrq lv rewdlqhg e| vroylqj rq olqh dw hdfk vdpsolqj wlph/

wkh �qlwh krul}rq rshq0orrs frqwuro sureohp +ghvfulehg deryh, xvlqj wkh fxuuhqw vwdwh dv

wkh lqlwldo vwdwh1 Wkh �uvw frqwuro yhfwru ri wkh jhqhudwhg vhtxhqfh lv wkhq dssolhg wr wkh

v|vwhp1

Vhw frpsxwdwlrq kdv ehhq zlgho| xvhg iru sdudphwhu dqg vwdwh hvwlpdwlrq ^43/ 57/ 49/ 5;/

47`/ lq d erxqghg0huuru frqwh{w1 Lw kdv dovr ehhq xvhg wr ghdo zlwk urexvw frqwuro dqg

dqdo|vlv ri olqhdu v|vwhpv ^;/ 4;/ 4/ 53`1 Qrz/ wkh sureohp ri �qglqj d ihdvleoh frqwuro

vhtxhqfh �fc��c � � � c �7&3� iru +4, vxfk wkdw doo vshfl�fdwlrqv duh vdwlv�hg lv pxfk pruh

gl!fxow dqg wr wkh ehvw ri rxu nqrzohgjh/ lw kdv qrw ehhq vroyhg |hw lq wkh qrqolqhdu fdvh

+vhh ^6` iru wkh olqhdu fdvh,1 Wklv lv suredeo| gxh wr wkh idfw wkdw h{lvwlqj vhw0phpehuvkls

phwkrgv duh wrr shvvlplvwlf zkhq qr elvhfwlrq lv doorzhg/ dqg olplwhg wr yhu| vpdoo 7&

+w|slfdoo| orzhu wkdq �,zkhq elvhfwlrqv duh shuiruphg ^48`1 Wkh dssurdfk wr eh sursrvhg

lq wklv sdshu zloo pdnh lw srvvleoh wr vroyh rxu sureohp hyhq zkhq 7& lv odujh1

Lq Vhfwlrq 5/ wkh ixqgdphqwdo qrwlrq ri Frqvwudlqw Vdwlvidfwlrq Sureohp +FVS, lv suh0

vhqwhg1 Wkh sulqflsoh ri vhw sursdjdwlrq ryhu d FVS lv jlyhq lq Vhfwlrq 61 Wkh dssolfdwlrq

ri vhw sursdjdwlrq wr rshq dqg forvhg orrs frqwuro ri glvfuhwh0wlph v|vwhpv lv suhvhqwhg

lq Vhfwlrq 71 Wzr whvw0fdvhv duh jlyhq lq Vhfwlrq 81 Dq h{whqvlrq ri wkh dssurdfk wr wkh

fdvh zkhuh xqfhuwdlqwlhv h{lvw lq wkh v|vwhp lv frqvlghuhg lq Vhfwlrq 91

5 Frqvwudlqw Vdwlvidfwlrq Sureohp

514 Gh�qlwlrqv

D Frqvwudlqw Vdwlvidfwlrq Sureohp ^4:` +lq vkruw FVS, K ' EYcGc F� lv frpsrvhg ri

41 d vhw Y ri ? yduldeohv  �c � � � c ? +lq wklv vhfwlrq/ wkh  �*v duh yhfwruv ri U
?� dqg kdyh
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qrwklqj wr gr zlwk wkh vwdwh yhfwru suhvhqwhg lq wkh lqwurgxfwlrq,/

51 d vhw G ri ? vxevhwv [�/� � � c[? +fdoohg grpdlqv, ri U?� dvvrfldwhg zlwk  �c � � � c ?/

61 d vhw F ri 6 elqdu| frqvwudlqwv uhodwlqj wkhvh yduldeohv1

D frqvwudlqw F�c� ri F uhodwlqj wzr yduldeohv  � dqg  � ri Y lv gh�qhg dv d vxevhw ri

U?� � U?� � Wkh yduldeoh  � lv frqvlvwhqw lq K li/ iru dq| lqvwdqwldwlrq h � ri  � lq [�/ lw lv

srvvleoh wr lqvwdqwldwh doo rwkhu yduldeohv  � ri Y lq wkhlu grpdlqv vxfk wkdw doo frqvwudlqwv

ri F duh vdwlv�hg1 Wkh odujhvw vxegrpdlq 	[� ri [� wkdw pdnhv  � frqvlvwhqw lv fdoohg wkh

frqvlvwhqf| grpdlq ri  �1 Li doo grpdlqv duh htxdo wr wkhlu frqvlvwhqf| grpdlqv/ wkh FVS

K lv vdlg wr eh joredoo| frqvlvwhqw1 Qrwh wkdw li rqh ri wkh grpdlqv ri d joredoo| frqvlvwhqw

FVS lv hpsw| wkhq doo grpdlqv ri wkh FVS duh hpsw|1

Uhpdun 4 Wr rxu srlqw ri ylhz/ wkh qdph �frqvwudlqw vdwlvidfwlrq sureohp�/ lv d edg

fkrlfh1 Rqh pd| dvn zkdw lv wkh sureohp wr eh vroyhg1 Lq idfw/ wkh sureohp wkdw lv

jhqhudoo| frqvlghuhg lv wr �qg vpdoo hqforvxuhv ri doo frqvlvwhqf| grpdlqv [�1

Wzr yduldeohv  �c � duh dgmdfhqw li wkh| duh uhodwhg e| d frqvwudlqw1 Wkh dvvrfldwhg

suhglfdwh zloo eh ghqrwhg e| dgm+ �c �,/ l1h1/

dgmE �c ��/ E � dqg  � duh dgmdfhqw� � +5,

Lq zkdw iroorzv/ wkh judsk J ri K +zkhuh wkh qrghv dqg wkh dufv fruuhvsrqg wr wkh  �*v

dqg wr wkh frqvwudlqwv/ uhvshfwlyho|,/ lv dvvxphg wr eh d wuhh frqwdlqlqj doo  �*v +l1h1/ zlwk

?� � dufv,1

H{dpsoh 4 Frqvlghu d FVS K ' EYcGcF� zlwk 8 yduldeohv  �c � � � c D dqg 7 frqvwudlqwv

F�2c F2Dc F2e dqg F��1 Lwv judsk/ uhsuhvhqwhg e| Iljxuh 4/ lv d wuhh1 Vlqfh  � dqg  2 duh

dgmdfhqw/ dgm+ �/ 2, lv wuxh1

515 Frqvlvwhqf| uhodwlrq lq d FVS

D uhodwlrq U ri Y lv d vxevhw ri Y � Y1 Wr lqglfdwh wkdw d sdlu E �c �� ehorqjv wr U/ zh

vkdoo xvh wkh qrwdwlrq  �U �1 Wkh uhodwlrq U lv d suhrughu li lw lv uh h{lyh +l1h1/ ; � 5 Y/
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Iljxuh 4= Judsk ri wkh FVS K dvvrfldwhg zlwk H{dpsoh 4

 �U �� dqg wudqvlwlyh +l1h1/ EE �c &� 5 U dqg E &c �� 5 U�, E �c �� 5 U�1 Wkh lghqwlw|

uhodwlrq L gh�qhg e|

 �L � /  � '  � +6,

lv wkh vpdoohvw suhrughu frqwdlqlqj Y1 Wkh xqlrq U� ^U2 ri wzr uhodwlrqv U� dqg U2 ri

Y lv gh�qhg e|

 � EU� ^U2� � / E �U� � ru  �U2 �� � +7,

Wkh surgxfw U��U2 ri wzr uhodwlrqv U� dqg U2 ri Y lv gh�qhg e|

 � EU��U2� � / E< & 5 Y m  �U� & dqg  &U2 ��� +8,

Frqvlghu d uhodwlrq U ri Y dqg ghqrwh e| UW wkh vpdoohvw suhrughu frqwdlqlqj U +l1h1/ lwv

uh h{lyh2wudqvlwlyh forvxuh,1 Zh kdyh

UW ' L ^ U ^ U�U ^U�U�U ^ � � � '
^
�Df

U� +9,

zkhuh Uf ' L dqg U�n� ' U�U�/� � f1

Uhpdun 5 D uhodwlrq U fdq eh uhsuhvhqwhg +vhh h1j1 ^45`, e| d Errohdq pdwul{ + zkrvh

hqwulhv o�� duh htxdo wr 4 li dqg rqo| li  �U �� Wkh pdwul{ frxqwhusduwv ri wkh xqlrq dqg

wkh surgxfw duh wkh dgglwlrq dqg wkh pxowlsolfdwlrq1 Iru lqvwdqfh/ frqvlghu wkh uhodwlrq U

dvvrfldwhg zlwk wkh pdwul{

+ /

3EC f � �

� f f

f f �

4FD �
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Wkh pdwul{ dvvrfldwhg zlwk UW lv

+W ' Wn+n+2 n+�

'

3EC � f f

f � f

f f �

4FDn

3EC f � �

� f f

f f �

4FDn

3EC � f �

f � �

f f �

4FDn

3EC f � �

� f �

f f �

4FD
'

3EC � � �

� � �

f f �

4FD
Gh�qh wkh uhodwlrq J dv iroorzv

 �J � / EdgmE �c �� dqg ;h � 5 [�c<h � 5 [� m Eh �c h �� 5 F�c��1 +:,

Wklv uhodwlrq fdq eh lqwhusuhwhg dv iroorzv =  �J � li hdfk ihdvleoh ydoxhv iru  � lv frqvlvwhqw

zlwk wkh frqvwudlqw F�c� dqg wkh grpdlq iru  �1

Wkh vpdoohvw suhrughu uhodwlrq JW zklfk frqwdlqv J zloo eh ghqrwhg K1 Li  �K �/ zh vkdoo

vd| wkdw  � lv frqvlvwhqw zlwk  �1

H{dpsoh 5 Frqvlghu wkh FVS K ' EYcGc F� zlwk 8 uhdo yduldeohv %�c � � � c %D/ wkh judsk

ri zklfk lv jlyhq e| Iljxuh 41 Dvvxph wkdw wkh frqvwudlqwv duh jlyhq e|

F�2 ' iE�%�c �%2� m �%2� n �%22 � ejc

F2D ' iE�%2c �%D� m �%2 � �%D n �jc

F2e ' iE�%2c �%e� m �%2 ' i T E�%e n ��jc

F�� ' iE�%�c �%�� m �%� ' t�?E�%��j�

+;,

dqg wkh grpdlqv iru wkh yduldeohv duh jlyhq e|

[� ' dfc�oc [2 ' d�c �foc [� ' d�Dc Doc [e ' d��c�o dqg [D ' d�.c �2o� +<,

Iurp +:,/ %�J%2 ehfdxvh ;�%� 5 dfc �o/ <�%2 5 d�c �fo vxfk wkdw �%2� n �%22 � e1 Zlwk wkh vdph

pdqqhu/ zh kdyh %2J%Dc %2J%e dqg %�J%� exw zh gr qrw kdyh %2J%�/ %DJ%2/ %eJ%2/ dqg

%�J%�1

Sursrvlwlrq 4 +l, Li  � lv frqvlvwhqw zlwk doo rwkhu yduldeohv wkhq  � lv frqvlvwhqw lq K

dqg lwv grpdlq [� lv htxdo wr lwv frqvlvwhqf| grpdlq 	[�1 +ll, li  � lv frqvlvwhqw zlwk  �

dqg li [� lv uhsodfhg e| d vxevhw [�
� ri [�/ wkhq  � uhpdlqv frqvlvwhqw zlwk  �/ exw wkh

8



yduldeohv  &c & 9'  � wkdw zhuh frqvlvwhqw zlwk  � pd| ehfrph lqfrqvlvwhqw zlwk  �1 +lll,

Doo yduldeohv duh frqvlvwhqw zlwk doo rwkhu yduldeohv li dqg rqo| li doo grpdlqv ri K duh

htxdo wr wkhlu frqvlvwhqf| grpdlq +l1h1/ K lv joredoo| frqvlvwhqw,1 Wkhvh sursrvlwlrqv fdq

eh zulwwhq lq d pdwkhpdwlfdo irup dv iroorzv=

+l, E; � 5 Yc �K ��, [� ' 	[�/

+ll, li  �K � dqg li [� lv uhsodfhg e| d vhw [�
� � [� wkhq zh vwloo kdyh  �K � c

+lll, E; � 5 Yc; � 5 Yc �K ��/ E; � 5 Y/ [� ' 	[���

+43,

Surri= Zh vkdoo rqo| jlyh d vnhwfk ri wkh surri ri +l, rq dq h{dpsoh edvhg rq wkh

FVS uhsuhvhqwhg lq Iljxuh 41 Dvvxph wkdw E; � 5 Yc �K �� dqg ohw xv vkrz wkdw  � lv

frqvlvwhqw1 Zh kdyh  �K 2c  �K �c  2K e dqg  2K D1 Qrz/ iurp +:,/

+d,  �K 2 , ;h � 5 [�c<h 2 5 [2 m Eh �ch 2� 5 F�2c

+e,  2K D , ;h 2 5 [2c<h D 5 [D m Eh 2ch D� 5 F2Dc

+f,  2K e , ;h 2 5 [2c<h e 5 [e m Eh 2ch e� 5 F2ec

+g,  �K � , ;h � 5 [�c<h � 5 [� m Eh �ch �� 5 F���

+44,

Iurp +d, dqg +g,/ zh jhw=

;h � 5 [�c<h 2<h �# h 2 5 [2h � 5 [�

$
vxfk wkdw

#
Eh �c h 2� 5 F�2

Eh �c h �� 5 F��

$
+45,

Iurp +e,/

;h � 5 [�c<h 2<h �<h D
3EC h 2 5 [2h � 5 [�h D 5 [D

4FD vxfk wkdw

3EC Eh �ch 2� 5 F�2

Eh �ch �� 5 F��

Eh 2ch D� 5 F2D

4FD +46,

dqg iurp +f,

;h � 5 [�c<h 2<h �<h e<h D
3EEEC
h 2 5 [2h � 5 [�h e 5 [eh D 5 [D

4FFFD vxfk wkdw

3EEEC
Eh �c h 2� 5 F�2

Eh �c h �� 5 F��

Eh 2c h D� 5 F2D

Eh 2c h e� 5 F2e

4FFFD � +47,

Wkhuhiruh  � lv frqvlvwhqw lq K1 �

516 Frqwudfwlrq rshudwru

Li dgm+ �c �, lv wuxh/ gh�qh wkh frqwudfwlrq rshudwru 4
 �

 �
dv iroorzv

4 �
 �
E[�� / ih � 5 [� m <h � 5 [�/ Eh �c h �� 5 F��j�
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Qrwh wkdw 4
 �
 � E[�� lv wkh odujhvw vxegrpdlq ri [� wkdw fdq uhsodfh [� lq rughu wr kdyh

 �K �1

H{dpsoh 6 Frqvlghu wkh FVS wuhdwhg lq H{dpsoh 51 Zh kdyh

4%�%2 E[2� ' i�%2 5 dfc �fo m <�%� 5 dfc �oc �%2� n �%22 � ej ' dfc 2oc

4%2%� E[�� ' i�%� 5 dfc �o m <�%2 5 dfc�foc �%2� n �%22 � ej ' dfc �oc

4%2%D E[D� ' i�%D 5 d�.c �2o m <�%2 5 dfc �foc �%2 � �%D n �j ' d�c �2o�

+48,

Lqwhuydo frpsxwdwlrq ^55` pd| khos wr rewdlq wkhvh lqwhuydov1 Iru lqvwdqfh/

4%2%D E[D� ' i�%D 5 d�.c �2o m <�%2 5 dfc�foc<@ 5 dfc4dc �%D ' �%2 n @� �j +49,

' d�.c �2o _ Edfc �fo n dfc4dn�� ' d�.c �2o _ d�c4o ' d�c �2o�

H{dpsoh 7 Dvvxph wkdw wkh frqvwudlqw ehwzhhq wkh wzr dgmdfhqw yduldeohv  � dqg  � lv

jlyhq F�c� ' iEh �c h �� 5 U?� � U?� m h � ' u Eh ��j1 Wkhq/

4 �
 �
E[�� ' ih � 5 [� m <h � 5 [� / h � ' uEh ��j ' uE[�� _ [�c +4:,

4 �
 �
E[�� ' ih � 5 [� m <h � 5 [�/ h � ' uEh ��j ' u3�E[�� _ [� �

Sursrvlwlrq 5= Lq Kc li  � dqg  � duh dgmdfhqw/ wkh vwdwhphqw [� G' 4
 �
 � E[�� ohdyhv wkh

frqvlvwhqf| grpdlqv ri K xqfkdqjhg1 Pruhryhu/ diwhu wklv vwdwhphqw/  �K � �

Surri= Wkh frqvlvwhqf| grpdlq 	[& ri  & lv pdgh zlwk doo h &*v ri [& vxfk wkdw doo rwkhu

yduldeohv fdq eh lqvwdqwldwhg lq wkhlu grpdlqv vr wkdw doo frqvwudlqwv duh vdwlv�hg1 Qrz/ wkh

vwdwhphqw [� G' 4
 �

 �
E[�� holplqdwhv ydoxhv iru  � wkdw fdqqrw vdwlvi| wkh frqvwudlqw F�� dqg

wkhuhiruh/ wklv vwdwhphqw fdqqrw prgli| 	[&1 Wkh idfw wkdw wkh vwdwhphqw [� G' 4
 �

 �
E[��

|lhogv wkh surshuw|  �K � lv d gluhfw frqvhtxhqfh ri wkh gh�qlwlrq ri K +vhh htxdwlrq +:,,1

�

6 Vhw sursdjdwlrq

Vhw sursdjdwlrq zloo pdnh lw srvvleoh wr frpsxwh frqvlvwhqf| grpdlqv1 Wkh lghdv suh0

vhqwhg khuh duh wdnhq iurp ^8`/ ^54` dqg ^5`1

Qrwdwlrq= Uhfdoo wkdw wkh judsk ri wkh FVS K kdv ehhq dvvxphg wr eh d wuhh J1 Ohw

 ��c � � � c �&
eh & yduldeohv ri K1 Wkh vpdoohvw vxewuhh ri J zklfk frqwdlqv  �� c � � � c �&

zloo

:



Iljxuh 5= Vhtxhqflqj ri wkh frqwudfwlrqv lq Idoo> wkh urrw  � ri wkh wuhh W fruuhvsrqgv

wr wkh ohiwprvw qrgh>

eh ghqrwhg e| W E ��c � � � c �&�1 Wkh vhw ri doo  � lqyroyhg lq d jlyhq vxewuhh W ri J zloo

eh ghqrwhg e| ydu+W ,1 Qrwh wkdw yduEW E �� c � � � c �&�� � i ��c � � � c �&j�

Ohw W eh d vxewuhh ri J/ vxfk wkdw  � 5 yduEW �1 Frqvlghu wkh uhfxuvlyh iroorzlqj dojrulwkp1

Dojrulwkp IdooE �cW �

4 pdun  �(

5 iru doo  � 5 Y vxfk wkdw dgmE �c �� (

6 li  � lv qrw pdunhg dqg li  � lv d yduldeoh ri W >

7 IdooE � cW � (

8 [� G' 4
 �

 �
E[�� (

9 hqg li>

8 hqg iru1

+4;,

Wkh qdph Idoo lv gxh wr wkh idfw wkdw  � fdq eh frqvlghuhg dv wkh urrw ri W dqg wkdw

dojrulwkp rshudwhv iurp wkh ohdyhv ri W grzq wr lwv urrw1 Dv iru erwdqlfdo wuhhv/ wkh urrw

lv dw wkh erwwrp ri wkh wuhh/ dqg wkh ohdyhv dw wkh wrs1

Sursrvlwlrq 6= Diwhu frpsohwlrq ri IdooE �cW �/  � lv frqvlvwhqw zlwk doo yduldeohv ri

ydu+W , +l1h1/ ; � 5 ydu+W ,c �K ��1

Wklv sursrvlwlrq/ suryhq lq ^46`/ lv looxvwudwhg e| wkh frqvlvwhqf| judsk ri Iljxuh 51 Wklv

judsk uhsuhvhqwv wkh vhtxhqflqj ri wkh rshudwlrqv ri Idoo1 Dq duurz iurp wkh qrgh  �

wrzdug wkh qrgh  � lqglfdwhv wkdw wkh rshudwlrq [� G' 4
 �

 �
E[�� kdv ehhq shuiruphg zklfk

lpsolhv wkdw wkh uhodwlrq  �K � krogv wuxh1

Frqvlghu wkh uhfxuvlyh iroorzlqj dojrulwkp zkhuh doo yduldeohv kdyh lqlwldoo| ehhq xq0

;



Iljxuh 6= Vhtxhqflqj ri wkh rshudwlrqv lq Folpe> wkh frqwudfwlrqv duh shuiruphg iurp

wkh urrw xswr lwv ohdyhv

pdunhg1

Dojrulwkp FolpeE �cW �

4 pdun  �(

5 iru doo  � 5 Y vxfk wkdw dgmE �c �� (

6 li  � lv qrw pdunhg dqg li  � lv d yduldeoh ri W

7 [� G' 4 �
 �
E[�� (

8 FolpeE �cW � (

9 hqg li>

8 hqg iru1

Wkh dojrulwkp rshudwhv iurp wkh urrw  � ri W xswr lwv ohdyhv1

Sursrvlwlrq 7 +suryhq lq ^46`,= Li E; � 5 ydu+W ,c �K ��/ diwhu frpsohwlrq ri FolpeE �cW �/

zh kdyh E; � 5 ydu+W ,/ ; & 5 ydu+W ,c �K &��

Wklv sursrvlwlrq lv looxvwudwhg e| wkh frqvlvwhqf| judskv ri Iljxuh 6 zklfk ghslfwv wkh

vhtxhqflqj ri wkh rshudwlrqv lq Folpe1 Vpdoo duurzv lqglfdwh wkdw ehiruh uxqqlqj Folpe/

wkh urrw +ohiwprvw qrgh,  � lv frqvlvwhqw zlwk doo rwkhu qrghv1 Elj duurzv lqglfdwh wkdw wkh

rshudwlrq [� G' 4 �
 �
E[�� kdv ehhq shuiruphg e| Folpe dqg wkxv wkdw wkh uhodwlrq  �K �

lv ydolg1 Diwhu frpsohwlrq ri Folpe/ li wkh vxewuhh W fruuhvsrqgv wr wkh zkroh judsk J

ri wkh FVS K/ wkhq K lv joredoo| frqvlvwhqw1

H{dpsoh 8 Frqvlghu wkh FVS K zlwk D yduldeohv  �c � � � c D uhodwhg e| wkh iroorzlqj

frqvwudlqwv ;AAA?AAA=
 � ' u�E ��c

 e ' ueE 2�c

 2 ' uDE D�c

 2 ' u2E ���

+4<,

<



Iljxuh 7= Wkh judsk J ri wkh FVS lv d wuhh/ wkh fkrvhq urrw lv  �

Wkh judsk J ri K lv jlyhq e| Iljxuh 7/ zkhuh duurzv lqglfdwh wkh gluhfwlrq lq zklfk

wkh ixqfwlrqv dsso|1 Vlqfh lw grhv qrw frqwdlq dq| f|foh/ wklv judsk lv d wuhh1 Wkh wuhh

W E �c �c ec D� lv htxdo wr wkh lqlwldo wuhh J1 Wkh wuhh W E �c e� lv d fkdlq zlwk wkh 6

qrghv  �c 2 dqg  e1Wkh frqvlvwhqf| grpdlqv 	[� ri  � lv rewdlqhg e| IdooE �cJ�1 Lq wklv

frqwh{w/ Idoo wudqvodwhv lqwr wkh iroorzlqj dojrulwkp

Dojrulwkp IdooElqrxw= [�c[2c[�c[ec[D�

4 [2 G' [2 _ uD E[D� ( 22 [2 G' 4 D
 2
E[2�

5 [2 G' [2 _ u
3�
e E[e� ( 22 [2 G' 4 e

 2
E[2�

6 [� G' [� _ u� E[�� ( 22 [� G' 4 �
 �
E[��

7 [� G' [� _ u
3�
2 E[2� ( 22 [� G' 4 2

 �
E[��

+53,

Diwhu Vwhs 4/  2K D> diwhu Vwhs 5/  2K e> diwhu Vwhs 6/  �K �( diwhu Vwhs 7/  �K 21 Wkxv

 � lv frqvlvwhqw zlwk  2c  �c  ec  D dqg [� lv htxdo wr lwv frqvlvwhqf| grpdlq 	[�1

H{dpsoh 9 Frqvlghu wkh FVS ri H{dpsoh 8 dqg dvvxph wkdw ;  � 5 Y/  �K � 1 Wr jhw

wkh frqvlvwhqf| grpdlq ri d jlyhq yduldeoh/ vd|  D/ lw vx!fhv wr fdoo IdooE DcW E �c D��/

zklfk wudqvodwhv lqwr wkh vhtxhqfh

[2 G' [2 _ u2 E[�� ( [D G' [D _ u
3�
D E[2� ( +54,

Diwhu frpsohwlrq ri wkh vhtxhqfh/  DK �1 E| wudqvlwlylw|/ ;  � 5 J/  DK �1

H{dpsoh : Frqvlghu djdlq wkh FVS ri H{dpsohv 8 dqg 9 dqg dvvxph wkdw ;  � 5 J/

 �K � 1 Wr frpsxwh doo frqvlvwhqf| grpdlqv/ lw vx!fhv wr uxq FolpeE �cJ�1 Lq wklv
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frqwh{w/ lw wudqvodwhv lqwr wkh iroorzlqj dojrulwkp1

Dojrulwkp FolpeElqrxw= [�c[2c[�c[ec[D�

8 [2 G' [2 _ u2 E[�� ( 22 [2 G' 4 �
 2
E[2�

9 [� G' [� _ u
3�
� E[�� ( 22 [� G' 4 �

 �
E[��

: [D G' [D _ u
3�
D E[2� ( 22 [D G' 4 2

 D
E[D�

; [e G' [e _ ue E[2� ( 22 [e G' 4 2
 e
E[e�

+55,

Diwhu frpsohwlrq ri Folpe K lv joredoo| frqvlvwhqw1

Uhpdun 6 Zkhq wkh judsk lv qrw d wuhh dqg zkhq wkh frqvwudlqwv duh qrw elqdu|/ lw lv

srvvleoh wr jurxs yduldeohv lqwr yhfwruv wr exlog d qhz FVS/ wkh judsk ri zklfk lv d wuhh1

Wklv lv wkh sxusrvh ri vr0fdoohg foxvwhulqj whfkqltxhv ^:`1

Wkh frpsxwdwlrq ri u E[�/ u3� E\� ru [ _ \/ qhhghg e| Idoo dqg Folpe/ fdq rqo| eh

dssur{lpdwhg lq wkh jhqhudo fdvh ^46`1 Krzhyhu lq vrph sduwlfxodu fdvhv lw lv srvvleoh wr

shuirup wkhvh wdvnv h{dfwo| dqg lq d �qlwh qxpehu ri vwhsv1 Wklv lv looxvwudwhg e| wkh

iroorzlqj h{dpsohv1

H{dpsoh ; Zkhq doo [�*v duh sro|wrshv dqg zkhq wkh frqvwudlqwv  � ' u E �� duh vxfk

wkdw u lv olqhdu/ doo grpdlqv kdqgohg e| Idoo dqg Folpe zloo dovr eh sro|wrshv ^5:`1 Wkh

frpsxwdwlrq ri wkh frqvlvwhqf| grpdlqv ri wkh FVS fdq wkxv eh grqh lq d �qlwh dqg h{dfw

zd|1

H{dpsoh < Dvvxph wkdw doo ixqfwlrqv u lqyroyhg lq wkh FVS duh vxfk wkdw iru doo er{hv

d o dqg d)o ri dssursuldwh glphqvlrqv/ u Ed o� dqg u3�Ed)o� duh er{hv1 Li doo [�*v duh er{hv

wkhq doo frqvlvwhqf| grpdlqv duh dovr er{hv dqg fdq eh frpsxwhg h{dfwo| e| Idoo dqg

Folpe1 Dq h{dpsoh ri vxfk d er{0frqvhuydwlyh ixqfwlrq lv

u

#
%�

%2

$
'

#
�%�2 n 2

%� n i TE%��

$
� +56,

H{dpsoh 43 D fruqhu lv d vxevhw ri U? ri wkh irup d o ' d%3� c4d� � � � � d%3? c4d1 Wkhuh

h{lvwv vrph ixqfwlrqv wkdw duh fruqhu0frqvhuydwlyh1 Iru lqvwdqfh/ wkh lqyhuvh ri wkh fruqhu

\ ' d+3� c4d�d+32 c4d e| wkh ixqfwlrq

u

#
%�

%2

$
'

#
4�? E%� n 2c�%2 n e�

4�? ED%� n Sc .%2 n H�

$
� +57,
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Iljxuh 8= Lqqhu dqg rxwhu dssur{lpdwlrqv ri [

lv wkh fruqhu

u3�

#
d+3� c4d

d+32 c4d

$
'

3C d4@ 
�
+3� � 2c

+
3

2
3S

D

�
c4d

d4@ 
�

+
3

�
3e

�
c
+
3

2
3H

.

�
c4d

4D � +58,

Li doo grpdlqv duh fruqhuv/ wkh frqvlvwhqf| grpdlqv fdq eh frpsxwhg h{dfwo| surylghg wkdw

rqo| fruqhu0frqvhuydwlyh ixqfwlrqv duh lqyroyhg lq wkh vhw sursdjdwlrq1

H{dpsoh 44 Jhqhudo frpsdfw vhwv ri U? fdq eh dssur{lpdwhg e| xqlrq ri er{hv zlwk

dq duelwudu| dffxudf|1 Iru lqvwdqfh/ dq lqqhu dqg rxwhu dssur{lpdwlrq ri wkh vhw [ /

iE%�c %2� m � � %2� n %22 n %�%2 � 2j lv ghslfwhg lq Iljxuh 81 Lqwhuydo phwkrgv fdq wkxv

eh xvhg wr frpsxwh wkh uhflsurfdo ru wkh gluhfw lpdjhv ri [ e| qrqolqhdu ixqfwlrq lq d

jxdudqwhhg zd| ^47`1 Iru lqvwdqfh/ wkh uhflsurfdo lpdjh ri [ e| wkh ixqfwlrq

u G

#
%�

%2

$
$

#
t�?E%�� n %2

2

%2� n t�?E%2�

$
lv dssur{lpdwhg dv looxvwudwhg e| Iljxuh 91 Wklv dssur{lpdwlrq kdv ehhq rewdlqhg e| wkh

dojrulwkp Vlyld +Vhw Lqyhuvlrq Yld Lqwhuydo Dqdo|vlv ^47`, lq 318 vhf1 rq d Shqwlxp 6331

Uhpdun 7 Li zh frqvlghu wkh vhw rshudwlrq *frpsxwlqj 4 �
 �
E[�� h{dfwo|* dv dq hohphqwdu|

rshudwlrq/ wkhq wkh frpsoh{lw| ri erwk dojrulwkpv Idoo dqg Folpe lv olqhdu zlwk uhvshfw

wr wkh qxpehu ri yduldeohv lq wkh wuhh1 Xqiruwxqdwho|/ riwhq lq sudfwlfh/ 4 �
 �
E[�� fdq rqo|

eh dssur{lpdwhg dqg frpsxwlqj lwv dssur{lpdwlrq fdq rqo| eh shuiruphg e| dq dojrulwkp

zkrvh frpsoh{lw| lv h{srqhqwldo zlwk uhvshfw wr wkh glphqvlrq ri [�1
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Iljxuh 9= Wkh uhflsurfdo lpdjh ri [ e| u frpsxwhg e| wkh dojrulwkp Vlyld

7 Dssolfdwlrq wr frqwuro

Vwdwh0vsdfh htxdwlrqv +4, fdq eh fdvw lqwr elqdu| uhodwlrqv dv iroorzv=

+
 & ' uE &3�c�&3��c

)& ' }E &�c
/

;AAA?AAA=
 & ' uE3&3��c

 & ' Z
 
E3&� c

�& ' Z
�
E3&� c

)& ' }E &��

� +59,

zkhuh & 5 i�c � � � c 7&j dqg zkhuh Z
 
dqg Z

�
duh wkh surmhfwlrq rshudwruv gh�qhg e| wkh

iroorzlqj htxlydohqfh

3 ' E ��/ E� ' Z� E3� dqg  ' Z E3�� � +5:,

Rxu frqwuro sureohp fdq eh uhsuhvhqwhg e| wkh FVS K ' EYcGc F� zlwk

Y ' i�fc � � � c�7&3�c fc �c � � � c 7&c 3fc � � � c 37&c)�c � � � c)7&j c

G ' iXfc � � � cX7&3�c[fc[�c � � � c[7&cU
?} c � � � cU?} c\�c � � � c\7&j c

F '
�
 & ' u E3&3��c & ' Z E3&� c�& ' Z� E3&� c)& ' }E &�c & ' �c � � � c 7&

�
�

+5;,

Wkh judsk J ri K lv wkh wuhh vkrzq lq Iljxuh :1

714 Rshq0orrs vhw frqwuroohu

Ohw xv uhfdoo wkdw  f lv nqrzq/ l1h1/ lwv grpdlq [f lv d vlqjohwrq ih fj1 Wkh frqwuro

vhtxhqfh Eh�fc � � � c h�7&3�� 5 Xf � � � � � X7&3� lv ihdvleoh li wkh vlpxodwlrq ri +4, ohdgv wr
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Iljxuh := Judsk J dvvrfldwhg zlwk wkh v|vwhp wr eh frqwuroohg

 &*v dqg )&*v wkdw ehorqj wr wkhlu grpdlqv1 Wkh iroorzlqj dojrulwkp frpsxwhv d ihdvleoh

vhtxhqfh h�fc � � � c h�7&3�1

Dojrulwkp RshqOrrsFrqwuroElq= [fcXfc\�c � � � c[7&cX7&3�c\7&( rxw h�fc � � � c h�7&3��

4 ]f G' U
?} ( � � � ( ]7&3� G' U

?} (

5 Idoo+�f/J,>

6 li Xf ' >c uhwxuq +�qr frqwuro fdq eh irxqg�,>

7 iru & G' � wr 7& � �

8 fkrrvh h�&3� 5 X&3�( X&3� G' ih�&3�j(

9 Idoo+�&cW E�&3�c�&�,>

: fkrrvh h�7&3� 5 X7&3��

Uhpdun 8 Li zh frqvlghu vhw rshudwlrqv vxfk dv +l, frpsxwlqj wkh gluhfw lpdjh/ +ll,

frpsxwlqj wkh uhflsurfdo lpdjh/ +lll, lqwhuvhfwlqj/ +ly, surmhfwlqj/ � � � dv hohphqwdu| rshu0

dwlrqv/ wkhq wkh frpsoh{lw| ri RshqOrrsFrqwuro lv olqhdu zlwk uhvshfw wr wkh qxpehu
7&1 Djdlq/ uhfdoo/ wkdw/ lq sudfwlfh/ wkhvh rshudwlrqv fdq rqo| eh dssur{lpdwhg dqg wkhlu

frpsoh{lwlhv duh riwhq h{srqhqwldo zlwk uhvshfw wr ?51

Frpphqwv= Vwhs 5 frpsxwhv wkh frqvlvwhqf| grpdlq eXf ri �f1 Diwhu Vwhs 5/ �f lv

frqvlvwhqw zlwk doo rwkhu yduldeohv/ l1h1/ li wkh uhodwlrq  �K � lv uhsuhvhqwhg e| dq duurz

iurp  � wr  �/ wkhuh h{lvwv d sdwk iurp dq| rwkhu yduldeoh wr �f +vhh wkh frqvlvwhqf|

judsk ri Iljxuh ; +d,,1 Li eXf lv hpsw|/ qr ihdvleoh frqwuro vhtxhqfh fdq eh irxqg dqg

wkh dojrulwkp vwrs dw Vwhs 61 Dw Vwhs 8/ rqh h�f lv fkrvhq lq eXf1 Diwhu wkh vwdwhphqw

Xf G' ih�fj/ �f zloo uhpdlq frqvlvwhqw zlwk doo rwkhu yduldeohv +vhh +ll, ri Sursrvlwlrq 4,

dqg wkh dvvrfldwhg rulhqwhg wuhh lv vwloo jlyhq e| Iljxuh ; +d,1 Wkh frqvlvwhqf| grpdlq
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Iljxuh ;= Sulqflsoh ri wkh dojrulwkp RshqOrrsFrqwuro

iru �� lv wkhq rewdlqhg e| Idoo+��cW E�fc���, dw Vwhs 9 +vhh H{dpsoh 9,1 Diwhu Vwhs 9/

wkh ohiw sduw ri frqvlvwhqf| judsk lv jlyhq e| Iljxuh ; +e,1 Dw wklv vwdjh/ erwk �f dqg

�� duh frqvlvwhqw zlwk doo rwkhu qrghv1 Diwhu lqvwdqwldwlrq ri ��/ wkh yduldeoh �� uhpdlqv

frqvlvwhqw zlwk doo rwkhu yduldeohv/ exw 3� lv qrw frqvlvwhqw zlwk �� dq|pruh +vhh Iljxuh ;

+f,,1 Wklv uhdvrqlqj fdq eh uhshdwhg 7& wlphv wr exlog wkh ihdvleoh frqwuro vhtxhqfh1 Qrwh

wkdw wkh vwdwhphqw Idoo+�&cW E�&3�c�&�, dw Vwhs 9 dprxqwv wr shuiruplqj wkh iroorzlqj

vwdwhphqwv=

]&3� G' ]&3� _ Z3�
�

EX&3�� (

[& G' [& _ u E]&3�� (

]& G' ]& _ Z3�
 

E[&� (

X& G' X& _ Z� E]&� (

+5<,

Qrwh wkdw vlqfh W E�&3�c�&� lv d fkdlq/ Idoo+�&cW E�&3�c�&�, frxog dovr eh uhsodfhg e|

Folpe+�&3�c W E�&3�c�&�, dw Vwhs 9 ri RshqOrrsFrqwuro1

Uhpdun 9 Wkh frqfhswxdo dojrulwkp RshqOrrsFrqwuro/ zkhuh Vwhs 9 lv uhsodfhg e|

wkh vhtxhqfh +5<, lv vlplodu wr wkdw ri Ehuwvhndv ^7` zklfk kdv ehhq rewdlqhg zlwkrxw wdnlqj

lqwr dffrxqw wkdw wkh judsk dvvrfldwhg zlwk wkh frqvwudlqwv lv d wuhh1 Krzhyhu/ d sudfwlfdo
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lpsohphqwdwlrq ri wklv dojrulwkp uhtxluhv vrph frpsxwdwlrqv zlwk vhwv +vxfk dv u E]&3��

dqg Z� E]&�,/ zklfk fdq eh shuiruphg +lq dq dssur{lpdwh exw jxdudqwhhg zd|, rqo| zlwk

lqwhuydo phwkrgv/ h{fhsw iru sduwlfxodu v|vwhpv1

715 Forvhg0orrs vhw frqwuroohu

Dvvxph qrz wkdw wkh lqlwldo vwdwh yhfwru lv qrw nqrzq dq|pruh dqg wkdw dw wlph &/ d

phdvxuhphqw h)& ri )& lv froohfwhg1 Lq d erxqghg0huuru frqwh{w/ wr hdfk phdvxuhphqw lv

dvvrfldwhg d vhw0phpehuvkls uhodwlrq ri wkh irup )& 5 L Eh)&� zkhuh L lv wkh lqwhusuhwdwlrq

ixqfwlrq zklfk dvvrfldwhv wr wkh qrlv| gdwd h)& d vhw L Eh)&� wr zklfk wkh qrlvh0iuhh rxwsxw

)& vkrxog ehorqj1 Wkxv/ zkhq wkh phdvxuhphqw h)& lv froohfwhg/ wkh grpdlq \& ri )& kdv

wr eh frqwudfwhg lqwr \& _ L Eh)&�1

Dvvxph wkdw dw wlph & wkh vwdwh yhfwru lv nqrzq wr ehorqj wr [& +9' >,1 Wkh forvhg

orrs frqwuro sureohp dw wlph & dprxqwv wr �qglqj �& 5 X& vxfk wkdw doo ixwxuh vshfl�fd0

wlrqv fdq eh vdwlv�hg1 Wkh iroorzlqj dojrulwkp wdnhv lqwr dffrxqw wkdw dw wlph & d qhz

phdvxuhphqw yhfwru lv froohfwhg/ lq rughu wr frpsxwh d ihdvleoh frqwuro vhtxhqfh1

Dojrulwkp ForvhgOrrsFrqwuroElq= [fcXfc\�c � � � ( rxw= h�fc � � � c h�7&3��

4 ]f G' U?} ( � � � ( ]7&3� G' U
?} (

5 Idoo+�fcJ,>

6 iru & G' f wr 7& � 2

7 li X& ' > uhwxuq +�idlo�,>

8 fkrrvh h�& 5 X&( X& G' ih�&j(

9 dsso| wkh frqwuro h�& wr wkh v|vwhp>

: zdlw iru d phdvxuhphqw h)&n�( \&n� G' L Eh)&n�� _ \&n�(

; Idoo+�&n�cW E�&c�&n�c)&n��,>

< hqg iru>

43 fkrrvh h�7&3� 5 X7&3��

Frpphqwv= Wklv dojrulwkp lv vlplodu wr RshqOrrsFrqwuro1 Wkh pdlq gl�huhqfh lv

wkdw phdvxuhphqwv duh froohfwhg dw wlph & dqg frqwudfw wkh grpdlqv lq dq xqsuhglfwdeoh

zd|1 Diwhu Vwhs 5/ wkh frqvlvwhqf| judsk lv jlyhq e| Iljxuh < +d,1 Li wkh frqvlvwhqf|

grpdlq dvvrfldwhg zlwk �f lv hpsw|/ wkhq qrwklqj fdq eh grqh wr �qg d ihdvleoh frqwuro

vhtxhqfh dqg d idloxuh lv uhwxuqhg dw Vwhs 71 Dw Vwhs 8/ d h�f lv fkrvhq lq Xf1 Lw fdq eh

fkrvhq lq dq rswlpdo zd|/ exw dq rswlpdo vwudwhj| riwhq fruuhvsrqgv wr fkrrvlqj d srlqw

wkdw lv rq wkh erughu ri Xf dqg lqfuhdvhv wkh suredelolw| ri idloxuh dw wkh qh{w vwhsv1 D
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Iljxuh <= Sulqflsoh ri wkh dojrulwkp ForvhgOrrsFrqwuro

urexvw vwudwhj| pd| fruuhvsrqg wr fkrrvlqj d srlqw wkdw lv ghhs lqvlgh Xf1 Rqfh �f kdv

ehhq lqvwdqwldwhg/ wkh qhz grpdlq iru Xf ehfrphv htxdo wr wkh vlqjohwrq ih�fj dw Vwhs 8�

Dw wklv ohyho/ wkh frqvlvwhqf| judsk lv vwloo jlyhq e| Iljxuh < +d,1 Diwhu dsso|lqj wr wkh

v|vwhp wkh frqwuro h�f/ zh zdlw iru wkh phdvxuhphqw h)�� Wklv wudqvodwhv lqwr d frqwudfwlrq
ri \� dqg  � lv qrw dq|pruh frqvlvwhqw zlwk )�1 Wkh frqvlvwhqf| judsk lv qrz jlyhq e|

Iljxuh < +e,1 Vwhs ; frpsxwhv wkh frqvlvwhqf| grpdlq iru �� dqg wkh frqvlvwhqf| judsk

lv qrz jlyhq e| Iljxuh < +f,1 Qrwh wkdw Vwhs ; wudqvodwhv lqwr wkh iroorzlqj vwdwhphqwv1

]& G' ]& _ Z3�
�

EX&� (

[&n� G' [&n� _ u E]&� _ }
3� E\&n�� (

]&n� G' ]&n� _ Z3�
 

E[&n�� (

X&n� G' X&n� _ Z� E]&n�� (

+63,

Vwhs 6 wr < duh uhshdwhg vhyhudo wlphv/ xqwlo wkh lqgh{ & ehfrphv htxdo wr 7& � 21

8 Whvw fdvhv

814 Whvw fdvh 4

Frqvlghu wkh wlphg0hyhqw judsk looxvwudwhg e| wkh Shwul qhw +vhh ^56` iru d vxuyh|, ri Iljxuh

431

Lq wklv v|vwhp/ wrnhqv +uhsuhvhqwhg e| eodfn srlqwv, flufxodwh iroorzlqj wkh gluhfwlrqv

ri wkh duurzv1 Wudqvyhuvh vhjphqwv fruuhvsrqg wr wudqvlwlrqv dqg flufohv fruuhvsrqg wr

sodfhv1 Dw wlph &c d wudqvlwlrq lv �uhg zkhq doo lwv xsvwuhdp sodfhv frqwdlq dw ohdvw rqh

4:



Iljxuh 43= Glvfuhwh0wlph v|vwhp wr eh frqwuroohg

Iljxuh 44= Hyroxwlrq ri wkh Shwul qhw iru & ' �c 2c� dqg 7

wrnhq1 Lq vxfk d fdvh/ rqh wrnhq lv uhpryhg iurp hdfk ri wkh xsvwuhdp sodfhv dqg rqh

wrnhq lv dgghg wr doo grzqvwuhdp sodfhv1 Wklv rshudwlrq wdnhv sodfh xqwlo dw ohdvw rqh ri

wkh xsvwuhdp sodfhv ehfrphv hpsw|1 Dw wlph & ' f/ wkhuh h{lvwv : wrnhqv lq wkh v|vwhp

+vhh Iljxuh 43,1 Dvvxph wkdw dw wlph & ' � wzr wrnhqv kdyh ehhq lqvhuwhg lq wkh Shwul

qhw wkurxjk wkh frqwuro wudqvlwlrq �1 Wkh hyroxwlrq ri wkh v|vwhp iru & ' �c 2c � dqg 7 lv

looxvwudwhg e| Iljxuh 441

Ghqrwh e| %�& +�& dqg +&/ uhvshfwlyho|, wkh qxpehu ri wrnhqv wkdw kdyh furvvhg wkh wudq0

vlwlrq %� +� dqg +/ uhvshfwlyho|, dw wlph &1 Iru lqvwdqfh/ lq wkh vlwxdwlrq uhsuhvhqwhg lq

Iljxuh 44/ zh kdyh %�
f
' fc %�

�
' f dqg %�& ' 2c iru & � 21 Qrwh wkh vhtxhqfhv %�

&/ �& dqg

+& lqfuhdvh zlwk &1 Wkh hyroxwlrq ri wkh v|vwhp fdq eh ghvfulehg e| wkh iroorzlqj vwdwh0

vsdfh htxdwlrqv +vhh ^9` iru pruh ghwdlov rq wkh vwdwh0vsdfh uhsuhvhqwdwlrq ri wlphg0hyhqw

4;



judsk,= 3EEEEEEEEEEEEEEEEEEC
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� +64,

Zh vkdoo dvvxph wkdw dw wlph & ' f qr wudqvlwlrq kdv ehhq �uhg/ l1h1/ iru doo �/ %�
f ' f1

Wkh rxwsxw wr eh frqvlghuhg lv wkh qxpehu ri wrnhqv wkdw ohdyh wkh v|vwhp1 Wklv ohdgv xv

wr wkh revhuydwlrq htxdwlrq

+& ' %e�& c +65,

zkhuh %e�& fruuhvsrqgv wr wkh uljkwprvw wudqvlwlrq1

Ohw xv qrz looxvwudwh wkh phwkrgrorj| iroorzhg e| RshqOrrsFrqwuro wr �qg d frqwuro

vhtxhqfh zklfk vdwlvi| vrph jlyhq vshfl�fdwlrqv1 Iru lqvwdqfh/ dvvxph wkdw lw lv uhtxluhg

wkdw dw wlph & ' 2e wzr wrnhqv dqg iru & ' �� wkuhh wrnhqv vkrxog kdyh ohiw wkh v|vwhp1

Wdnlqj lqwr dffrxqw wkh idfw wkdw +& lv dq lqfuhdvlqj vhtxhqfh/ wkhvh vshfl�fdwlrqv |lhog

wkh iroorzlqj grpdlqv iru +&1

& f$ 2� 2e$ �2 ��$ �e

\& dfc4d d2c4d d�c4d
+66,

Doo rwkhu grpdlqv duh wdnhq dv o�4c4d1 Idoo+�fcJ, surylghv wkh iroorzlqj grpdlqv iru

4<



�& dqg +&1

& eX&
e\&

f dfc4d dfc4d

�$ e d�c4d dfc4d

D$ �� d2c4d dfc4d

�e$ �S d�c4d dfc4d

�.$ �b o�4c4d dfc4d

2f$ 2� o�4c4d d�c4d

2e$ �2 o�4c4d d�c4d

��$ �e o�4c4d d�c4d

+67,

Qrwh wkdw/ vlqfh doo lqlwldo grpdlqv duh fruqhuv +h{fhsw  f zklfk lv nqrzq dqg fdq

eh uhpryhg iurp Y,/ dqg vlqfh doo vhw rshudwlrqv lqyroyhg lq Idoo+�fcJ, duh fruqhu0

frqvhuydwlyh/ Idoo+�fcJ, fdq eh lpsohphqwhg lq d yhu| h!flhqw zd| +ohvv wkdq 314 vhfrqg

lq d Shqwlxp LLL,1 Qrz/ dw Vwhs 8/ RshqOrrsFrqwuro fkrrvhv dq| �f lq Xf1 Dw Vwhs

9/ Idoo+��cW E�fc ���, wudqvodwhv lqwr wkh vhtxhqfh ri vwdwhphqwv

4 ]f ' Z3�
 

E[f� _ Z3�� EXf� _ ]f(

2 [� ' u�E]f� _ [�(

� ]� G' Z3�
 

E[�� _ ]�(

e X� G' Z� E]�� �

+68,

Qrz/ ehiruh wklv vhtxhqfh/ ]� lv wkh fruqhu= ]� ' [��X�1 Diwhu Vwhs 6/ ]� G' Z3�
 

�
[

�

�

�
�

X� zkhuh [
�

� � [�1 Lwv surmhfwlrq rqwr wkh ��0vsdfh uhpdlqv wkh vdph1 Wkhuhiruh/

dq| lqvwdqwldwlrq ri �f grhv qrw fkdqjh wkh grpdlq iru ��1 Wklv uhdvrqlqj pdgh iru

& ' f fdq dovr eh grqh iru & ' �c 2c � � � 1 Wklv vkrzv wkdw wkh vhw ri doo ihdvleoh frqwuro

vhtxhqfhv E�fc � � � c ��e� lq d fruqhu ri U�D dqg wkdw dq| duelwudu| fkrlfh ri �& dw Vwhs 8 ri

RshqOrrsFrqwuro zloo qrw uhvwulfw wkh fkrlfh iru �&n�c �&n2c � � � Wklv phdqv wkdw/ iru

rxu whvwfdvh/ wkh �&*v fdq eh fkrvhq lqghshqghqwo| lq wkhlu grpdlqv lpphgldwho| diwhu Vwhs

51 Qrwh wkdw wkh fruqhu ri doo ihdvleoh frqwuro vhtxhqfhv frqwdlqv ihdvleoh vhtxhqfhv wkdw

duh qrw prqrwrqlf/ exw zklfk vdwlvi| doo frqvwudlqwv1 Ri frxuvh/ vxfk ghfuhdvlqj vhtxhqfhv

kdyh qr sk|vlfdo phdqlqj dqg vkrxog qrw eh fkrvhq1 D dv0odwh0dv0srvvleoh vwudwhj| zrxog

ohdg wr wkh vhtxhqfh

E�fc � � � c ��e� ' Efc �c �c�c �c 2c 2c2c 2c 2c 2c2c 2c 2c �c�c � � � c �� +69,

zklfk lv wkh vpdoohvw ihdvleoh vhtxhqfh1 Wkh vdph vhtxhqfh zrxog kdyh ehhq rewdlqhg

xvlqj wkh uhvlgxdwlrq wkhru| dssolhg wr rswlpdo frqwuro ri wlphg0hyhqw judsk ^4</ 9`1
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815 Whvw fdvh 5

Frqvlghu wkh glvfuhwh0wlph v|vwhp ghvfulehg e| wkh iroorzlqj vwdwh0vsdfh htxdwlrqv;A?A=
%�& ' �

2
%�&3�c

%2& ' %2&3��&3� n �c

+& ' vtu E%�&� n vtu E%2&� c

+6:,

zkhuh & 5 i�c � � � cDj1 Wkh uhtxluhg grpdlqv iru wkh hohphqwv ri wkh vwdwh yhfwruv dqg wkh

rxwsxw duh [� ' [2 ' [� ' [e ' [D ' d��c �o� d��c �o/ dqg \� ' \2 ' \� ' \e ' \D '

d��c �o� Wkh lqlwldo grpdlqv iru wkh frqwurov duh Xf ' X� ' X2 ' X� ' Xe ' dfc Do1 Wkh

lqlwldo vwdwh lv wdnhq dv  f ' E�c���1

Iru wklv whvw0fdvh/ wkh frpsxwdwlrq ri s E[�/ s3� E\� ru [ _ \/ qhhghg e| Idoo dqg

Folpe/ fdq rqo| eh dssur{lpdwhg1 Wklv fdq eh grqh/ iru lqvwdqfh/ e| xvlqj wkh DTFV

vroyhu +dssur{lpdwh txdqwl�hg frqvwudlqw vroylqj, ghyhorshg e| rqh ri wkh dxwkruv ^58/ 59`1

DTFV frpsxwhv lqqhu dqg rxwhu dssur{lpdwlrqv ri vhwv zlwk dq duelwudu| dffxudf| dqg

lpsohphqwv vhw frpsxwdwlrq xvlqj vxfk dssur{lpdwlrqv1

Xvlqj DTFV/ RshqOrrsFrqwuro frpsxwhv wkh iroorzlqj ihdvleoh frqwuro vhtxhqfh lq

derxw rqh vhfrqg rq d 833Pk] Olqx{ pdfklqh1 Wkh ihdvleoh frqwuro vhtxhqfh dqg wkh

fruuhvsrqglqj vwdwhv dqg rxwsxwv duh jlyhq e| wkh iroorzlqj wdeoh +urxqghg wr 6 gljlwv,1

& 3 4 5 6 7 8

�& ��HSSf2D 2�2.2.�2 2�fD ��bS f�D

%�& �c f�D f�2D f��2D f�fS2D f�f��2D

%2& �� �f�HSS �f�bSH �f�bHD �f�b� f�D�D

+& 2 � f�bbbD f�bHS f�HSb f�2H.2

9 Urexvw frqwuro

914 Urexvw frqwuro sureohp

Lq d urexvw frqwuro dqg d erxqghg0huuru frqwh{wv/ lw lv jhqhudoo| dvvxphg wkdw erxqghg

shuwxuedwlrqv�& rffxu lq wkh v|vwhp dqg wkdw wkh lqlwldo vwdwh yhfwru  f lv xqnqrzq1 Wkh

urexvw frqwuro sureohp dprxqwv lq �qglqj d ihdvleoh vhtxhqfh �fc � � � c�7& zklfk vdwlv�hv

doo uhtxluhg vshfl�fdwlrqv iru doo ihdvleoh shuwxuedwlrqv �& dqg iru doo ihdvleoh lqlwldo vwdwhv
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 f1 Wklv sureohp lv pxfk pruh gl!fxow wkdq wkh qrq0urexvw frqwuro sureohp sursrvhg lq

Vhfwlrq 4/ vlqfh wkh txdqwl�hu ; qrz rffxuv lq wkh irupxodwlrq ri wkh frqvwudlqwv1

Wkh htxdwlrqv +4, vkrxog qrz eh zulwwhq

 & ' uE &3�c�&3�c�&3�� & 5 i�c � � � c 7&j +6;,

zkhuh �& 5 U?z lv wkh shuwxuedwlrq yhfwru zklfk dvvxphg wr ehorqj wr grpdlq Z&1 Wkh

lqlwldo vwdwh yhfwru  f lv dvvxphg wr ehorqj wr wkh vhw [f1 Iru vlpsolflw|/ zh dvvxph wkdw

qr rxwsxw vshfl�fdwlrq duh uhtxluhg1 Wkh rxwsxw htxdwlrq kdv wkxv ehhq uhpryhg1 Uhfdoo

wkdw wkh frqwuro dqg vwdwh yhfwruv �&/  & duh doo dvvxphg wr ehorqj wr nqrzq grpdlqv X&

dqg [& zklfk pd| eh duelwudulo| odujh1

Wkh urexvw frqwuro sureohp fdq eh irupxodwhg dv iroorzv1

Urexvw frqwuro sureohp = �qg �f 5 Xfc�� 5 X�c � � � c�7&3� 5 X7&3� vxfk wkdw;A?A=
;�f 5Zfc � � � c;�7&3� 5Z7&3�c

; f 5 [fc< � 5 [�c � � � c< 7& 5 [7&c

 � ' uE fc�fc�f�c � � � c 7& ' uE 7&3�c�7&3�c�7&3��

+6<,

Zh vkdoo dvvxph khuh wkdw zh duh deoh wr frpsxwh zlwk vhwv +l1h1/ wr frpsxwh wkh uhflsurfdo

ru wkh gluhfw lpdjh ri d vhw e| d ixqfwlrq/ wr surmhfw d vhw/ � � � ,1 Ohw xv uhfdoo wkdw

vrphwlphv/ +h1j1/ zkhq vhwv duh sro|jrqv dqg ixqfwlrqv duh olqhdu,/ vhw frpsxwdwlrq fdq

eh shuiruphg h{dfwo|1 Zkhq wkh vhwv lqyroyhg kdyh orz glphqvlrqv lw lv srvvleoh +iru prvw

sudfwlfdo v|vwhpv, wr dssur{lpdwh wkh vhw rshudwlrqv e| xvlqj lqwhuydo vroyhuv1 Lq wklv

vhfwlrq/ zh vkdoo sursrvh d vhw dojrulwkp wkdw zloo eh deoh wr vroyh rxu urexvw frqwuro

sureohp1 Zh vkdoo wdnh lqwr dffrxqw wkh vwuxfwxuh ri wkh sureohp lq rughu wr dyrlg wkh

pdqlsxodwlrq ri kljk glphqvlrqdo vhwv/ l1h1/ wkh glphqvlrq ri wkh vhwv vkrxog qrw ghshqg

rq 7&1

915 Qrwlrqv ri �uvw0rughu orjlf

Wklv vpdoo vhfwlrq suhvhqwv vrph qrwdwlrqv dqg uhfdoov edvlf qrwlrqv uhodwhg wr wkh �uvw0

rughu orjlf +vhh ^44` iru pruh lqirupdwlrq rq wkh wrslf,1 Wkhvh qrwlrqv zloo eh qhhghg

wr wudqvirup rxu urexvw frqwuro sureohp lqwr d vhtxhqfh ri vhw rshudwlrqv/ zkhuh wkh

glphqvlrqv ri doo vhwv duh 7&0lqghshqghqw1

55



Urxjko| vshdnlqj/ d �uvw0rughu orjlf lqyroyhv suhglfdwhv +vxfk dv %� � %2n�, dqg txdqwl0

�huv < dqg ;1 Wkh iuhh yduldeohv ri d �uvw0rughu irupxod duh wkrvh wkdw duh qrw dvvrfldwhg

wr d txdqwl�hu1

Iru lqvwdqfh/ Irupxod +6<, lv d �uvw0rughu irupxod1 Lwv 7& iuhh yduldeohv duh �fc��c � � � c�7&3�c

lwv 27& n � txdqwl�hg yduldeohv duh �fc � � � c�7&3�c fc �c � � � c 7& dqg lwv 7& suhglfdwhv duh

� � ' u E fc�fc�f�/� � � c 7& ' uE 7&3�c�7&3�c�7&3���1

Li/ lq d �uvw0rughu irupxod/ doo txdqwl�huv dsshdu lq wkh iurqw/ wkhq wkh irupxod lv vdlg wr

eh lq d suhqh{ irup1 Wklv lv wkh fdvh iru Irupxod +6<,1

Li kE@�/ q E@c K� duh wzr �uvw0rughu irupxodv zlwk iuhh yduldeohv @/ i@c Kjc uhvshfwlyho|/ dqg

li s lv d ixqfwlrq/ zh kdyh wkh iroorzlqj uljkw vkliw uxohv =

+v4, <@ 5 Dc;K 5 Ec k E@� c q E@c K� / <@ 5 Dc k E@� c;K 5 Ec q E@c K�

+v5, ;@ 5 Dc<K 5 Ec k E@� c q E@c K� / ;@ 5 Dc k E@� c<K 5 Ec q E@c K�
+73,

Wkh sxusrvh ri wkhvh uxohv lv wr pryh wkh txdqwl�huv rq wkh uljkw ri wkh irupxod1 Lq rughu

wr vkrz krz zh vkdoo xvh wkhvh uxohv/ ohw xv suryh wkh iroorzlqj htxlydohqfh

<@ 5 Dc;K 5 Ec k EKc S� c q E@c S�/ ;K 5 Ec k EKc S� c<@ 5 Dc q E@c S� � +74,

Wkh ohiw irupxod <@ 5 Dc E;K 5 Ec k EKc S�� c q E@c S� fdq eh uhzulwwhq dv <@ 5 Dc � ES� c q E@c S�1

Iurp +v4,/ zh jhw � ES� c<@ 5 Dc q E@c S� ru htxlydohqwo| ;K 5 Ec k EKc S� c<@ 5 Dc q E@c S� �

Gh�qh wkh iroorzlqj rshudwruv iru wzr vhwv D dqg E=

DqE / i@ 5 Dc @ *5 Ej � +75,

Wkh iroorzlqj uxohv pdnh lw srvvleoh wr uhzulwh d irupxod zlwk txdqwl�huv lqwr d suhglfdwh1

+h4, <@ 5 Dc @ ' sEK� / K 5 s3� ED�

+h5, @ 5 Dc<K 5 Ec E@c K� 5 F / @ 5 Z@ EED� E�_F�

+h6, @ 5 Dc;K 5 Ec E@c K� 5 F / @ 5 DqZ@ EED� E� qF�

+h7, ;@ 5 Dc<K 5 Ec K ' sE@�c k EKc S� / ;K 5 E _ sED�c k EKc S�

+76,

zkhuh Z ghqrwhv wkh surmhfwlrq rshudwru zlwk uhvshfw wr wkh yduldeoh @1 Iljxuh 45 jlyh d

judsklfdo lqwhusuhwdwlrq ri htxlydohqfhv +h5, dqg +h6,1

916 Dojrulwkp

Wkhruhp 4 Wkh urexvw frqwuro sureohp fdq eh vroyhg e| wkh iroorzlqj vhw dojrulwkp1
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Iljxuh 45= Looxvwudwlrq ri wkh htxlydohqfhv +h5, dqg +h6,

Dojrulwkp UrexvwFrqwuroElq= [fcXfc\�c � � � c[7&cX7&3�c\7&( rxw h�fc � � � c h�7&3��

4
#�
[ 7& G' [7&(

5 iru & G' 7& grzqwr 2

6
#�
[ &3� G' [& _ Z

 

�
[&3� � X&3� q Z c�
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[&3� �X&3� �Z&3� q u

3�E
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[ &�

��
(

7 hqgiru

8 eXf G' Xf q Z�
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[f �Xf _ Z

 c�

�
[f � Xf �Zf q u

3�E
#�
[ ��

��
(

9 li eXf ' > uhwxuq �Wkh urexvw frqwuro sureohp kdv qr vroxwlrq�> hqg>

: fkrrvh h�f 5 eXf(

;
�$
[ f G' [f(

< iru & G' � wr 7& � �

43
�$
[ & G' [& _ uE

�$
[ &3�c h�&3�cZ&3��(

44 eX& G' X& q Z�
��$
[ & � X& �Z& q u

3�E
#�
[ &n��

�
(

45 fkrrvh h�& 5 eX&(

46 hqgiru

Wkh vhw
#�
[ & uhsuhvhqwv wkh vhw ri doo vwdwh yhfwruv dw wlph & vxfk wkdw li  & 5

#�
[ & wkhq

iru doo ihdvleoh ixwxuh shuwxuedwlrqv/ lw lv srvvleoh wr �qg d frqwuro vxfk wkdw doo ixwxuh

vshfl�fdwlrqv duh vdwlv�hg1

Wkh vhw
�$
[ & uhsuhvhqwv doo srvvleoh +l1h1/ iru doo ihdvleoh lqlwldo vwdwh dqg iru doo ihdvleoh

sdvw shuwxuedwlrqv, vwdwh yhfwruv wkdw fdq eh uhdfkhg dw wlph & li wkh sdvw frqwurov �f 'h�fc � � � c�&3� ' h�&3� kdyh ehhq fkrvhq1
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Li zh dvvxph wkdw wkh vhw rshudwlrqv fdq eh h{hfxwhg/ wkhq/ wklv dojrulwkp zloo �qg +li

h{lvwv, wkh urexvw frqwuro vhtxhqfh1 Uhfdoo wkdw/ lq jhqhudo +exw qrw dozd|v,/ wkh vhw

rshudwlrqv fdq rqo| eh dssur{lpdwhg1

Wkh frpsoh{lw| ri prvw vhw rshudwlrqv lv h{srqhqwldo zlwk uhvshfw wr wkh glphqvlrqv ri

wkh vhwv1 Qrz/ lq wkh dojrulwkp UrexvwFrqwuro doo vhwv lqyroyhg kdyh d glphqvlrq

vpdoohu wkdq ?{ n ?z n?x1 Wkhuhiruh/ wkh frpsoh{lw| ri wkh dojrulwkp fdq eh frqvlghuhg

dv olqhdu zlwk uhvshfw wr 7& dqg h{srqhqwldo zlwk uhvshfw wr ?{ n ?z n ?x1

917 Surri ri wkh wkhruhp

Wkh surri lv e| lqgxfwlrq1 Wkh pdlq lghd lv wr wudqvirup wkh txdqwl�hg irupxod lqwr vhw

frpsxwdwlrq1 Zh vkdoo �uvw h{sodlq krz �f fdq eh irxqg1 Wkhq/ zh vkdoo vhh krz �& fdq

eh irxqg iurp wkh nqrzohgjh ri �fc � � � c�&3�1

Urexvw frqwuro sureohp dw wlph & ' f = Ilqg �f 5 Xf vxfk wkdw

8 E�f� G

;AAA?AAA=
<�� 5 X�c � � � c<�7&3� 5 X7&3�c

;�f 5Zfc � � � c;�7&3� 5Z7&3�c

; f 5 [fc< � 5 [�c � � � c< 7& 5 [7&c

 � ' uE fc�fc�f�c � � � c 7& ' uE 7&3�c�7&3�c�7&3���

+77,

Qrwh wkdw wkh rqo| iuhh yduldeoh ri wkh �uvw0rughu irupxod 8 E�f� lv �f1 Vxffhvvlyh dssol0

fdwlrqv ri wkh uljkw vkliw uxohv +73, wudqvirup 8 E�f� lqwr;AAA?AAA=
� ; f 5 [fc ;�f 5Zfc < � 5 [�c  � ' uE fc�fc�f�

2 <�� 5 X�c ;�� 5Z�c < 2 5 [2c  2 ' uE �c��c���

� � � � � � � � � � � � �

e <�7&3� 5 X7&3�c ;�&3� 5Z7&3�c < 7& 5 [7&c  7& ' u E 7&3�c�7&3�c�7&3���

+78,

Ohw xv holplqdwh doo txdqwl�huv lq d edfnzdug zd| +l1h1/ wkh odvw �uvw,1 Iurp +h4, ri +76,/

zh jhw wkdw

< 7& 5 [7&c 7& ' u E 7&3�c�7&3�c�7&3��/ E 7&3�c�7&3�c�7&3�� 5 u3� E[7&� +79,

zklfk holplqdwhv wkh odvw txdqwl�hu1 Wkh suhylrxv txdqwl�hu +;�&3�, lv qrz holplqdwhg

dv iroorzv =

;�7&3� 5Z7&3�c E 7&3�c�7&3�c�7&3�� 5 u3� E[7&�
+h6,
/ E�7&3�c 7&3�� 5 EX7&3� � [7&3�� q Z{/x E[7&3� � X7&3� �Z7&3� q u

3� E[7&��
+7:,

58



Wkh holplqdwlrq ri wkh E<�7&3�� txdqwl�hu lv shuiruphg xvlqj uxoh +h5,1 Zh jhw wkdw wkh

olqh 7 ri +78, +wkh rqo| iuhh yduldeoh ri zklfk lv  7&3�, lv htxlydohqw wr

 7&3� 5
#�
[ 7&3�c +7;,

zkhuh

#�
[ 7&3� / [7& _ Z{

�
EX7&3� � [7&3�� qZ{/x

�
E[7&3� � X7&3� �Z7&3�� q u

3� E[7&�
��

� +7<,

Wkh surfhgxuh lv shuiruphg xqwlo doo txdqwl�huv kdyh ehhq uhpryhg1 Zh jhw wkdw 8 E�f�

lv htxlydohqw wr wkh suhglfdwh *�f 5 eXf* zkhuh eXf lv wkh vhw frpsxwhg Vwhsv 4 wr 8 ri wkh

dojrulwkp UrexvwFrqwuro1

Urexvw frqwuro sureohp dw wlph &=

Dvvxph wkdw �fc � � � c�&3� kdyh ehhq fkrvhq wr eh htxdo wr h�fc � � � c h�&3�1 Wkh sureohp dw

wlph & lv wkdw ri �qglqj �& 5 X& vxfk wkdw

8 E�&� G

;AAAAAA?AAAAAA=

<�&n� 5 X&n�c � � � c<�7&3� 5 X7&3�c

;�f 5Zfc � � � c;�7&3� 5Z7&3�c

; f 5 [fc< � 5 [�c � � � c< 7& 5 [7&c

 � ' u E fc h�fc�f�c � � � c & ' uE &3�c h�&3�c�&3��c

 &n� ' uE &c�&c�&�c � � � c 7& ' uE 7&3�c�7&3�c�7&3���

+83,

Qrwh wkdw lq wkh �uvw0rughu irupxod 8 E�&�/ wkh rqo| xqtxdqwl�hg yduldeoh lv �& +vlqfhh�fc � � � c h�&3� kdyh douhdg| ehhq lqvwdqwldwhg/ wkh| vkrxog qrw eh frqvlghuhg dv yduldeoh

dq|pruh,1 Lwhudwlyh dssolfdwlrq ri wkh uljkw vkliw uxohv |lhogv wkdw 8 E�&� lv htxlydohqw wr;AAAAAAAAAAAAA?AAAAAAAAAAAAA=

� ; f 5 [fc ;�f 5Zfc < � 5 [�c  � ' uE fc h�fc�f�c

2 ;�� 5Z�c < 2 5 [2c  2 ' uE �c h��c���c

� � � � � � � � � � � � �

e ;�&3� 5Z&3�c < & 5 [&c  & ' uE &3�c h�&3�c�&3��c

D ;�& 5Z&c < &n� 5 [&n�c  &n� ' u E &c�&c�&�c

S <�&n� 5 X&n�c ;�&n� 5Z&n�c < &n2 5 [&n2c  &n2 ' u E &n�c�&n�c�&n��c

. � � � � � � � � � � � �

H <�7&3� 5 X7&3�c ;�7&3� 5Z7&3�c < 7& 5 [7&c  7& ' uE 7&3�c�7&3�c�7&3���

+84,

Zh kdyh vkrzq wkdw wkh vxeirupxod frpsrvhg e| olqhv 9/: dqg ; ri Irupxod +84, lv

htxlydohqw wr * &n� 5
#�
[ &n�*1 Ohw xv qrz holplqdwh wkh �uvw txdqwl�huv ri Irupxod +84, lq
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d iruzdug pdqqhu1 Iurp +h7,/ zh jhw wkdw

; f 5 [fc;�f 5Zfc< � 5 [�c � ' uE fc h�fc�f�c k E ��

/ ; � 5 [� _ uE[fc h�fcZf�c k E ��
+85,

zkhuh k E �� lv wkh vxeirupxod jlyhq e| olqhv 5/6/� � � /; ri Irupxod +84,1 Wkhuhiruh/ Irupxod

+84, fdq eh uhsodfhg e|;AAAAAAAA?AAAAAAAA=

; � 5 [� _ uE[fc h�fcZf�

;�� 5Z�c< 2 5 [2c 2 ' u E �c h��c���

� � �

;�&3� 5Z&3�c< & 5 [&c & ' uE &3�c h�&3�c�&3��

;�& 5Z&c< &n� 5 [&n�c &n� ' uE &c�&c�&�

 &n� 5
#�
[ &n��

+86,

Dsso|lqj +h7, ri +76,/ & � � wlphv |lhogv wkdw Irupxod +86, lv htxlydohqw wr;A?A=
; & 5

�$
[ &

;�& 5Z&c< &n� 5 [&n�c &n� ' uE &c�&c�&�c

 &n� 5
#�
[ &n��

+87,

zkhuh
�$
[ & lv gh�qhg dv iroorzv1

�$
[ f / [fc
�$
[ & / [& _ uE

�$
[ &3�c h�&3�cZ&3���

+88,

Iurp +h4,/ zh jhw wkdw Irupxod +87, lv htxlydohqw wr

; & 5
�$
[ &c;�& 5Z&c uE &c�&c�&� 5

#�
[ &n�c +89,

l1h1/

; & 5
�$
[ &c;�& 5Z&c E &c�&c�&� 5 u3�E

#�
[ &n��� +8:,

Dsso|lqj +h7,/ zh jhw wkdw wkh irupxod +8:, +dqg wkxv Irupxod +83,, lv htxlydohqw wr

�& 5 X& q Z�
�
E
�$
[ & � X& �Z&� q u

3�E
#�
[ &n��

�
� +8;,

: Frqfoxvlrq

Wklv sdshu sursrvhv d qhz dqg jhqhudo dojrulwkp wr frpsxwh d frqwuro vhtxhqfh ri d

glvfuhwh0wlph v|vwhp ghvfulehg e| qrqolqhdu vwdwh0vsdfh htxdwlrqv1 Wkh dssurdfk lv edvhg

5:



rq frqvwudlqw sursdjdwlrq dqg wdnhv dgydqwdjh d wkh wuhh vwuxfwxuh surylghg e| wkh vwdwh

irupxodwlrq1 Wkh phwkrgrorj| kdv ehhq looxvwudwhg e| wzr whvw0fdvhv1 Dq h{whqvlrq wr

wkh fdvh zkhuh xqfhuwdlqwlhv duh lqyroyhg lq wkh v|vwhp kdv dovr ehhq frqvlghuhg1 Wkh

vshfldo vwuxfwxuh ri vwdwh vsdfh htxdwlrqv kdyh ehhq wdnhq lqwr dffrxqw lq rughu wr pdnh

wkh frpsoh{lw| ri wkh dojrulwkpv olqhdu zlwk uhvshfw wr wkh qxpehu 7& ri vdpsohv1

Wkh edvlf rshudwlrqv qhhghg e| rxu dojrulwkpv duh gl!fxow vhw rshudwlrqv vxfk dv frp0

sxwlqj wkh lqwhuvhfwlrq ri wzr vhwv/ frpsxwlqj wkh gluhfw lpdjh ru wkh uhflsurfdo lpdjh

ri d vhw1 Frpsxwlqj h{dfwo| wkhvh vhw rshudwlrqv lv vrphwlphv srvvleoh +vhh Whvw0fdvh

4,/ exw lq prvw vlwxdwlrqv/ wkh| fdq rqo| eh dssur{lpdwhg1 Lqwhuydo dojrulwkpv +vxfk dv

wkrvh xvhg e| wkh vroyhu DTFV, fdq shuirup wklv wdvn/ exw wkh frpsxwlqj wlph ri h{lvwlqj

dojrulwkpv lv wrr odujh wr doorz wkh uhvroxwlrq ri uhdo0olih sureohpv1

Krzhyhu/ rxu dssurdfk lv jhqhudo dqg pdgh lw srvvleoh wr vroyh hohphqwdu| sureohpv lq

d uholdeoh zd| iru wkh �uvw wlph1 Iru lqvwdqfh/ wr rxu nqrzohgjh/ Whvw0fdvh 5 frxog qrw

wr eh vroyhg uljrurxvo| e| rwkhu h{lvwlqj phwkrgv1 Whvw0fdvh 4 fdq eh vroyhg e| xvlqj

wkh uhvlgxdwlrq wkhru|/ exw uhvlgxdwlrq rqo| dssolhv wr wlphg hyhqw judsk v|vwhpv/ zklfk

uhsuhvhqw d wlq| fodvv ri glvfuhwh0wlph v|vwhpv1

Vhw dojrulwkpv vhhp wr eh dssursuldwh wr ghdo zlwk wkh jhqhudo +urexvw dqg qrq0urexvw,

frqwuro sureohp1 Wkh pdlq olplwdwlrq ri wkhvh dojrulwkpv lv wkdw/ dw wkh prphqw dqg

iru sudfwlfdo sureohpv/ wkhlu hohphqwdu| vhw rshudwlrqv fdqqrw eh shuiruphg +zlwk wkh

uhtxluhg suhflvlrq, lq d uhdvrqdeoh frpsxwlqj wlph1

5;



Uhihuhqfhv

^4` E1 U1 Eduplvk1 Qhz Wrrov iru Urexvwqhvv ri Olqhdu V|vwhpv1 PdfPloodq/ Qhz \run/

Q\/ 4<<71

^5` I1 Ehqkdprx/ I1 Jrxdodug/ O1 Judqyloolhuv/ dqg M1 I1 Sxjhw1 Uhylvlqj kxoo dqg er{

frqvlvwhqf|1 Lq Surfhhglqjv ri wkh Lqwhuqdwlrqdo Frqihuhqfh rq Orjlf Surjudpplqj/

sdjhv 563�577/ Odv Fuxfhv/ QP/ 4<<<1

^6` G1 S1 Ehuwvhndv dqg L1 E1 Ukrghv1 Rq wkh plqlpd{ uhdfkdelolw| ri wdujhw vhwv dqg

wdujhw wxehv1 Dxwrpdwlfd/ :+5,=566�574/ 4<:41

^7` G1S1 Ehuwvhndv1 Lq�qlwh0wlph uhdfkdelolw| ri vwdwh0vsdfh uhjlrqv e| xvlqj ihhgedfn

frqwuro1 LHHH Wudqv1 Dxwrpdwlf Frqwuro/ 4:+8,=937�946/ 4<:51

^8` M1 J1 Fohdu|1 Orjlfdo dulwkphwlf1 Ixwxuh Frpsxwlqj V|vwhpv/ 5+5,=458�47</ 4<;:1

^9` J1 Frkhq/ S1 Proohu/ M1S1 Txdgudw/ dqg P1 Ylrw1 Dojheudlf Wrrov iru wkh Shuirupdqfh

Hydoxdwlrq ri Glvfuhwh Hyhqw V|vwhpv1 LHHH Surfhhglqjv= Vshfldo lvvxh rq Glvfuhwh

Hyhqw V|vwhpv/ ::+4,=6<�8;/ Mdqxdu| 4<;<1

^:` U1 Ghfkwhu dqg M1 Shduo1 Wuhh0foxvwhulqj iru frqvwudlqw qhwzrunv1 Duwl�fldo Lqwhool0

jhqfh/ 6;+6,=686�699/ Dsulo 4<;<1

^;` S1 Grudwr/ U1 Whpsr/ dqg J1 Pxvfdwr1 Eleolrjudsk| rq urexvw frqwuro1 Dxwrpdwlfd/

5<+4,=534�546/ 4<<61

^<` G1T1Pd|qh/ M1E1 Udzolqjv/ F1Y1 Udr/ dqg S1R1P1 Vfrndhuw1 Frqvwudlqhg prgho

suhglfwlyh frqwuro= vwdelolw| dqg rswlpdolw|> vxuyh| sdshu1 Dxwrpdwlfd/ 69=:;<�;47/

53331

^43` F1 Gxulhx/ E1 Sro|dn/ dqg H1 Zdowhu1 Hoolsvrlgdo vwdwh rxwhu0erxqglqj iru PLPR v|v0

whpv yld dqdo|wlfdo whfkqltxhv1 Lq Surfhhglqjv ri wkh LPDFV�LHHH�VPF FHVD*<9

V|psrvlxp rq Prghoolqj dqg Vlpxodwlrq/ yroxph 5/ sdjhv ;76�;7;/ Olooh/ Iudqfh/

4<<91

^44` K10G1 Heelqjkdxv/ M1 Ioxp/ dqg Z1 Wkrpdv1 Pdwkhpdwlfdo Orjlf1 Vsulqjhu Yhuodj/

4<;71

^45` P1 Jrqgudq dqg P1 Plqrx{1 Judskhv hw dojrulwkphv1 H|uroohv/ Sdulv/ 6h ìglwlrq/

4<<81

5<



^46` O1 Mdxolq/ P1 Nlh�hu/ L1 Eudhpv/ dqg H1 Zdowhu1 Jxdudqwhhg qrqolqhdu hvwlpdwlrq

xvlqj frqvwudlqw sursdjdwlrq rq vhwv1 Lqwhuqdwlrqdo Mrxuqdo ri Frqwuro/ :7+4;,=4::5�

4:;5/ 53341

^47` O1 Mdxolq/ P1 Nlh�hu/ R1 Glgulw/ dqg H1 Zdowhu1 Dssolhg Lqwhuydo Dqdo|vlv/ zlwk H{0

dpsohv lq Sdudphwhu dqg Vwdwh Hvwlpdwlrq/ Urexvw Frqwuro dqg Urerwlfv1 Vsulqjhu0

Yhuodj/ Orqgrq/ 53341

^48` O1 Mdxolq dqg H1 Zdowhu1 Joredo qxphulfdo dssurdfk wr qrqolqhdu glvfuhwh0wlph frq0

wuro1 LHHH Wudqvdfwlrqv rq Dxwrpdwlf Frqwuro/ 75+9,=;:5�;:8/ 4<<:1

^49` D1 Nxu}kdqvnl dqg L1 Ydo|l1 Hoolsvrlgdo Fdofxoxv iru Hvwlpdwlrq dqg Frqwuro1

Elunkçxvhu/ Ervwrq/ PD/ 4<<:1

^4:` D1 N1 Pdfnzruwk1 Frqvlvwhqf| lq qhwzrunv ri uhodwlrqv1 Duwl�fldo Lqwhooljhqfh/

;+4,=<<�44;/ 4<::1

^4;` V1 D1 Pdodq/ P1 Plodqhvh/ dqg P1 Wdudjqd1 Urexvw wxqlqj iru SLG frqwuroohuv zlwk

pxowlsoh shuirupdqfh vshfl�fdwlrqv1 Lq Surfhhglqjv ri wkh 66ug LHHH Frqihuhqfh rq

Ghflvlrq dqg Frqwuro/ sdjhv 59;7�59;</ Odnh Exhqd Ylvwd/ 4<<71

^4<` H1 Phqjx|/ M1O1 Erlprqg/ dqg O1 Kdugrxlq1 Mxvw lq wlph frqwuro ri olqhdu v|vwhp

lq glrlg= Fdvhv ri dq xsgdwh ri uhihuhqfh lqsxw dqg xqfrqwuroodeoh lqsxw1 LHHH

Wudqvdfwlrqv rq Dxwrpdwlf Frqwuro/ 78+44,=5488�548</ 53331

^53` P1 Plodqhvh/ M1 Qruwrq/ K1 Slhw0Odkdqlhu/ dqg H1 Zdowhu/ hglwruv1 Erxqglqj Ds0

surdfkhv wr V|vwhp Lghqwl�fdwlrq1 Sohqxp Suhvv/ Qhz \run/ Q\/ 4<<91

^54` X1 Prqwdqdul dqg I1 Urvvl1 Frqvwudlqw uhod{dwlrq pd| eh shuihfw1 Duwl�fldo Lqwhool0

jhqfh/ 7;+5,=476�4:3/ 4<<41

^55` U1 H1 Prruh1 Phwkrgv dqg Dssolfdwlrqv ri Lqwhuydo Dqdo|vlv1 VLDP/ Sklodghoskld/

SD/ 4<:<1

^56` W1 Pxudwd1 Shwul qhwv = surshuwlhv/ dqdo|vlv dqg dssolfdwlrqv1 Surfhhglqjv ri wkh

LHHH/ ::+7,=874�8;3/ 4<;<1

^57` M1 S1 Qruwrq1 Urohv iru ghwhuplqlvwlf erxqglqj lq hqylurqphqwdo prgholqj1 Hfrorjlfdo

Prghoolqj/ ;9=48:�494/ 4<<91

^58` V1 Udwvfkdq1 Dssur{lpdwh txdqwl�hg frqvwudlqw vroylqj +DTFV,1 Dydlodeoh dw=

kwws=22zzz1ulvf1xql0olq}1df1dw2uhvhdufk2vriwzduh2DTFV/ 53331
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^59` Vwhidq Udwvfkdq1 Dssur{lpdwh txdqwl�hg frqvwudlqw vroylqj e| f|olqgulfdo er{ gh0

frpsrvlwlrq1 Uholdeoh Frpsxwlqj/ ;+4,=54�75/ 53351

^5:` H1 Zdowhu dqg K1 Slhw0Odkdqlhu1 H{dfw uhfxuvlyh sro|khgudo ghvfulswlrq ri wkh ihdvleoh

sdudphwhu vhw iru erxqghg0huuru prghov1 LHHH Wudqvdfwlrqv rq Dxwrpdwlf Frqwuro/

67+;,=<44�<48/ 4<;<1

^5;` H1 Zdowhu dqg O1 Surq}dwr1 Lghqwl�fdwlrq ri Sdudphwulf Prghov iurp H{shulphqwdo

Gdwd1 Vsulqjhu0Yhuodj/ Orqgrq/ XN/ 4<<:1
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