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>RS] ZKZO\ Z\YZY]O] K XOa KZZ\YKMR ^Y VYMKVSdO K Q\Y_Z YP Au-
tonomous Underwater Vehicles �+?@]�� 6YMKVSdSXQ +?@] MKX LO
ZK\^SM_VK\Vc NSɺM_V^ _XNO\aK^O\ K] ^RO\O S] XY SX]^KVVON SXP\K]^\_M^_\O�
+?@] MKX YXVc KMMO]] ^RO 1:= YX ^RO ]_\PKMO K] ^RO OVOM^\Y�WKQXO^SM
aK`O] MKX RK\NVc ZOXO^\K^O aK^O\� >RO YXVc ^YYV] K`KSVKLVO _XNO\aK�
^O\ K\O NOKN�\OMUYXSXQ KXN KMY_]^SMKV VYMKVSdK^SYX ]c]^OW]� >Y ]YV`O
^RS] Z\YLVOW� WKXc Z\YLKLSVS]^SM KZZ\YKMRO] RK`O LOOX ]^_NSON E��GE�G�
^RK^ _]_KVVc MYX]SNO\ ^RO \YLY^] MVY]O ^Y OKMR Y^RO\ KXN WY`SXQ ]VYaVc
OXY_QR ]Y ^RK^ ^RO NS]ZVKMOWOX^ YP ^RO ]YXK\ ]SQXKV MKX LO MYX]SNO\
XOQVSQSLVO MYWZK\ON ^Y ^RO Z\OMS]SYX YP ^RO VYMKVSdK^SYX E� G� >RO NS]�
^KXMO LO^aOOX ^RO \YLY^] S] WOK]_\ON� KXN ^RO ^\SKXQ_VK\ SXO[_KVS^SO]
K\O ]YV`ON ^Y VYMKVSdO ^RO \YLY^] E�!G� >RS] YP MY_\]O SWZVSO] ^RK^ ^RO
MVYMU] YP OKMR \YLY^ RK`O ^Y LO ZO\POM^Vc ]cXMR\YXSdON E�"G�

3X Y_\ KZZ\YKMR� aO MYX]SNO\ PK]^ KXN PK\�]ZKMON +?@] ]Y ^RK^ ^RO
NS]ZVKMOWOX^ YP ^RO ]YXK\ aK`O MKX XY VYXQO\ LO MYX]SNO\ON XOQVSQSLVO�
>RO WOK]_\ON NS]^KXMO S] ^RO\OPY\O LO^aOOX ^RO ZY]S^SYX] YP ^RO \YLY^]
K^ NSɼO\OX^ ^SWO]� 7Y\OY`O\ aO MYX]SNO\ ^RO MVYMU] YP ^RO \YLY^] ^Y LO
_X]cXMR\YXSdON ]Y ^RK^ ^RO OWS^^SXQ KXN \OMOS`SXQ ^SWO] K\O _XMO\^KSX�
AO KV]Y MYX]SNO\ Y_\ ]c]^OW ^Y LO MYWZVO^OVc NOMOX^\KVSdON� WOKXSXQ
^RK^ OKMR \YLY^ aSVV YXVc VYMKVSdO S^]OVP _]SXQ ^RO NK^K \OMOS`ON P\YW ^RO
POa Y^RO\ \YLY^] ^RK^ K\O SX \KXQO YP MYWW_XSMK^SYX�
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>aY KZZ\YKMRO] MKX LO MYX]SNO\ON ^Y ]YV`O ^RS] Z\YLVOW� +] Z\O�
]OX^ON KLY`O� ^RO ¶\]^ KZZ\YKMR S] Z\YLKLSVS]^SM� 3P ^RO ]c]^OW S] VSXOK\�
^RO Z\YLVOW MKX LO ]YV`ON _]SXQ PY\ SX]^KXMO K Kalman Filter� KXN SP
^RO Z\YLVOW S] XYX�VSXOK\� KX Extended Kalman Filter �/50� E�#G Y\
K Sequential Monte Carlo �=7-� WO^RYN E��G MKX LO MYX]SNO\ON�

>RO ]OMYXN KZZ\YKMR S] OX]OWLVS]^� AROX ^RO Z\YLVOW S] VSXOK\� /V�
VSZ]YSN] KXN :YVc^YZO] E��G MKX LO ZK\^SM_VK\Vc OɺMSOX^� 2YaO`O\� PY\
XYX�VSXOK\ ]c]^OW]� YXVc SX^O\`KV] KXN ]_L�ZK`SXQ] RK`O LOOX Z\Y`OX
OɺMSOX^ E��G� >RO Z\SXMSZVO S] ^Y a\KZ ^RO ]YV_^SYX SX KX SX^O\`KV OXMVY]�
SXQ S^] _XMO\^KSX^c� ^ROX ^Y ]_MMO]]S`OVc MYX^\KM^ ^RS] SX^O\`KV K\Y_XN ^RO
]YV_^SYX _X^SV K ¶bON ZYSX^ S] \OKMRON� 0Y\ ^RS]� aO _]O MYX^\KM^Y\] ^RK^
K\O K]]YMSK^ON ^Y ^RO O[_K^SYX] YP Y_\ ]c]^OW� >RO KN`KX^KQO YP ^RS]
KZZ\YKMR MYWZK\ON ^Y Z\YLKLSVS]^ WO^RYN] S] ^RK^ ^RO ]YV_^SYX S] OX�
MVY]ON SX KX SX^O\`KV� >RO\OPY\O ^RO \O]_V^] K\O Q_K\KX^OON� 7Y\OY`O\
3X^O\`KV KXKVc]S] S] ZK\^SM_VK\Vc OɺMSOX^ PY\ XYX�VSXOK\ ]c]^OW] aROX ^RO
X_WLO\ YP O[_K^SYX] SX PK\ ]_ZO\SY\ ^Y ^RO X_WLO\ YP `K\SKLVO� aRSMR S]
YP^OX ^RO MK]O SX VYMKVSdK^SYX KZZVSMK^SYX] E��GE�G�

>RO Y\SQSXKVS^c YP ^RS] ZKZO\ S] ^Y NOKV aS^R ^RO SX^O\�^OWZY\KV K]ZOM^ YP
Y_\ MYX]^\KSX^] aS^R _XMO\^KSX ^SWO]� >Y ]YV`O ^RS] Z\YLVOW� aO MYX�
]SNO\ ^RO ZY]S^SYX KXN MVYMU YP ^RO \YLY^] K] SX^O\`KV] YP ^\KTOM^Y\SO]
�P_XM^SYX] YPR→ R

n� KXN MK]^ ^RO O[_K^SYX] K] K MYX]^\KSX^ ]K^S]PKM�
^SYX Z\YLVOW�

>RS] ZKZO\ S] Y\QKXSdON K] PYVVYa]� =OM^SYX 33 Z\YZY]O] K ]SWZVO KXN
XOa PY\W_VK^SYX PY\ MYYZO\K^S`O VYMKVSdK^SYX aS^R SX^O\�^OWZY\KV MYX�
]^\KSX^] YX _XMO\^KSX ^SWO]� =OM^SYX 333 Z\O]OX^] ^RO LK]SM XY^SYX] YP
MYX]^\KSX^ Z\YZKQK^SYX KXN SX^\YN_MO] tubes �SX^O\`KV] YP ^\KTOM^Y\SO]��
aRSMR S] _]ON SX ]OM^SYX 3@ ^Y ]YV`O Y_\ Z\YLVOW� 0SXKVVc ]OM^SYX @ Z\Y�
`SNO] ^R\OO ^O]^ MK]O]� aS^R LY^R ]SW_VK^ON KXN ObZO\SWOX^KV \O]_V^]�
KXN =OM^SYX @3 MYXMV_NO] ^RO ZKZO\�
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6O^ _] ¶\]^ NO]M\SLO Y_\ MYYZO\K^S`O VYMKVSdK^SYX Z\YLVOW� 0Y\ K \YLY^
i SX Y_\ Q\Y_Z Y\ ]aK\W� MYX]SNO\ ^RO ]^K^O O[_K^SYX] YP ^RO \YLY^ K]
PYVVYa]$

ẋi = f(xi, ui) + nx (evolution equation)

yi = g(xi) (observation equation)
(1)

aRO\O xi S] ^RO ]^K^O `OM^Y\ YP ^RO \YLY^ i� ui S^] SXZ_^] Y\ MYWWKXN]�
yi S^] Y_^Z_^] Y\ WOK]_\O]� KXN f KXN g \O]ZOM^S`OVc ^RO O`YV_^SYX KXN
YL]O\`K^SYX P_XM^SYX]� nx S] ^RO ]^K^O XYS]O� >RO _XMO\^KSX^c YX yi aSVV
LO \OZ\O]OX^ON Lc KX SX^O\`KV K\Y_XN S^] _XUXYaX `KV_O� 8Y^SMO ^RK^
^RO YL]O\`K^SYX P_XM^SYX _]_KVVc NOZOXN] YX ^RO ]^K^O YP ^RO \YLY^ K^
^RO M_\\OX^ ^SWO� >RO Y\SQSXKVS^c YP Y_\ KZZ\YKMR S] ^Y MYX]SNO\ K ]YXK\
MYWW_XSMK^SYX LO^aOOX ^RO \YLY^]� aRSMR aSVV LO \OZ\O]OX^ON K] KX
SX^O\�^OWZY\KV MYX]^\KSX^ LO^aOOX ^RO ]^K^O] YP ^RO \YLY^ K^ NSɼO\OX^
^SWO]� AO MYX]SNO\ ^RK^ OKMR ZSXQ OXMVY]O] ^RO O]^SWK^ON ZY]S^SYX
LYb YP ^RO OWS^^SXQ \YLY^� KVYXQ aS^R ^RO SX^O\`KV K\Y_XN ^RO OWS^^SXQ
^SWO SX ^RO \YLY^p] MVYMU�
Formulation� +X intertemporal relation �Y\ ping PY\ ]RY\^� MY\\O�
]ZYXN] ^Y K ��^_ZVO p = (a, b, i, j) aRO\O a ∈ R MY\\O]ZYXN] ^Y
^RO OWS]]SYX ^SWO� b ∈ R ^Y ^RO \OMOZ^SYX ^SWO� i ∈ {1, . . . , m} ^RO
OWS^^SXQ \YLY^� KXN j ∈ {1, . . . , m} ^RO \OMOS`O\� ._O ^Y ^RO MK_]KV�
S^c� aO RK`O b > a� Y\ O[_S`KVOX^Vc (a, b) S] KX OVOWOX^ YP ^RO t�ZVKXO
E�G� .OXY^O Lc p (k) ^RO k th ZSXQ� KXN Lc t ^RO ^\_O ^SWO� AO NOXY^O Lc
τ = hi (t) ^RO MVYMU P_XM^SYX E��G aRSMR PY\ KX KL]YV_^O ^SWO t WK^MRO]
^RO SXXO\ ^SWO τ YP ^RO \YLY^ i� 8Y^SMO ^RK^ hi S] ]^\SM^Vc SXM\OK]SXQ aROX
XY \O�]cXMR\YXSdK^SYX RKZZOX] KXN ZSOMOaS]O SXM\OK]SXQ aROX S^ NYO]�
0Y\ i ∈ {1, . . . , m}� t ∈ R KXN k ∈ {1, . . . , kmax}� aO RK`O$

(i) ẋi (t) = f (xi (t) , ui (t)) + nx (t)

(ii) g
(

xi(k) (a (k)) , xj(k) (b (k)) , a (k) , b (k)
)

= 0

(iii) ã (k) = hi(k) (a (k))

(iv) b̃ (k) = hj(k) (b (k))

(v) ḣi (t) = 1 + nh (t)

(2)

�S� MY\\O]ZYXN] ^Y ^RO ]^K^O O[_K^SYX] YP ^RO i�^R \YLY^]� >RO ]^K^O XYS]O
nx (t) S] K]]_WON ^Y LO LY_XNON�
�SS� S] ^RO SX^O\�^OWZY\KV YL]O\`K^SYX P_XM^SYX ]Y ^RK^g : Rn×Rn×R×R
S] RO\O$

g (x1, x2, a, b) =
∥

∥x1 − x2

∥

∥− c ∗ (b− a) (3)

aRO\O c S] ^RO ]ZOON YP ]Y_XN� ?]SXQ ^RO /_MVSNOKX XY\W� �SS� MKX LO
\O�a\S^^OX K]

c ∗ (b(k)− a(k)) =

√

(xi(k) (a (k))− xj(k) (b (k)))2

+(yi(k) (a (k))− yj(k) (b (k)))2 (4)

�SSS� ã (k) MY\\O]ZYXN] ^Y ^RO VYMKV ^SWO YP ^RO \YLY^ i (k) �S�O� ^RO OWS^^O\
RK] OWS^^ON ^RO k th ZSXQ��
�S`� b̃ (k) MY\\O]ZYXN] ^Y ^RO VYMKV ^SWO YP ^RO \YLY^ j (k) �S�O� ^RO \OMOS`O\
RK] \OMOS`ON ^RO k th ZSXQ��
�`� nh (t) S] ^RO MVYMU XYS]O KXN S] K]]_WON ^Y LO LY_XNON�

8Y^SMO ^RK^ PY\ KVV k � aO UXYa ObKM^Vc$ ã (k) , b̃ (k) , i (k) , j (k) .
>RO KN`KX^KQO YP ]_MR PY\WKVS]W S] ^RK^ S^ MKX OXMYWZK]] WKXc Z\O`S�
Y_] PY\WKVS]W] YP OX]OWLVS]^ VYMKVSdK^SYX E��GE�G KXN KV]Y ^KUO] SX^Y
MYX]SNO\K^SYX SX^O\�^OWZY\KV MYX]^\KSX^] YX _XMO\^KSX ^SWO]� >Y Y_\
UXYaVONQO� ]_MR PY\WKVS]W RK] XO`O\ LOOX MYX]SNO\ON LOPY\O� >RS]

AROX \YLY^ � ]OXN] K ]YXK\ ]SQXKV� S^ S] \OMOS`ON Lc \YLY^ � KP^O\
b(k) − a(k) ]OMYXN]� ,Y^R \YLY^] RK`O WY`ON N_\SXQ ^RS] ^SWO�
>RO\OPY\O ^RO WOK]_\OWOX^ S] ^RO NS]^KXMO P\YW \YLY^ � K^ a(k) ^Y
\YLY^ � K^ b(k)�

PY\WKVS]W MKX KV]Y LO KZZVSON ^Y Simultaneous Localization and
Mapping �=6+7� Lc MYX]SNO\SXQ YXVc YXO \YLY^� 6KXNWK\U] MY_VN LO
MYX]SNO\ON K] ]^K^SYXK\c \YLY^]� 7OK]_\OWOX^] aS^R ^RO 1:= KLY`O
]_\PKMO MY_VN KV]Y LO MYX]SNO\ON K] K WOK]_\OWOX^ YP ^RO \YLY^ ^Y
S^]OVP�
AROX KX +?@ ]OXN K ]YXK\ ZSXQ k K^ t = a(k) \OMOS`ON Lc KXY^RO\
+?@ K^ ^SWO t = b(k)� ^RO NS]^KXMO LO^aOOX ^RO ^aY +?@ MKX LO
WOK]_\ON K] c ∗ (b(k) − a(k)) aRO\O c S] ^RO MOVO\S^c YP ^RO ]Y_XN�
>RO\OPY\O ^RO WOK]_\OWOX^ LO^aOOX ^RO ^aY \YLY^] S] SX^O\�^OWZY\KV�
3^ S] LO^aOOX ^RO ZY]S^SYX YP +?@ � K^ a(k) KXN ^RO ZY]S^SYX YP +?@ �
K^ b(k)� 0SQ_\O � SVV_]^\K^O] ^RO Z\SXMSZVO� 8Y^SMO ^RK^ ^RO]O ^SWO] K\O
_XMO\^KSX� K] ^RO MVYMU] YP ^RO \YLY^] WSQR^ XY^ LO ]cXMR\YXSdON� AO
SXS^SKVVc YXVc UXYa KX SX^O\`KV �aRSMR WKc LO `O\c VK\QO� K\Y_XN ^RO MVYMU
P_XM^SYX h YP OKMR \YLY^ KXN K\O QYSXQ ^Y MYX^\KM^ S^ ^Y \O�]cXMR\YXSdO
^RO MVYMU� >Y Y_\ UXYaVONQO� ^RS] Z\YLVOW MKXXY^ LO OK]SVc ]YV`ON _]SXQ
]^KXNK\N 7YX^O -K\VY WO^RYN]�

>RO NYWKSX] aO MYX]SNO\ SX Y_\ Z\YLVOW K\O ]O^] OXMVY]SXQ ^RO ^\_O
`KV_O PY\ ^RO `K\SKLVO]� .OZOXNSXQ YX ^RO XK^_\O YP ^RO ]O^ Z ^Y aRSMR
KX _XUXYaX `K\SKLVO z LOVYXQ]� ^RO NYWKSX MKX RK`O NSɼO\OX^ \OZ\O�
]OX^K^SYX]� 0Y\ SX]^KXMO� SPZ S] ¶XS^O� ^RO NYWKSX PY\ z MKX LO NO]M\SLON
Lc Ob^OX]SYX� AROX Z S] K VK^^SMO� ^RO NYWKSX PY\ z MKX LO \OZ\O]OX^ON
Lc SX^O\`KV] Y\ Lc K _XSYX YP SX^O\`KV] �KV]Y MKVVON ]_L�ZK`SXQ� E��G� 3X Y_\
MYX^Ob^� ^RO ^\KTOM^Y\SO] x KXN h LOVYXQ ^Y K VK^^SMO KXN ^ROS\ NYWKSX]
aSVV LO \OZ\O]OX^ON Lc ^_LO] �SX^O\`KV YP ^\KTOM^Y\SO]�� >Y MYX^\KM^ ^RO]O
^_LO]� aO _]O MYX]^\KSX^ ]K^S]PKM^SYX� K X_WO\SMKV WO^RYN ^Y ]YV`O XYX�
VSXOK\ Z\YLVOW] ]_MR K] =6+7 E�GE!G� >RS] ]OM^SYX Z\O]OX^] ^RO Z\SXMS�
ZVO YP MYX]^\KSX^ Z\YZKQK^SYX KXN Ob^OXN] ^RO ^OMRXS[_O ^Y ^_LO]�

+ lattice (E ,≤) S] K ZK\^SKVVc Y\NO\ON ]O^� MVY]ON _XNO\ VOK]^ _ZZO\ KXN
Q\OK^O]^ VYaO\ LY_XN] �]OO E��G� PY\ WY\O NO^KSV]�� >RO VOK]^ _ZZO\
LY_XN �Y\ SX¶W_W� YP x KXN y S] MKVVON ^RO join KXN S] NOXY^ON Lc
x ∨ y� >RO Q\OK^O]^ VYaO\ LY_XN �Y\ supremum� S] MKVVON ^RO meet
KXN S] a\S^^OX K] x ∧ y�
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/bKWZVO$ >RO ]O^Rn S] K VK^^SMO aS^R \O]ZOM^ ^Y ^RO ZK\^SKV Y\NO\ \OVK^SYX
QS`OX Lc x ≤ y ⇔ ∀i ∈ {1, . . . , n} , xi ≤ yi. AO RK`O

x ∧ y = (x1 ∧ y1, . . . , xn ∧ yn) and

x ∨ y = (x1 ∨ y1, . . . , xn ∨ yn)

aRO\O xi ∧ yi = min (xi, yi) KXN xi ∨ yi = max (xi, yi) .
+ VK^^SMO E S] complete SP PY\ KVV �¶XS^O YP SX¶XS^O� ]_L]O^]A YP E � ^RO VOK]^
_ZZO\ LY_XN �NOXY^ON ∧A� KXN ^RO Q\OK^O]^ VYaO\ LY_XN �NOXY^ON
∨A� LOVYXQ ^YA� AROX K VK^^SMO E S] XY^ MYWZVO^O� S^ S] ZY]]SLVO ^Y KNN
XOa OVOWOX^] �MY\\O]ZYXNSXQ ^Y ^RO ]_Z\OW_W Y\ SX¶W_W YP SX¶XS^O
]_L]O^] YP E ^RK^ NY XY^ LOVYXQ ^Y E � ^Y WKUO S^ MYWZVO^O� 0Y\ SX]^KXMO�
^RO ]O^ R S] XY^ K MYWZVO^O VK^^SMO aRO\OK] R = R ∪ {−∞,∞} S]�
,c MYX`OX^SYX� PY\ ^RO OWZ^c ]O^� aO ]O^ ∧∅ = ∨E KXN ∨∅ = ∧E �
>RO Z\YN_M^ YP ^aY VK^^SMO] (E1,≤1) KXN (E2,≤2) S] ^RO VK^^SMO (E ,≤)
NO¶XON K] ^RO ]O^ YP KVV (a1, a2) ∈ E1 × E2 aS^R ^RO Y\NO\ \OVK^SYX
(a1, a2) ≤ (b1, b2) ⇔ ((a1 ≤1 b1) and (a2 ≤2 b2)) .

+X interval [x ] S] NO¶XON K] ^RO ]O^ YP \OKV X_WLO\] x LO^aOOX ^RO
VYaO\ LY_XN b KXN _ZZO\ LY_XN x̄ �

[x ] = [x
¯
, x̄ ] = {x ∈ R, x

¯
≤ x ≤ x̄}

This representation has several advantages: It allows us to rep-
resent random variables with imprecise probability density func-
tions, deal with uncertainties in a reliable way and last but fore-
most, it is possible to contract the interval around all feasible
values given a set of constraints ( i.e. equations or inequali-
ties).
+ closed interval �Y\ interval PY\ ]RY\^� [x ] YP K MYWZVO^O VK^^SMO E
S] K ]_L]O^ YP E aRSMR ]K^S]¶O] [x ] = {x ∈ E | ∧ [x ] ≤ x ≤ ∨[x ]} .
,Y^R ∅ KXN E K\O SX^O\`KV] YP E � +X SX^O\`KV S] K ]_L�VK^^SMO YP E �
IE NOXY^O] ^RO ]O^ YP KVV SX^O\`KV] YP E � +X SX^O\`KV [x ] YP E aSVV
KV]Y LO NOXY^ON Lc [x ] = [∧[x ],∨[x ]]E . 0Y\ ObKWZVO� ^RO ]O^] ∅ =
[∞,−∞]R; R = [−∞,∞]R; [0, 1]R KXN [0,∞]R K\O SX^O\`KV] YP R�
^RO ]O^ {2, 3, 4, 5} = [2, 5]N S] KX SX^O\`KV YP ^RO ]O^ YP SX^OQO\] N KXN
^RO ]O^ {4, 6, 8, 10} = [4, 10]2N S] KX SX^O\`KV YP 2N�
>RO intersection YP ^aY XYX�OWZ^c MVY]ON SX^O\`KV] [x ] KXN [y] ]K^S]¶O]$

[x ] ∩ [y] =

{

[max{x
¯
, y
¯
}, min{x̄, ȳ}]
∅

if max{x
¯
, y
¯
} ≤ min{x̄, ȳ}

otherwise

/bKWZVO$ [1, 3] ∩ [2, 5] = [2, 3]
>RO union YP ^aY XYX�OWZ^c MVY]ON SX^O\`KV] [x ] KXN [y] ]K^S]¶O]$

[x ] ⊔ [y] = [min{x
¯
, y
¯
}, max{x̄, ȳ}]

/bKWZVO$ [1, 3] ⊔ [5, 7] = [1, 7]

We can apply arithmetic operators and functions to intervals to
obtain all feasible values of the variable. For example, consider
a real α KXN [x ] K XYX�OWZ^c SX^O\`KV� >ROX

α [x ] =

{

[αx
¯
, αx̄ ]

[αx̄, αx
¯
]

if α ≥ 0

if α ≤ 0

0Y\ ^aY SX^O\`KV] [x ] KXN [y] KXN KX YZO\K^Y\ ⋄ ∈ {+,−, ∗, /}� aO
NO¶XO [x ] ⋄ [y] K] ^RO ]WKVVO]^ SX^O\`KV MYX^KSXSXQ KVV POK]SLVO `KV_O] PY\
x ⋄ y aROX x ∈ [x ] KXN y ∈ [y] Y\

[x ] ⋄ [y] = [{x ⋄ y ∈ R|x ∈ [x ], y ∈ [y]}]

3X ^RO MK]O YP MVY]ON SX^O\`KV]� aO RK`O

[x ] + [y] = [x
¯

+ y
¯
, x̄ − ȳ]

[x ]− [y] = [x
¯
− ȳ, x̄ − y

¯
]

[x ] ∗ [y] = [min{x
¯
y
¯
,x
¯
ȳ,x̄y

¯
,x̄ȳ}, max{x

¯
y
¯
,x
¯
ȳ,x̄y

¯
,x̄ȳ}]

>RO SX`O\]SYX S] QS`OX Lc

1/[y] =



























∅
[1/ȳ, 1/y

¯
]

[1/ȳ,∞[

]−∞, 1/ȳ]

]−∞,∞[

if [y] = [0, 0]

if 0 /∈ [y]

if y
¯

= 0 and ȳ > 0

if y
¯

< 0 and ȳ = 0

if y
¯

< 0 and ȳ > 0

KXN ^RO NS`S]SYX Lc

[x ]/[y] = [x ] ∗ (1/[y])

>RO]O \_VO] K\O ]SWZVS¶ON PY\ Z_XM^_KV SX^O\`KV]� SX aRSMR MK]O aO \O^_\X
^Y ^RO \_VO] YP K\S^RWO^SM YX \OKV]� >RO\OPY\O 3X^O\`KV K\S^RWO^SM MKX LO
MYX]SNO\ON K] KX Ob^OX]SYX YP ^RO K\S^RWO^SM YX \OKV]�
0Y\ ObKWZVO$

[−1, 3] + [2, 7] = [1, 10]

[−1, 3]− [2, 7] = [−8, 1]

[−1, 3].[2, 7] = [−7, 21]

[−1, 3]/[2, 7] = [−1/2, 3/2]

>RO SWKQO YP f ([x ]) YP KX SX^O\`KV Lc K P_XM^SYX f S] f ([x ]) = {f (x)|x ∈
[x ]}� >RS] SWKQO WSQR^ XY^ LO KX SX^O\`KV� 3XNOON� SP f S] XY^ MYX^SX_Y_]
f ([x ]) S] K _XSYX YP SX^O\`KV]� >RO SX^O\`KV Ob^OX]SYX S] NO¶XON K] ^RO
P_XM^SYX \O^_\XSXQ ^RO SX^O\`KV R_VV [f ]([x ]) = [{f (x)|x ∈ [x ]}]�
>RO SX^O\`KV Ob^OX]SYX YP OVOWOX^K\c P_XM^SYX] MKX LO NS\OM^Vc a\S^^OX
SX KMMY\NKXMO ^Y S^] LY_XN]� 0Y\ ObKWZVO� PY\ K XYX�OWZ^c SX^O\`KV [x ]�
^RO ObZYXOX^SKV P_XM^SYX [exp]([x ]) = [exp x

¯
, exp x̄ ]�

3X MK]O YP XYX�WYXY^YXSM P_XM^SYX]� ^RO ]S^_K^SYX S] K VS^^VO LS^
WY\O MYWZVSMK^ON� 3XNOON [cos]([−π, π]) = [−1, 1] NSɼO\] P\YW
[cos(−π), cos(π)] = [−1,−1]� =ZOMS¶M KVQY\S^RW] MKX LO MYX�
]^\_M^ON PY\ ^RO SX^O\`KV O`KV_K^SYX YP ]_MR P_XM^SYX]� E"G

-YX]SNO\ nx \OKV `K\SKLVO] xi ∈ R, i ∈ {1, ..., nf} VSXUON Lc nf \OVK�
^SYX] �Y\ MYX]^\KSX^]� YP ^RO PY\W $

fj (x1, x2, ..., xnx ) = 0, j ∈ {1, ..., nf} (5)
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aRO\OLc fj NOXY^O] ^RO P_XM^SYX PY\ OKMR MYY\NSXK^O T� AO UXYa ^RK^
OKMR `K\SKLVO xi LOVYXQ ^Y K NYWKSX Xi� >Y ]SWZVSPc aO MYX]SNO\ ^RO
NYWKSX] K] SX^O\`KV]� XY^ON [xi]� AO NO¶XO x = (x1, x2, ..., xnx )T KXN
^RO NYWKSX PY\ x K] [x] = [x1].[x2]...[xnx ]� AO KV]Y XY^O f ^RO P_XM^SYX
aRSMR MYY\NSXK^O] P_XM^SYX] K\O ^RO fj � AO MKX ^RO\OPY\O \O�a\S^O ��� SX
K `OM^Y\ PY\W f(x) = 0 KXN ^RS] \OZ\O]OX^] K constraint satisfaction
problem �-=:� ^RK^ aO MKX MKVV ℑ KXN a\S^O

ℑ : (f(x) = 0, x ∈ [x ])

>RO\OPY\O K -=: S] MYWZY]ON YP K ]O^ YP `K\SKLVO]� NYWKSX] MYX^KSXSXQ
^RO]O `K\SKLVO]� KXN MYX]^\KSX^]� >RO ]YV_^SYX S YP ℑ S] NO¶XON K]

S = {x∈ [x]|f(x) = 0}

-YX^\KM^SXQ K -=:ℑ MYX]S]^] SX \OZVKMSXQ ^RO NYWKSX [x]aS^R K ]WKVVO\
NYWKSX [x′] aS^RY_^ MRKXQSXQ ^RO ]YV_^SYX ]O^� AO RK`O S ⊂ [x′] ⊂ [x]�
AO NO¶XO ^RO YZ^SWKV MYX^\KM^SYX YPℑ K] ^RO YZO\K^SYX \OZVKMSXQ [x ] Lc
^RO ]WKVVO]^ LYb MYX^KSXSXQ S� +X YZO\K^Y\ ^RK^ KVVYa] ^RO MYX^\KM^SYX
YP ℑ S] MKVVON K contractor�
7KXc Z\YLVOW] YP O]^SWK^SYX� MYX^\YV� \YLY^SM]� ���O^M MKX LO \OZ\O�
]OX^ON K] constraint satisfaction problems �-=:� E�G�E#G KXN WKXc
MYX^\KM^Y\] �MKVVON WSXSWKV� MKX LO KZZVSON ^Y YZ^SWKVVc MYX^\KM^ ^RO
NYWKSX] NOZOXNSXQ YX ^RO MVK]] YP ^RO Z\YLVOW E��G� =O`O\KV WSX�
SWKV MYX^\KM^Y\] RK`O LOOX NO`OVYZON Y`O\ cOK\] q 1K_]] OVSWSXK�
^SYX� 1K_]]�=OSNOV +VQY\S^RW� 5\KaMdcU WO^RYN� 8Oa^YX KVQY\S^RW�
���O^ME��G >RO YXO aO K\O QYSXQ ^Y _]O SX Y_\ VYMKVSdK^SYX Z\YL�
VOW S] ^RO PY\aK\N�LKMUaK\N MYX^\KM^Y\ E G aRSMR MYX^\KM^] ^RO NY�
WKSX] YP ^RO -=: ℑ : (f(x) = 0, x ∈ [x ]) Lc S]YVK^SXQ OKMR
MYX]^\KSX^ ]OZK\K^OVc� AO ]_ZZY]O ^RK^ OKMR MYX]^\KSX^ RK] K PY\W
fj (x1, x2, ..., xnx ) = 0� KXN ^RK^ ^RO P_XM^SYX fj MKX LO L\YUOX NYaX
^Y K ]O\SO] YP YZO\K^SYX] SX`YV`SXQ YZO\K^Y\] KXN OVOWOX^K\c P_XM^SYX]
]_MR K] +,−, ∗, /, sin, cos, exp, ...etc >ROX aO MKX L\OKU NYaX ^RO
MYX]^\KSX^ SX^Y Z\SWK\c MYX]^\KSX^]�
3X Y_\ ObKWZVO YP VYMKVSdK^SYX aS^R ^RO NS]^KXMO WOK]_\OWOX^ ��� LO�
^aOOX +?@]� ^RO K]]YMSK^ON MYX]^\KSX^ MKX LO a\S^^OX K]

d =
√

(xi − xj )2 + (yi − yj )2 (6)

]Y aO MKX L\OKU S^ NYaX ^Y Z\SWK\c MYX]^\KSX^] Lc SX^\YN_MSXQ SX^O\WO�
NSK^O `K\SKLVO] $

i1 = −xj

i2 = xi + i1

i3 = i2
2

i4 = −yj (7)

i5 = yi + i4

i6 = i2
5

i7 = i3 + i6

d =
√

i7

>RO SXS^SKV NYWKSX] K]]YMSK^ON aS^R ^RO SX^O\WONSK^O `K\SKLVO] ik K\O
] −∞;∞[� + WO^RYN ^Y MYX^\KM^ ℑ aS^R ^RO MYX]^\KSX^ S] ^Y MYX^\KM^
OKMR Z\SWS^S`O MYX]^\KSX^ _X^SV ^RO MYX^\KM^Y\ \OKMRO] K ¶bON ZYSX^� >RS]
S] ^RO Z\SXMSZVO YP MYX]^\KSX^ Z\YZKQK^SYX SX^\YN_MON Lc AKV^d E��G� 0Y\
MYX]^\KSX^] SX`YV`SXQ ^aY `K\SKLVO] KXN K P_XM^SYX� ]_MR K] ^RO ][_K\O

\YY^� ^aY ]^OZ] YP MYX^\KM^SYX K\O WKNO Lc \Oa\S^SXQ ^RO MYX]^\KSX^$ YXO
P\YW ^RO NS\OM^ SWKQO YP ^RO P_XM^SYX KXN ^RO Y^RO\ P\YW ^RO SX`O\]O�
>RO\OPY\O� SX Y_\ ObKWZVO� ^RO MYX]^\KSX^ d =

√
i7 MKX LO \O�a\S^^OX SX

^aY PY\W] $

d =
√

i7

i7 = d2

KXN ^ROX ^RO MYX^\KM^SYX] K\O $

[d] = [d] ∩
√

[i7]

[i7] = [i7] ∩ [d2]

0Y\ MYX]^\KSX^] VSXUSXQ ^R\OO `K\SKLVO] aS^R K LSXK\c YZO\K^SYX ]_MR K]

KNNS^SYX� ^RO\O K\O ^R\OO aKc] ^Y \Oa\S^O ^RO MYX]^\KSX^� 6et’s consider

the constraint i7 = i3 + i6 aS^R PY\ ObKWZVO ^RO initial intervals

[i3] = [−∞, 2], [i6] = [−∞, 3] and [i7] = [4,∞]. We can easily

contract these intervals without removing any feasible value:

i7 = i3 + i6 → i7 ∈ [4,∞] ∩ ([−∞, 2] + [−∞, 3])

= [4,∞] ∩ [−∞, 5] = [4, 5]

i3 = i7 − i6 → i3 ∈ [−∞, 2] ∩ ([4,∞]− [−∞, 3])

= [−∞, 2] ∩ [1,∞] = [1, 2]

i6 = i7 − i3 → z ∈ [−∞, 3] ∩ ([4,∞] + [−∞, 2])

= [−∞, 3] ∩ [2,∞] = [2, 3]

We obtain much smaller intervals for [i3] = [1, 2], [i6] = [2, 3] and
[i7] = [4, 5].
>RO ]KWO Z\SXMSZVO S] KZZVSON PY\ KVV Z\SWK\c MYX]^\KSX^] �!� SX Y\NO\ ^Y
MYX^\KM^ ^RO SX^O\`KV] K\Y_XN ^RO `KV_O] YP � �� >RO ]O[_OXMO YP MYX�
^\KM^SYX] WKNO Lc ^RO PY\aK\N�LKMUaK\N KVQY\S^RW S] YZ^SWKV ^Y WKb�
SWSdO ^RO MYX^\KM^SYX� >RO PY\aK\N�LKMUaK\N KVQY\S^RW Z\O]OX^ON SX
>KLVO � aSVV LO _]ON PY\ O`O\c NS]^KXMO WOK]_\OWOX^� S�O� ]YXK\ \OMOZ�
^SYX YP KX +?@�

3X Y_\ ]c]^OW� aO MYX]SNO\ ^RO NS]^KXMO WOK]_\OWOX^] ^Y LO SX^O\�
^OWZY\KV� S�O� LO^aOOX K OWS]]SYX ^SWO Lc +?@�� KXN K NSɼO\OX^ \OMOZ�
^SYX ^SWO Lc +?@�� >RS] WOKX] ^RK^ aO XOON ^Y OXMVY]O ^RO ZY]S^SYX
KXN MVYMU YP ^RO \YLY^] K^ ^RO \OMOZ^SYX ^SWO L_^ KV]Y K^ ^RO OWS]]SYX
^SWO� AO ]RKVV XYa Z\O]OX^ tubes aRSMR K\O KX OX]OWLVS]^ `S]SYX YP K
\KXNYW ]SQXKV� >ROc aSVV OXMVY]O ^RO aRYVO RS]^Y\c YP ^RO +?@] ^\KTOM�
^Y\c KXN MVYMU P_XM^SYX�
Tube� >RO ]O^ Fn YP KVV P_XM^SYX] P\YW R ^Y R̄

n S] K MYWZVO^O VK^^SMO
aS^R ^RO PYVVYaSXQ ZK\^SKV Y\NO\ x ≤ y ⇔ ∀t ∈ R, x(t) ≤ y(t). + tube
[x] (]OO� O�Q�� E� G� E��G� S] KX SX^O\`KV [x−, x+] YP Fn� S�O�� K ZKS\ YP ^aY
P_XM^SYX] x−, x+ ]_MR ^RK^ PY\ KVV t� x− (t) ≤ x+ (t)� >RO ]O^ YP KVV ^_LO]
YP Fn S] NOXY^ON Lc IFn.
+X OVOWOX^ x YP Fn LOVYXQ] ^Y ^RO ^_LO [x] SP ∀t, x (t) ∈ [x] (t)� 0SQ_\O
� Z\O]OX^] K P_XM^SYX x ∈ F 1 aRSMR S] SX]SNO ^RO ^_LO [x ]� >RS] ^_LO
QS`O] _] SXPY\WK^SYX \OVK^ON ^Y ^RO _XUXYaX P_XM^SYX x �
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0Y\aK\N�LKMUaK\N KVQY\S^RW KZZVSON ^Y NS]^KXMO WOK]_\OWOX^ � ��

Algorithm CFB (in : box, inout : [x ], [ẋ ])

// Forward steps

1 [i1] := −[xj ]

2 [i2] := [xi] + [i1]

3 [i3] := [i22]

4 [i4] := [−yj ]

5 [i5] := [yi] + [i4]

6 [i6] := [i25]

7 [i7] := [i3] + [i6]

8 [d] := [d] ∩
√

[i7]

// Bacward steps

9 [i7] := [i7] ∩ [d]2

10 [i3] := [i3] ∩ ([i7]− [i6])

11 [i6] := [i6] ∩ ([i7]− [i3])

12 [i5] := [i5] ∩ (sqr−1[i6])

13 [yi] := [yi] ∩ ([i5]− [i4])

14 [i4] := [i4] ∩ ([i5]− [y])

15 [yj ] := [yj ] ∩ −[i4]

16 [i2] := [i2] ∩ (sqr−1[i3])

17 [xi] := [xi] ∩ ([i2]− [i1])

18 [i4] := [i4] ∩ ([i2]− [xi])

19 [xj ] := [xj ] ∩ −[i1]

+ ^_LO [x ] YP R aRSMR OXMVY]O] ^RO P_XM^SYX x

Interval evaluation of a tube� 3P x S] K P_XM^SYX P\YW R ^Y R
n �S�O��

x ∈ Fn�� aO NO¶XO

x ([t]) = {x (t) , t ∈ [t]} .

>RO SX^O\`KV O`KV_K^SYX YP K ^_LO [x] S] NO¶XON Lc

[x] ([t]) =
⊔

t∈[t]

[x] (t) ,

S�O�� [x] ([t]) S] ^RO ]WKVVO]^ LYb aRSMR OXMVY]O] KVV LYbO] [x] (t) , t ∈ [t]�
3^ S] OK]c ^Y Z\Y`O ^RK^

x ∈ [x] , t ∈ [t] ⇒ x (t) ∈ [x] ([t]) ,

KXN ^RK^ XY LYb ]WKVVO\ ^RKX [x] ([t]) ]K^S]¶O] ^RS] Z\YZO\^c�
Tube arithmetic� AO MKX Ob^OXN ]YWO MVK]]SMKV YZO\K^SYX] aO RK`O
YX P_XM^SYX] YP Fn� ]_MR K] ]_W]� W_V^SZVSMK^SYX� SWKQO YP K P_XM^SYX�
���O^M ^Y ^_LO]� 3^ ]_ɺMO] ^Y _]O ^RO MVK]]SMKV XY^SYX YP SX^O\`KV K\S^R�
WO^SM KXN SXMV_]SYX P_XM^SYX] E��G PY\ KVV t� +X K\S^RWO^SM YX ^_LO] S]
^R_] K NS\OM^ Ob^OX]SYX YP SX^O\`KV K\S^RWO^SM� +] SX ^RO MK]O YP SX^O\`KV
MYWZ_^K^SYX� ^RO \O]_V^ YP KX YZO\K^SYX YX ^_LO] MYX^KSX] KVV \O]_V^] YP
^RO ]KWO YZO\K^SYX ZO\PY\WON YX ^RO OXMVY]ON OVOWOX^] YP Fn�
Integral. -YX]SNO\ ^aY X_WLO\] t1, t2 ]_MR ^RK^ t2 ≥ t1 ≥ 0� >RO
SX^OQ\KV YP K ^_LO [x] Y`O\ KX SX^O\`KV [t1, t2] S] NO¶XON Lc

∫ t2

t1

[x] (τ) dτ =

{
∫ t2

t1

x (τ) dτ such that x ∈ [x]

}

.

=SXMO t2 ≥ t1� aO NON_MO P\YW ^ROWYXY^YXSMS^c YP ^RO SX^OQ\KV YZO\K^Y\
^RK^

∫ t2

t1

[x] (τ) dτ =

[
∫ t2

t1

x− (τ) dτ,

∫ t2

t1

x+ (τ) dτ

]

.

0\YW ^RO NO¶XS^SYX YP ^_LO SX^OQ\KV]� aO RK`O

x ∈ [x] ⇒
∫ t2

t1

x (τ) dτ ∈
∫ t2

t1

[x] (τ) dτ.

7Y\OY`O\� ^RO interval primitive NO¶XON Lc
∫ t

0
[x] (τ) dτ NO¶XO] K

^_LO ^RK^ `KXS]RO] PY\ t = 0�

Tube contractor� -YX]SNO\ K MYX]^\KSX^ YX ^\KTOM^Y\SO] YP ^RO PY\W
L(x)� + MYX^\KM^Y\ K]]YMSK^ON aS^R ^RO MYX]^\KSX^ L S] KX YZO\K^Y\

[x ]
CL−→ [y]

aRO\O [x ] KXN [y] K\O ^_LO]� ]_MR ^RK^

∀t, [x ](t) ⊂ [y](t) (contraction)
(

L(x)

x ∈ [x ]

)

=⇒ x ∈ [y] (completeness)

AO MKVV C � S] ^RO minimal contractor PY\ L ^RK^ \O^_\X] ^RO ]WKVVO]^
^_LO] [y] ^RK^ K\O MYX]S]^OX^ aS^R ^RO MYX]^\KSX^ L�
Minimal tube contractor� -YX^\KM^Y\] YX ^_LO] K\O L_SV^ SX K ]SW�
SVK\ aKc ^Y aRK^ S] NYXO PY\ S^] SX^O\`KV MY_X^O\ZK\^� >RO MYX]^\KSX^
L(x1, ..., xp) aS^R x1, ..., xp SX IFn S] ¶\]^ \Oa\S^^OX K] p O[_S`KVOX^ PY\W
x1 = f1(x2, ..., xp) ⇐⇒ x2 = f2(x1, x3,..., xp) ⇐⇒ ... �SX K ]SWSVK\
aKc ^Y aRK^ S] NYXO PY\ MYX]^\KSX^] SX`YV`SXQ \OKV X_WLO\]�� >RO ^_LO
K\S^RWO^SM S] ^ROX _]ON ^Y K_^YWK^SMKVVc QOXO\K^O ^RO MYX^\KM^Y\]�

Proposition 1. >RO WSXSWKV MYX^\KM^Y\ K]]YMSK^ON aS^R ^RO MYX]^\KSX^
x 6 y Y\ ∀t ∈ [0,∞[, x(t) 6 y(t) S]
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�K� \OZ\O]OX^] ^RO ^\KTOM^Y\c x KXN S^] ^_LO [x ]� �L� ^RO ^\KTOM^Y\c y KXN
S^] ^_LO [y], KXN �M� SVV_]^\K^O] ^RO WOO^ KXN TYSX YP ^ROW�

C6

(

[x ]

[y]

)

=

(

[x−, x+ ∧ y+]

[x− ∨ y−, y+]

)

Proof. x 6 y ]Y KMMY\NSXQ ^Y ^RO SXNOZOXNOXMO ^ROY\OW� aO MKX ¶X
a ]_MR ^RK^ y = x + a aS^R a > 0� >RO\OPY\O aO MKX MYX^\KM^ ^RO
K]]YMSK^ON ^_LO

[y] = [y] ∩ ([x ] + [a])

⇐⇒ [y] = [y− ∨ (x− + a−), y+ ∧ (x+ + a+)]

⇐⇒ [y] = [y− ∨ (x− + 0), y+ ∧ (x+ +∞)]

⇐⇒ [y] = [y− ∨ x−, y+]

]SXMO [a] = [0,∞[� ,c MYX]SNO\SXQ x = y + a aS^R a 6 0� aO MKX
Z\Y`O ^RK^ [x ] = [x−, x+ ∧ y+] ^RO ]KWO aKc�
0SQ_\O � SVV_]^\K^O] ^RO MYX^\KM^SYX]�

Proposition 2. >RO WSXSWKV MYX^\KM^Y\ K]]YMSK^ON aS^R ^RO MYX]^\KSX^
x = y Y\ ∀t ∈ [0,∞[, x(t) = y(t) S]

C=

(

[x ]

[y]

)

=

(

[x− ∨ y−, x+ ∧ y+]

[x− ∨ y−, x+ ∧ y+]

)

Proof. +] x = y� KXc QS`OX OVOWOX^] YP x KXN y MKXXY^ ObMOON
OKMR Y^RO\p] \KXQO� ,Y^R `K\SKLVO] aSVV ]RK\O K XOa SX^O\`KV O[_KV ^Y ^RO
SX^O\]OM^SYX YP ^ROS\ \O]ZOM^S`O SX^O\`KV]

[x ] = [x ] ∩ [y]

⇐⇒ [x ] = [x− ∨ y−, x+ ∧ y+]

>RO ]KWO S] Z\Y`OX PY\ y�

3X^O\�^OWZY\KV MYX]^\KSX^ Z\YZKQK^SYX YX ^_LO]� >RO Z_\ZVO K\OK S]
^RO MYX^\KM^ON ^_LO�

Proposition 3. >RO WSXSWKV MYX^\KM^Y\ K]]YMSK^ON aS^R K ^\KX]VK^SYX
�NOVKc� ∀t ∈ [0,∞[, x(t) = y(t − T ) S]

Cdelay

(

[x ]

[y]

)

=

(

[x−(t) ∨ y−(t − τ), x+(t) ∧ y+(t − τ)]

[x−(t + τ) ∨ y−(t), x+(t + τ) ∧ y+(t)]

)

Proof. >RO Z\YYP S] SWWONSK^O MYX]SNO\SXQ :\YZY]S^SYX ��
0SQ� � SVV_]^\K^O] ^RS] XY^SYX� >RO Z_\ZVO K\OK \OZ\O]OX^] ^RO ^_LO
[x−(t) ∨ y−(t − τ), x+(t) ∧ y+(t − τ)]

>RO MYYZO\K^S`O VYMKVSdK^SYX Z\YLVOW aO NO]M\SLON SX O[_K^SYX � MKX
LO MYX]SNO\ON K] K MYX]^\KSX^ ]K^S]PKM^SYX Z\YLVOW YX ^_LO] KXN ^R_]
aO ]RKVV KZZVc ^RO MYX^\KM^Y\] Z\O]OX^ON SX ]OM^SYX 333�

6O^p] MYX]SNO\ K Q\Y_Z YP W_V^SZVO +?@]� 0Y\ KXc +?@ j SX Y_\ Q\Y_Z� aO
MKX MYX^\KM^ ^RO ^_LO] [xj ] KXN [hj ] _]SXQ ^RO SX^OQ\KV MYX^\KM^Y\ P\YW
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3VV_]^\K^SYX YP ^RO MYX^\KM^SYX YX ^RO ZY]S^SYX LYb KXN YX ^RO MVYMU
SX^O\`KV�

MYX]^\KSX^] ��S� KXN ��`�$

[xj ](t) = [xj ](t) ∩
∫ t

0

([f ]([uj (τ)],[xj (τ)]) + [nx (τ)])dτ (8)

[hj ] (t) = [hj ] (t) ∩
∫ t

0

(1 + [nh] (τ))dτ (9)

>RO]O MYX^\KM^Y\] K\O K`KSVKLVO PY\ KXc t% KXN LOMK_]O YP ^RO ]^K^O
XYS]O KXN MVYMU XYS]O� ^RO aSN^R YP ^_LO] [xj ] KXN [hj ] aSVV UOOZ YX
Q\YaSXQ SP XY^RSXQ S] NYXO� 2YaO`O\ aROX ^RO \YLY^ \OMOS`O] K ]YXK\
MYWW_XSMK^SYX �MKVVON ZSXQ�� O[_K^SYX] ��SS�� ��SSS� KXN ��S`� aSVV LO K`KSV�
KLVO K] MYX]^\KSX^] YX [xj ] KXN [hj ] KXN OXKLVO _] ^Y MYX^\KM^ ^ROW
Z_XM^_KVVc K^ OKMR ZSXQ \OMOZ^SYX�
6O^p] MYX]SNO\ K \YLY^ i OWS^^SXQ K ZSXQ \OMOS`ON Lc \YLY^ j � /KMR ZSXQ
MYX^KSX] ^RO O]^SWK^ON ZY]S^SYX LYb [xi] YP ^RO OWS^^SXQ \YLY^� KVYXQ
aS^R ^RO SX^O\`KV K\Y_XN ^RO ^SWO [a(k)] \YLY^ i ]OX^ ^RO ZSXQ k SX S^]
YaX MVYMU% ]Y OKMR ^SWO j \OMOS`O] K ]YXK\ ZSXQ P\YW K \YLY^ i� ^RO
\OMOS`SXQ \YLY^ j RK] NK^K YX [a (k)]� [b(k)]� [xi(k)](a (k))� [xj(k)](b (k))�
[yi(k)](a (k))� [yj(k)] (b (k)) KXN S^ MKX KZZVc ^RO PY\aK\N�LKMUaK\N KVQY�
\S^RW Z\O]OX^ON SX ]OM^SYX 333 YX O[_K^SYX � ^Y MYX^\KM^ ^RO]O SX^O\`KV]�
0SQ� � SVV_]^\K^O] ^RO MYX^\KM^SYX] WKNO Lc ^RO PY\aK\N�LKMUaK\N KV�
QY\S^RW� >RO Z_\ZVO K\OK \OZ\O]OX^] ^RO SX^O\`KV OXMVY]SXQ ^RO ]YV_�
^SYX xj(k) (b (k)))� ,OPY\O \OMOS`SXQ ^RO ZSXQ� KX SX^O\`KV [xj(k)] ([b (k))])
(before) S] UXYaX P\YW ^RO MYX^\KM^ON ^_LO [xi] �MYX^\KM^Y\ "�� >RS]
SX^O\`KV MKX LO MYX^\KM^ON ^Y [xj(k)] ([b (k))]) (after) Lc SX^O\]OM^SXQ S^
aS^R ^RO ]YV_^SYX] YP ��SS�� aRSMR MYX^\KM^] ^RO ZY]S^SYX YP ^RO \YLY^� 8Y�
^SMO ^RK^ ^RO Z_\ZVO K\OK MKX KV]Y LO MYX^\KM^ON ^Y ^RO \ON NY^ON PY\W�
>RS] ^\KX]VK^O] SX ^RO PY\aK\N�LKMUaK\N KVQY\S^RW K] K MYX^\KM^SYX YP
[c ∗ (b(k)−a (k))] ^R_] [b(k)] KXN ^RO MVYMU K] SVV_]^\K^ON SX ]OM^SYX @�
0SQ� �� KV]Y SVV_]^\K^O] NSɼO\OX^ MK]O] YP MYX^\KM^SYX�

�� ,Y^R ^RO ZY]S^SYX KXN ^RO MVYMU K\O MYX^\KM^ON� �� 9XVc ^RO ZY]S^SYX
S] MYX^\KM^ON� �� 9XVc ^RO MVYMU S] MYX^\KM^ON�

3X KVV ^RO ^O]^ MK]O]� aO MYX]SNO\ PK]^ KXN PK\�]ZKMON +?@] NO¶XON Lc
^RO PYVVYaSXQ O`YV_^SYX O[_K^SYX$

ẋi(t) =

(

ui1(t). cos(ui2(t))

ui1(t). sin(ui2(t))

)

+ nx (t)

aRO\O ui1(t) KXN ui2(t) K\O ^RO MYWZYXOX^] YP `OM^Y\ ui(t)� >ROc K\O
\O]ZOM^S`OVc ^RO QS`OX ]ZOON KXN ]^OO\SXQ MYWWKXN ^Y \YLY^ i� >RO
`OM^Y\ xi MYX^KSX] ^RO KL]MS]]K xi KXN Y\NSXK^O yi YP ^RO \YLY^ i� nx (t)
S] ^RO ]^K^O XYS]O�

6O^ _] ¶\]^ NOWYX]^\K^O ^RO MYX^\KM^SYX] aS^R K ]SWZVO ObKWZVO SX`YV`�
SXQ YXVc ^aY +?@]� >RO +?@] PYVVYa K MS\M_VK\ ^\KTOM^Y\c ]_MR ^RK^ $

x1(t) = 10

(

sin t

cos t

)

x2(t) = 10

(

sin(t + π)

cos(t + π)

)

>RO ]^K^O KXN MVYMU XYS]O] K\O MYX]SNO\ON RSQRO\ PY\ ^RO \OMOS`SXQ \YLY^
^RKX PY\ ^RO OWS^^SXQ \YLY^ ^Y MVOK\Vc SVV_]^\K^O ^RO MYX^\KM^SYX�

For AUV 1, nx (t) = 0.1t and nh (t) = 0.01t

For AUV 2, nx (t) = t and nh (t) = 0.1t
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=SWZVO ObKWZVO aS^R ^aY +?@ WY`SXQ YX K MS\M_VK\ ^\KTOM^Y\c� +?@ �
OWS^]� +?@ � \OMOS`O]�

+?@ � ]^K\^] K^ (10, 0)T KXN +?@ � K^ (−10, 0)T � 0SQ� ! SVV_]^\K^O]
^RS] ObKWZVO� AO MYX]SNO\ ^RO MOVO\S^c YP ^RO ]Y_XN c = 100 W�] ^Y
]SWZVSPc�
?]SXQ �"� KXN �#� ^RO +?@] MKX O]^SWK^O ^ROS\ ZY]S^SYX KXN MVYMU Y`O\
^SWO ^RKXU] ^Y ^RO ^_LO] OXMVY]SXQ ^RO \OKV `KV_O� 2YaO`O\� ^RO aSN^R
YP ^RO ^_LO] aSVV SXM\OK]O SXNO¶XS^OVc SP XY^RSXQ S] NYXO�
+?@ � ]OXN] K ]YXK\ ZSXQ k = 0 K^ aRK^ S^ ^RSXU] S] t = 1 ] SX S^] YaX
MVYMU� >RS] S] aRK^ aO XY^O ã(0) = 1 ] aRSMR S] XY^ ^RO \OKV ^SWO a(0)�
2YaO`O\ _]SXQ ^RO SX`O\]O ^_LO YP [h1]� aO MKX QO^ KX SX^O\`KV [a(0)]
OXMVY]SXQ ^RO \OKV OWS^^SXQ ^SWO� ?]SXQ ^RO ^_LO [x1] KXN [y1]� aO MKX
^ROX QO^ SX^O\`KV] [x1]([a(0)]) KXN [y1]([a(0)]) OXMVY]SXQ ^RO ZY]S^SYX YP
+?@ � aROX OWS^^SXQ ^RO ]SQXKV�
3X Y_\ ObKWZVO� aO YL^KSXON$

ã(0) [a(0)] [x1]([a(0)]) [y1]([a(0)])

1.00 [0.99, 1.01] [5.21, 5.59] [8.26, 8.57]

+?@ � \OMOS`O] ^RO ^\KX]WS]]SYX P\YW +?@ � K^ aRK^ S^ ^RSXU] S] t =
1.37 ]� >RS] S] aRK^ aO XY^O b̃(0) = 1.37 ] aRSMR S] XY^ ^RO \OKV ^SWO
b(0)� 2YaO`O\ _]SXQ ^RO SX`O\]O ^_LO YP [h2]� aO MKX QO^ KX SX^O\`KV
[b(0)] OXMVY]SXQ ^RO \OKV OWS^^SXQ ^SWO� ?]SXQ ^RO ^_LO [x2] KXN [y2]� aO
MKX ^ROX QO^ SX^O\`KV] [x2]([b(0)]) KXN [y2]([b(0)]) OXMVY]SXQ ^RO ZY]S^SYX
YP +?@ � aROX \OMOS`SXQ ^RO ]SQXKV�
3X Y_\ ObKWZVO� aO YL^KSXON$

b̃(0) [b(0)] [x2]([b(0)]) [y2]([b(0)])

1.37 [1.22, 1.51] [−4.67, 0.90] [−11.49,−8.16]

AO MKX ^ROX KZZVc Y_\ PY\aK\N�LKMUaK\N KVQY\S^RW YX ��� ^Y MYX^\KM^
^RO SX^O\`KV] YP +?@ �� >RO Y_^Z_^ S] K] PYVVYa �^RO MYX^\KM^ON `KV_O]
RK`O LOOX OWZRK]SdON�$

b̃(0) [b(0)] [x2]([b(0)]) [y2]([b(0)])

1.23 [1.22, 1.23] [−4.67,−1.25] [−11.49,−9.98]

-VYMU \O�]cXMR\YXSdK^SYX� >RO Z_\ZVO K\OK \OZ\O]OX^] ^RO ^_LO [h](t)
YL^KSXON PY\ +?@ � SX /b��� >RO \ON VSXO \OZ\O]OX^] KX RcZY^RO^SMKV
MVYMU P_XM^SYX τ = h(t) �MRY]OX K\LS^\K\SVc� OXMVY]ON SX S^� AROX ^RO
^_LO S] MYX^\KM^ON� ^RO P_XM^SYX S] Z_XM^_KVVc \O�]cXMR\YXSdON ^Y ^RO
MOX^O\ YP ^RO ^_LO�

AO XY^SMO ^RK^ ^RO LYb K\Y_XN ^RO ZY]S^SYX YX +?@ � K^ ^RO \OMOZ^SYX YP
^RO ]SQXKV RK] LOOX Z\YZO\Vc MYX^\KM^ON� >RO SX^O\`KV OXMVY]SXQ ^RO \OKV
^SWO YP \OMOZ^SYX aK] KV]Y MYX^\KM^ON aRSMR KVVYa _] ^Y \O�]cX]MR\YXSdO
^RO MVYMU P\YW 1.37 ] ^Y 1.23 ] K^ ^RO \OMOZ^SYX YP ^RO ]SQXKV� 0SQ� "
SVV_]^\K^O] ^RO Z\SXMSZVO YP MVYMU \O�]cXMR\YXSdK^SYX� AO ^ROX _]O ^RO
SX^OQ\KV MYX^\KM^Y\] �"� KXN �#� ^Y Z\YZKQK^O ^RO MYX]^\KSX^ ^Y ^RO \O]^
YP ^RO ^_LO� +VV ^RO \O]_V^] YP ^RS] ]SW_VK^SYX aSVV LO ]RYaX SX 0SQ� �� KXN
^RO Z\YMON_\O aSVV LO ObZVKSXON ]^OZ Lc ]^OZ K^ ^RO OXN YP ^RS] K\^SMVO�

6O^ _] XYa MYX]SNO\ K Q\Y_Z K  ]SW_VK^ON +?@] PYVVYaSXQ ^aY MS\M_VK\
^\KTOM^Y\SO]$

∀i ∈ {1, 2, 3}, xi(t) = 10

(

sin t − 10

cos t

)

∀i ∈ {4, 5, 6}, xi(t) = 10

(

sin t

cos t

)

+VV Y^RO\ ZK\KWO^O\] K\O ^RO ]KWO ^RKX SX /bKWZVO �� /KMR \YLY^ S]
O[_SZZON aS^R K ]SW_VK^ON NK^K ZSXQO\ aS^R K \KXQO YP 5m OWS^^SXQ
S^] ZY]S^SYX LYb KXN MVYMU SX^O\`KV O`O\c 10 ]OMYXN]� +Xc \YLY^ K^ K
NS]^KXMO WY\O ^RKX ^RS] \KXQO aSVV XY^ \OMOS`O ^RO ZSXQ� AO ]_ZZY]O
^RK^ +?@] i = 1, 2 KXN 3 QY ^Y ^RO ]_\PKMO aROX xi(t) < −9m�
>RO\OPY\O ^ROc MKX KMMO]] ^RO 1:= ^Y MYX^\KM^ ^ROS\ ZY]S^SYX LYb KXN
MVYMU SX^O\`KV� +?@ 4, 5 KXN 6 RYaO`O\ XO`O\ QY ^Y ^RO ]_\PKMO KXN
RK`O ^Y VYMKVSdO ^ROW]OV`O] _]SXQ YXVc ^RO \OMOS`ON ZSXQ] P\YW Y^RO\
+?@]� >RO ]SW_VK^SYX S] Z\O]OX^ON SX 0SQ� # KXN \O]_V^] PY\ +?@ � SX
0SQ� �������
AO SVV_]^\K^ON ^RO WO^RYN aS^R YXVSXO Z\YZKQK^SYX YXVc� WOKXSXQ ^RK^
aO MYX^\KM^ON ^RO ^_LO] YXVc SX ^RO NS\OM^SYX YP ^SWO SXM\OK]SXQ� 2Ya�
O`O\ S^ S] ZY]]SLVO ^Y MYX]SNO\ YɻSXO Z\YZKQK^SYX K] aOVV� SX aRSMR aO
\O^\Y�Z\YZKQK^O ^RO MYX^\KM^SYX] SX NOM\OK]SXQ ^SWO YXMO ^RO ]SW_VK�
^SYX Y\ ObZO\SWOX^ S] NYXO� 0SQ� ������ SVV_]^\K^O] ^RO Z\SXMSZVO� 9ɻSXO
VYMKVSdK^SYX KVVYa _] ^Y MYX^\KM^ ^RO ^_LO] YP ^RO +?@] aS^R W_MR LO^^O\
KMM_\KMc L_^ S] YXVc _]OP_V YXMO ^RO ObZO\SWOX^ S] Y`O\�
>RS] ]SW_VK^SYX \_X] SX \OKV^SWO YX K ��� 12d N_KV MY\O Z\YMO]]Y\�
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�. ]SW_VK^SYX YP ^RO \YLY^]� >RO ZY]S^SYX YP ^RO +?@ S] \OZ�
\O]OX^ON Lc ^RO LYbO]� >RO \ON VSXO ]RYa] \YLY^] ^RK^ K\O SX
\KXQO YP MYWW_XSMK^SYX KXN ^RO LV_O MS\MVO] \OZ\O]OX^ ^RO NS]ZVKMO�
WOX^ YP ^RO ]YXK\ aK`O� + `SNOY YP ^RS] ]SW_VK^SYX S] K`KSVKLVO YX
R^^Z$��KcWO\SMLO^ROXMY_\^�MYW�]aK\W�

-YX^\KM^ON ^_LO] PY\ �K� [h4] KXN �L� [x4] SP ��� ^RO\O S] XY ZSXQ� ��� ^aY
ZSXQ] aS^R YXVSXO Z\YZKQK^SYX� ��� ^aY ZSXQ] aS^R YɻSXO Z\YZKQK^SYX�

6O^ _] XYa NOWYX]^\K^O ^RO MKZKMS^c YX Y_\ KVQY\S^RW K^ ]OK aS^R ^RO
^aY +?@] P\YW ^RO MYWZKXc CISCREA Z\O]OX^ON SX 0SQ� ��� +] XY
\OQ_VK^Y\ aK] SWZVOWOX^ON YXLYK\N� aO RKN ^Y MYWWKXN ^RO +?@]
aS^R K TYc]^SMU� WKUO ^ROW PYVVYa KZZ\YbSWK^O MS\MVO] KXN \OMYX]^\_M^
^ROS\ ^\KTOM^Y\SO] Lc WOK]_\SXQ ^RO MYWWKXN ui P\YW ^RO TYc]^SMU O`O\c
0.001 ]� +?@� aK] ]^KcSXQ K^ ^RO ]_\PKMO ]Y S^ MY_VN MYX^SX_Y_]Vc _]O
S^] 1:= ^Y MYX^\KM^ S^] ZY]S^SYX KXN ]cXMR\YXSdO S^] MVYMU� +?@ � aK]
]^KcSXQ _XNO\aK^O\ MYWW_XSMK^SXQ aS^R +?@ � ^R\Y_QR K NK^K ZSXQO\�

>RO ^aY -3=-</+ +?@] _]ON PY\ ]OK ^O]^SXQ�

=OK ^O]^SXQ SX ^RO ZY\^ YP ,\O]^� 0\KXMO� >RO LV_O ^\KTOM^Y\c \OZ\O�
]OX^] +?@ � ]^KcSXQ K^ ^RO ]_\PKMO� >RO \ON ^\KTOM^Y\c \OZ\O]OX^]
+?@ � ]^KcSXQ _XNO\aK^O\� ,Y^R +?@ aO\O MYWWKXNON aS^R K TYc�
]^SMU� >RO Q\OOX VSXO] \OZ\O]OX^ ]YXK\ ZSXQ] aROX ^RO +?@ K\O SX
\KXQO�

,OPY\O Z_^^SXQ ^RO \YLY^] SX ^RO aK^O\� aO Z_\ZY]OP_VVc _X]cXMR\YXSdON
^RO MVYMU YP +?@ � ]Y S^ aY_VN LO N\SP^ON � ]OMYXN] PY\aK\N� >RO ^\K�
TOM^Y\SO] YP ^RO +?@] KXN ]YXK\ ZSXQ] K\O \OZ\O]OX^ON SX 0SQ� �� KXN
^RO \O]_V^ YP ^RO MYX^\KM^SYX] YX ^RO ZY]S^SYX KXN MVYMU YP +?@ � K\O
Z\O]OX^ON SX 0SQ� ���
AO XY^SMO ^RK^ YX ^RO ¶\]^ ZSXQ \OMOS`ON Lc +?@ �� S^] ZY]S^SYX S] MYX�
^\KM^ON KXN S^] MVYMU \O�]cXMR\YXSdON ^Y LO YXVc 0.1 ] KZK\^ P\YW +?@
�� 2YaO`O\ ^RO PYVVYaSXQ ZSXQ] YXVc MYX^\KM^ON ^RO ZY]S^SYX L_^ XY^
^RO MVYMU KXc WY\O K] ^RO ]^K^O XYS]O aK] ^YY RSQR MYWZK\ON ^Y ^RO
MVYMU N\SP^� >RS] ]RYa] ^RO VSWS^] YP Y_\ KVQY\S^RW K] ^RO ^aY ¶\]^ ^O]^
MK]O] aO\O MYX]SNO\SXQ K RSQR MVYMU N\SP^ YP 0.1 ] ZO\ ]OMYXN� 3X KM^_KV
+?@]� ^RO MVYMU YXVc N\SP^] K POa ZSMY]OMYXN] ZO\ ]OMYXN� >RO\OPY\O�
YX ]WKVV VOXQ^R WS]]SYX] VSUO Z\O]OX^ON SX ^RO]O ^O]^ MK]O]� ^RO\O S] XY
OɼOM^S`O MYX^\KM^SYX] YX KM^_KV MVYMU] N\SP^� ObMOZ^ SP ^RO ^RO MVYMU] K\O
SXS^SKVVc N\SP^ON PY\ K POa ]OMYXN] LOPY\O ^RO ]^K\^ YP ^RO WS]]SYX� AO
MY_VN KV]Y SWKQSXO VYXQ ^O\W WS]]SYX] YP ]O`O\KV WYX^R]� Y\ MYX]SNO\
+?@] ]^KcSXQ K]VOOZ K^ ^RO LY^^YW YP ^RO YMOKX PY\ ]O`O\KV WYX^R]
LOPY\O KaKUOXSXQ aS^R ^ROS\ MVYMU N\SP^ON PY\ K POa ]OMYXN]�
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<O]_V^ YP ^RO MYX^\KM^ON ^_LO] PY\ �K� ^RO Y\NSXK^O YP +?@ � KXN �L�
S^] MVYMU �aS^R K dYYW YX ^RO SWZY\^KX^ K\OK��

6YMKVSdSXQ K Q\Y_Z YP +?@] aRSVO ]cXMR\YXSdSXQ ^ROS\ MVYMU] S] K NSɺ�
M_V^ Z\YLVOW� WKSXVc N_O ^Y ^RO SX^O\�^OWZY\KV MYX]^\KSX^] YX _XMO\^KSX
^SWO]� >Y ]YV`O ^RO Z\YLVOW� ^RS] ZKZO\ RK] ¶\]^ SX^\YN_MON ^RO XY^SYX
YP ^_LO� aRSMR OXMYWZK]]O] ^RO SXPY\WK^SYX XOONON ^Y Q_K\KX^OO ZY]�
]SLVO K]]YMSK^SYX] _ZYX ^\KTOM^Y\SO]� >ROX� KX K\S^RWO^SM RK] LOOX NO�
`OVYZON K\Y_XN ^RS] XY^SYX� KXN ]YWO WSXSWKV MYX^\KM^Y\] RK`O LOOX
Z\YZY]ON�
>ROX aO ^\OK^ON Y_\ MYYZO\K^S`O VYMKVSdK^SYX Z\YLVOW K] K MYX]^\KSX^
]K^S]PKM^SYX Z\YLVOW KXN MYX^\KM^ON ^RO LYbO] K\Y_XN ^RO ZY]S^SYX]
YP ^RO +?@] KXN ^ROS\ MVYMU _]SXQ K PY\aK\N�LKMUaK\N KVQY\S^RW YX
^RO SX^O\�^OWZY\KV WOK]_\OWOX^] aS^R ]YXK\ ZSXQ]� =O`O\KV ^O]^ MK]O]
aO\O Z\Y`SNON� Z\Y`SXQ ^RO OɺMSOXMc YP ^RO KVQY\S^RW aROX ^RO _XMO\�
^KSX^c YX ^RO ZY]S^SYX KXN ^RO MVYMU N\SP^ RKN ^RO ]KWO Y\NO\ YP WKQ�
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