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Interval Methods for IVP ODE



e Nonlinear Set Integration

UNIVERSITE D'ORLEANS

Guaranteed set integration with Taylor methods
(Moore,66) (Lohner,88) (Nedialkov,99)
IVP ODE

x(t) = f(x,p,t), to<t<tn, x(tg) € [X0], p € [P]
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Standard Methods

x(t) =f(x,p,t), to <t<tn, X(tg) = Xg
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Guaranteed set integration

x(t) = f(x,p,t), to <t<tn, x(tg) € [Xo], P € [p]
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Guaranteed set integration

x(t) = f(x,p,t), to<t<tn|x(to) € [Xo0], P E [p]
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Guaranteed set integration with Taylor methods
(Moore,66) (Lohner,88) (Nedialkov,99)

X(t) — f(X,p, t), to < t < ty, X(to) c [Xo], P C [p]

Timegrid — fhy<ti<tr<--- <ty

a priori [X;]

[x;] /[Xm]

@ Yield a priori solution [X;| : VT € [tj, tiv1] x(7) € [X/]

@ Proof of existence
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Guaranteed set integration with Taylor methods
(Moore,66) (Lohner,88) (Nedialkov,99)

X(t) — f(X,p, t), to < t < ty, X(to) c [Xo], P C [p]

Timegrid — fhy<ti<tr<--- <ty

a priori [X;]

- /[Xm]

@ Yield a priori solution [X;| : VT € [tj, tiv1] x(7) € [X/]

@ Proof of existence
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Nonlinear Set Integration

Banach fixed-point theorem

Let operator ® : X — X be defined on a complete metric space {X, d}
with a metric d(.,.). Let 7y satisfy 0 < v < 1. If ® satisfies the Lipschitz
condition

‘v’zl, Z1 € X d (¢ (21) () (22)) ’)’d (21, 22)

then ® has a unique fixed-point x* € X.

® Metric can be exponential norm of u(t) € CO[t;, tj;1]

lula = max (e™*"|u(t)]), a>0
te[tj’tj-{-l]

o If TX C X,then T has a unique fixed-point in X
3



e Nonlinear Set Integration

UNIVERSITE D'ORLEANS

Picard-Lindelof operator

U : set of continuous functions, v; = v (tj), v(t) € U, t € [tj, tj1+1]

d(v(t)=v+ /.tf(T,V (7))dT

L

¢ (v)=v" =)

A priori solution [X;]
If ® ([%]) € [%] then [%;] 2 {x(t) | t € [t}, tj1]}
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Guaranteed set integration with Taylor methods
(Moore,66) (Lohner,88) (Nedialkov,99), (Nedialkov et al, 01)

X(t) — f(X,p, t), to < t < ty, X(to) c [Xo], P C [p]

[x;] + [0, A]E([X;]) C [X/]

A priori Enclosure (input : [x;], h, o > 0; output : [X;], h)
@ Initialization : [X;] := [x;] + [0, h] f ([x/]);
@ While ([x;] + [0, Al £ ([%]) ¢ [&}]) do

[%/]
h

%] + [—a, o] |[%]
h/2

end while

10
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Guaranteed set integration with Taylor methods
(Moore,66) (Lohner,88) (Nedialkov,99), (Nedialkov et al, 01)

X(t) — f(X,p, t), to < t < ty, X(to) c [Xo], P C [p]

A priori Enclosure (input : [x;], h, o > 0; output : [X;], h)
@ Initialization : [X;] := [x;] + [0, h] f ([x/]);
Q@ While (x7] + [0, Al ([%]) ¢ [%]) do

[%/]
h

%] + [—a, o] |[%]
h/2

end while
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Guaranteed set integration with Taylor methods
(Moore,66) (Lohner,88) (Nedialkov,99)

X(t) — f(X,p, t), to < t < ty, X(to) c [Xo], P C [p]

Timegrid - thy<ti<tr<---<ty

a priori [X;]

» /lmll

@ Compute tight enclosure [x;;+1] 2 x(tj+1)

xj11] = [x;] + kZ::ll (ti+1 — ) FU([x;], [p]) + (541 — &) FI([%)], [p])

11
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Guaranteed set integration with Taylor methods
(Moore,66) (Lohner,88) (Nedialkov,99)

X(t) — f(X,p, t), to < t < ty, X(to) c [Xo], P C [p]

solutions
apriori -
tight
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Wrapping effect (Moore,66)
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Guaranteed set integration with Taylor methods
(Moore,66) (Lohner,88) (Nedialkov,99)

X(t) — f(X,p, t), to < t < ty, X(to) c [Xo], P C [p]

Mean-value approach

[X](t) € {v(t) + A(t)r(t) | w(t) € VI(), r(z) € [r]()}.

tAr | relr]}

/
/
/
’
’
y /
/
N ’
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Guaranteed set integration with Taylor methods
(Moore,66) (Lohner,88) (Nedialkov,99)

X(t) — f(X,p, t), to < t < ty, X(to) c [Xo], P C [p]

' 1 1 df
flil = le(’) — %dfz;l]f, [ > 2

15
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Guaranteed set integration with Taylor methods
(Moore,66) (Lohner,88) (Rihm,94) (Berz,98) (Nedialkov,99)

Complexity
Work per step is of polynomial complexity
Computing Taylor coefficients — o(k?)
Linear algebra — o(n3)

In practice : Obtaining Taylor coefficients ...
FADBAD++ (www.fadbad.com)

Flexible Automatic differentiation using templates
and operator overloading in C++

16
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Nonlinear Set Integration
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Nonlinear Set Integration
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Piecewise analytical expressions for the solution tube
(Ramdani et Nedialkov, 2011)

x(t) = f(x,p,t), to<t<tn, X(tg) € [X0], p € [P]

Timegrid - fHh<ti<th<---<ty

a priori [X;]

[x;] /[XJ-H]

@ Analytical solution for [x](t), t € [tj, tj+1] I

actual solution x*

-
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Piecewise analytical expressions for the solution tube
(Ramdani et Nedialkov, 2011)

x(t) = f(x,p,t), to<t<tn, X(tg) € [X0], p € [P]

Timegrid - fHh<ti<th<---<ty

a priori [X;]

[x;] /[XJ+1]

@ Analytical solution for [x](t), t € [tj, tj+1]

X](t) = [x;] + k;l (t = &)"F([x;], [p]) + (¢ — ;) *F¥([%;], [p])

18
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Piecewise analytical expressions for the solution tube
(Ramdani et Nedialkov, 2011)

x(t) = f(x,p,t), to<t<tn, X(tg) € [X0], p € [P]

Timegrid - fHh<ti<th<---<ty

a priori [X;]

- / [%j+1]

V71 € [tj, ti + hj] x(7) € [x(7)]

[x(7)] = [xj] + kg (7 — ) FU([x], [p]) + (7 — &)1 (%], [])

R([th t]F[XO]) C UTE{tO,t} [X(T)] C Uje{o, t}[ij]




VNODE-LP

An Interval Solver for Initial Value Problems in
Ordinary Differential Equations

Ned Nedialkov
nedialk @mcmaster.ca

VNODE-LP is a C++ package for computing bounds on solutions in IVPs for ODEs. In contrast to traditional ODE
solvers, which compute approximate solutions, this solver tries to prove that a unique solution to a problem exists and
then computes bounds that contain this solution. Such bounds can be used to help prove a theoretical result, check if
a solution satisfies a condition in a safety-critical calculation, or simply to verify the results produced by a traditional
ODE solver.

This package is a successor of the VNODE package of N. Nedialkov. A distinctive feature of the present solver is that
itis developed entirely using Literate Programming. As a result, the correctness of VNODE-LP's implementation can
be examined easier than the correctness of VNODE.: the theory, documentation, and source code are produced from
the same CWEB files.

download
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Guaranteed set integration
.. with interval Taylor methods. (VNODE, VSPODE)
(Moore, 66) (Lohner, 88) (Rihm, 94) (Berz, 98) (Nedialkov, 99)
.. with interval Taylor models. (Flow*, VSPODE)
(Berz & Makino, 1996) (Chen, 2012)
.. With validated Runge Kutta. (Dynlbex)
(Alexandre dit Sandretto & Chapoutot, 2015)

20
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Interval Taylor approach not always successful !!
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Guaranteed set integration
... With interval Taylor methods. (VNODE, VSPODE)
(Moore, 66) (Lohner, 88) (Rihm, 94) (Berz, 98) (Nedialkov, 99)
... with interval Taylor models. (Flow*, VSPODE)
(Berz & Makino, 1996) (Chen, 2012)
... With validated Runge Kutta. (Dynlbex)
(Alexandre dit Sandretto & Chapoutot, 2015)

Use comparison theorems for differential inequalities

Monotone systems
(Ramdani et al., 2010)

Muller’s theorem
(Ramdani, et al. 20006) (Kieffer et al. 2006) (Ramdani, et al. 2009)

20
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Comparison theorems for differential inequalities

Muller’s existence theorem (1936)

YVt € [tg, ty], VX €D, Vpe P solution exists
¢ ) Viming—, fi(x,p,t) > D*w;(t) N
Vi maXy;=0; (X P, ) < DiQf(t) Vt € [th tN]a
w(to) < x(to) < 2(to) w(t) < x(t) < Q(t)

Bracketing systems
(Ramdani, et al., IEEE Trans. Automatic Control 2009)

21
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Comparison theorems for differential inequalities
Bracketing systems

170
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Bracketing systems
Dynamics of ...

x1 = fi(x1,x2,p,t), xi(t) € [X;0,X10] CR, pE€lp,p] t=>to
Xy = f2(xlax2apa t)a x2(t0) S [)_(2,0a)_(2,0] C Ra

If Vit > tg, Vx(t) € [w(t), Q(t)] C R?, Vp € [p,p],
SL>0A GE>0
then ﬂ(wlaw278) < fl(wlax27pa t) and fl(Ql,X27pa t) < ﬂ(QlaQZaﬁ)
w1(t) = fi(wi, w2, p) and  A(Q1, R, 5) = Qu(t)

29
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Bracketing systems
Dynamics of ...

x1 = fi(x1,x2,p,t), xi(t) € [X;0,X10] CR, pE€lp,p] t=>to
Xy = f2(xlax2apa t)a x2(t0) S [)_(2,0a)_(2,0] C Ra

If Vit > tg, Vx(t) € [w(t), Q(t)] C R?, Vp € [p,p],

8f1>0/\df1>0

then ﬂ(wlaw278) < fl(wlax27pa t) and fl(Ql,X27pa t) < ﬂ(QlaQZaﬁ)
w1(t) = fi(wi,wa, p) | and | A(Q1, R, 5) = Qu(t)
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Comparison theorems for differential inequalities

Muller’s existence theorem (1936)

YVt € [tg, ty], VX €D, Vpe P solution exists
¢ ) Viming—, fi(x,p,t) > D*w;(t) N
Vi maxy,—o. fi(x,p,t) < DFQ;(t) Vt € [to, tn],
w(to) < x(to) < Q(to) w(t) < x(t) < Q(t)

Bracketing systems : coupled ODEs

w(t) — £(wa Q, P; P, t)v Q)(to) = Xp
~ { Q(t) — ?(w) Q)Ea P, t)a Q(tO) = X0

30
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Bracketing systems
Example : Mitogen- Activated Protein Kinase (Sontag, 2005)

31
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Bracketing systems
Example : Mitogen- Activated Protein Kinase (Sontag, 2005)

VX1

X1 = ot + Vou +wp
X — V6(Ytot X2 — X3) _ V3X1X2
2 ke +(Ytot —X2—X3) k3+x2
X3 = Vaxi(Yiot—X2—X3)  vsx3
< ka—+(ytot—x2—x3) ks +x3
)'< — V10(Ztot_X4_X5) _v7X3Xg
4 k10+(Ztot —x4—xs) k7+x4
X — Vg X3 (Ztot —X4—X5) _ _VoXs
5 kg +(ztot —x4—xs) kg+x5
\ u — 8X5

31
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Bracketing systems
Example : Mitogen- Activated Protein Kinase (Sontag, 2005)

Vo Xq

K]. — T 524—51 + KOH + Z1 300 T T ! T T
%, = V6Wior —X2—%3)  V3X1xp :
- k6—|—(yt , —Xp —X3) k3z+xo
B X (yt § —X2 —X3) VX3 250
=3 k4—|—(ytot—x2 x3) ~ kgtx3
% _ v10(Ztot =X4 —X5) _ V7X3X4
=4 k10+(ztot —X4 —Xs) k7+x4 200
5. —  Yv8x3(Ztor—X4—X5) _ VoXs

5 kg+(ztor —X4 —X5) ~ kgtxs
X1 —_ _ X1 + vou + v % 150

k2 +Xx1
X, = Ve(Vrot —X2—X3) _ ¥3X3X2
ke +(Ytot —=X2 —x3) k3+Xo 100
%3 = aX1Urr—Xp—X3) _ Y5X3
kg +(Ytot —x2 —X3) kg+X3

%, = 0@rot=Xa—xs)  vyxgxe |/ R T I D |

4 k10+Gtot —X4—x5)  k7+xg4
o _ VvgX3(Ztot —x4—X5) _ VgXs

> kg+(Ztot —x4 —X5) kg+Xsg

g = X5 %0 500 1000 1500 2000 2500 3000
u — gX5 temps (s)
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Convergence analysis for bracketing systems
enclosures.

Practical stability analysis for a class of systems
(Ramdani et al, IEEE TAC 2009)

32
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Convergence analysis for bracketing systems
enclosures.

Practical stability analysis for a class of systems
(Ramdani et al, IEEE TAC 2009)

Dual integration method (Meslem & Ramdani, IMA MCI 2017)

C:-l — fi.(Cl) <2)

L _ T
¢=1£(¢), ¢ =[G ] ﬁ{ b = H(G,¢&)  Adiag(h) <0

= Dual integration method (Bracketing on (1 + Int. Taylor on (3)
= one can tune integration step size to obtain tight enclosures

33
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Analysis of enclosures width for bracketing systems

C=MC¢+u(d), deld=uelu a]=ud]),=w

U_Ha

M=My+M—-M,, (MI>0 M;>0)

© |

Let us do it now as an exercise:

1. Apply the rule for building bracketing systems
2. Analyze the dynamics of the enclosure widths

34
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Analysis of enclosures width for bracketing systems

¢ = MC + u(d), deldl=ué€lu t]=u([d]),=w=17-—u,

M= My+MF—M:, (M+>0, M- >0)

© |

The bracketing systems by the Muller's theorem :
Q\ ([ Mg+MSf M QY
w | —M Mg + M7 W

e=Q0-w = é=Mg+M+M)e+w

)

= <

34
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Monotone order-preserving systems
Muller, Kamke, Krasnoselskii, Hirsch, Smith, Angeli and Sontag.

Preserve ordering on initial conditions.

x(tg) < y(tp) = Vt > tg x(t) < y(t) < {<, <, >, >}

Bracketing systems via Muller’s theorem give tight enclosures !

35
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Monotone order-preserving systems

Test based on graph theory : monotone wrt orthant cones.
No negative cycle in the incidence graph (Kunze & Siegel, 1999)

if AD = diag[(—1)7, ..., [(~1)°"],; € {0, 1}

s.t x(t,xo, to) and y(t, yo, tp) satisfy

Dyo > Dxo = Dy(t, yo, to) > Dx(t, xo, tp) Vt > to.

36
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Monotone order-preserving systems

Test based on graph theory : monotone wrt orthant cones.
No negative cycle in the incidence graph (Kunze & Siegel, 1999)

—(v2X1) / (k2 + X1) + vogX5 + V1

X2 = (V6 Veor — X2 — X3))/(Ks + (Veor — X2 — X3)) — (V3X1X2)/ (k3 + X2)
| 3 = (VaX1(Vior — X2 — X3))/(Ka + Veor — X2 — X3)) — (v5X3) /(K5 + X3)
4 = (V10(Ztor — X4 — X5)) /(K10 + (Ztor — X4 — X5)) — (v7X3X4) /(K7 + X4) /

| X5 = (V8X3(Ztor — Xa — X5))/ (kg + (Ztor — X4 — X5)) — (V9Xs5)/ (kg + X5)

if ID = diag[(—1)7, ..., [(~1)°"],&; € {0,1} L3y m—

s.t x(t,xo, to) and y(t, yo, tp) satisfy

Dyo > Dxg = Dy(t,yo, to) > Dx(t,xo, to) Vt > to. @< ’@

36
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UNIVERSITE D'ORLEANS X1 T kotxq T Vou + vy
. X _ Y6Wior —X2—X3)  V3X1xp .
= kot (Yior —X2—X3) K320
_ vax1(y, . —Xo—Xx v
Monotone order-prese | x, = (251Vir—27x8)  exs
= kgt (y,op—X2—x3)  K5tx3
Test based on graph theory B B v10(Zgor — x4 —X5) V7X3X4
No negative cycle in the inci =t kioH(zpor—xa—x5)  krtxq
: _ vgx3(Zyor —X4—X5) _ VgXp5
X5 = kg+x5
kg +(ztor —X4 —Xs5) kgTXp
X1 = —(v2x1)/ (k2 + X1) + vogXs + V1 X1 = _Xy VoU + vy
X2 = (V6 Vot — X2 — X3))/ (ks + (Veor — X2 _ k2‘|‘X1 _
1%3 = (Vax1(Veor — X2 — X3))/ (kg + Voot — X Xy = k"@f{ tot — 72 _X3)) — 232172
X4 = (V10(Ztor — X4 — X5)) / (k10 + (Ztor — _ 56} 2/_t°t _X)g _5}3 ) ke—i—})@
Xs = (VsX3(Ztor — X4 — X5))/ (kg + (Ztor — X X3 = 4X1\Vtot —22 " *3) __ Z5%3
kg +( (Ytot —x2— X3) ) kg+X3
: : - _ Vio\Ztot — X4 —X5) = V7X3X4
if 3D = diag|(=1)7, ... "4 T kyo+(Ztot —x4—xs) k7+xy
- = _  vgx3(Ztot —X4—X5) _ v9Xs
s.t x(t,xo, to) and y(t, yo, tp) satisfy X5 = kst (Grot —xa—%5)  kgtxe
u = gxs
Dyo > Dxq = Dy(t, yo, to) T = gXs

Ramdani, et al., Nonlinear Analysis Hybrid Systems 2010
Bracketing systems : decoupled ODEs
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Monotone order-preserving systems

Test based on graph theory : monotone wrt orthant cones.
No negative cycle in the incidence graph (Kunze & Siegel, 1999)

Let us analyze this system :

{ x1(t) = —2x; + u(t)
)'(2(1') = 2X] — X3
)'<3(t) = —2X1 — Xo.

37
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Nonlinear hybridization
(Ramdani, et al., IEEE Trans. Automatic Control 2009)

X = f(x, P1, P2, t) X(to) = [)_(0, )_<0] C Ra pi € [E,-aﬁi]

gi(.) = g_;(,) t [gli([x] [e]. 1)

. 1el([%;. [p], [t); t;41]) lglo([%];; o], [£); tjsa])
T | / ] [g ]2([X], [P], t)

- [gh(lx; [p], 2)

NN B T T S B

g=1 =0 g=2 q=0 qg=3 q=0 g¢g=4
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Nonlinear hybridization
(Ramdani, et al., IEEE Trans. Automatic Control 2009)

X = f(x, P1, P2, t) X(to) = [)_(0, )_<0] C Ra pi € [E,-aﬁi]

gi(.) = g_;(,) t [gli([x] [e]. 1)

. 1el([%;. [p], [t); t;41]) lglo([%];; o], [£); tjsa])
T | / ] [g ]2([X], [P], t)

- [gh(lx; [p], 2)

NN B T T S B

g=1 =0 g=2 q=0 qg=3 q=0 g¢g=4
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Nonlinear hybridization
(Ramdani, et al., IEEE Trans. Automatic Control 2009)

X = f(x, P, P2, t) X(to) S [)_(0, )_(0] C Ra pi € [E,-aﬁi]
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Nonlinear hybridization
(Ramdani, et al., IEEE Trans. Automatic Control 2009)

state

; ; ;
T
: | ‘ ; : il
R ok \M”lmm ................................... S R _
>0 ||||||N|

‘ ““m“““mllllnm| ||||||

.....................................................................................................................................................................................................




e Nonlinear Set Integration

il
UNIVERSITE D'ORLEANS

Nonlinear hybridization & Monotone systems
(Ramdani, et al., Nonlinear Analysis Hybrid Systems 2010)
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Nonlinear hybridization & Monotone systems
(Ramdani, et al., Nonlinear Analysis Hybrid Systems 2010)
decoupled hybrid systems as bracketing systems
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Nonlinear hybridization & Monotone systems
(Ramdani, et al., Nonlinear Analysis Hybrid Systems 2010)
decoupled hybrid systems as bracketing systems

170

[ 1)) S—
150 }
140 F //;5‘ V78 . N
130 I/}

il
120 4/

.'/

100 |4}

80

1 1 1 1
0 50 100 150 200 250 300
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Interval Taylor methods vs Bracketing systems

. densg ©—
lower bracketing a priori '
upper bracketing a prior] | )

_direct a Epnon
S L S VIR . direct enclosure
X XYt — lower bracketing enclosure

upper bracketing enclosure X

0 2 4 6 8 10 timel2

. z |
b= —piw— ey +01 2(0) € [1,12], y(0) € [0.8,1
Y = P4T — P3Y P1 € [0.8, 1], P2 € [1.0, 1.2], P3 € :0.3, 0.5],

ps € [0.20,0.25]
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Interval Taylor methods vs Bracketing systems

" T i | | | lower bracketing a d%%sﬁ’
) l
state upper ‘)rackc:ting a %griori —
20 - _direct a priori
direct enclosure
lower bracketing enclosure
upper bracketing enclosure X
10 .
0 W ]
] | |
-10 F i
-20 ]
_30 1 1 | 1 1
L =YY= —Z,

z(0),y(0) € [1,2]
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Set-membership Estimation

with Nonlinear Continuous Systems
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Al \ Set Membership Estimation

Unknown but bounded-error framework

Solution set

D14

Vi II

Set Membership Algorithm

—»

Uncertainties and errors are bounded with known prior bounds l

\

>p2

A set of feasible solutions

S={pePlf(p) e Y}=F1(Y)NP

47



A Set Membership Estimation

UNIVERSITE D'ORLEANS

Parameter estimation. Set inversion.

Branch-&-bound, branch-&-prune, interval contractors ...
(Jaulin, et al. 93) (Raissi et al., 2004)

Separator Algebra ... B
S—{zc 2, |f(z) €Y} —SCSCS
f([z]) CY = [z] C S : inner approximation
fF([2))NY =0 = [z] £S:outer approximation = [z] C Z\S
otherwise partition . ..

N
=T
==l

48
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State estimation with continuous systems

Prediction - Correction / Filtering approaches
(Jaulin, 02, Raissi et al., 04, 05), (Meslem, et al, 10),

Set Membership Estimation

(Milanese & Novara, 11), (Kieffer & Walter, 11) ...

Reachability
+ Set inversion

Forward backward
consistency

49
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State estimation with continuous systems

Interval observers

(Gouzeé et al, 00), .... (Moisan, et al. 09), (Mazenc & Bernard, 10),
(Meslem & Ramdani, 11), (Raissi, et al., 12),
(Combastel, 13), (El Thabet, et al. 14), (Efimov, et al. 15) ...

140

Monotonicity 120
Change of coordinates 100
LMI ...

Ensure practical stability

80

Substrate
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Hybrid and Cyber-Physical Systems
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Interaction discrete
+ continuous dynamics

Safety-critical
embedded systems

Networked
autonomous systems
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Modelling — hybrid automaton (Alur, et al. 95)

Non-linear continuous dynamics
Nonlinear guards sets
Nonlinear reset functions

Bounded uncertainty ¢ Init()

H=(9,D,P, L, A,lnv,F),
Continuous dynamics

flow(a) : X(2) = £,(x,p, ),
Inv(q) :  vg(x(t),p,t) <O,

Discrete dynamics
A>e: (q—4q)=(q,guard,0,p,q),
gual’d(e) : ’Ye(x(t)a P, t) — 07

to<t<ty, x(tg) eXoCR", pebP
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Sy

Hybrid Cyber-Physical Systems

Example : the bouncing ball

initial conditions
z=10,v =0

discrete transition

jump
z=0
Jv' = —v

54
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G Hybrid Cyber-Physical Systems
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Example : the bouncing ball

. Initial conditions

b e Free fall
/S AV e U\ Continuous transitions

Discrete transitions
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Hybrid Cyber-Physical Systems
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Operation in challenging environment,
requires ...
Verification
Numerical proof, or
Falsification via counter-example

Synthesis
« Correct by construction » ...

Monitoring, FDI
Complete state reconstruction
Worst-case scenario

56
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Verification
Modelling :
Property specification :

Verification algorithm : Reachability of unsafe regions
Hybrid / Continuous reachability
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Verification of Hybrid Systems
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Aircraft trafic control (Tomlin, et al.) Collision possible!

Reachable
sets

—
4

A

disturbance
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Parametric synthesis
Set-membership estimation

Target

Forbidden
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LOR Feadback Control

o g
_I—’

Altitude z

[
o

Altitude 2

Goal State

20
Longitude x

GoUp Constant inpu. w

Pt
N

NS

Lonaitude =

Synthesis of Hybrid Systems

A. Donzé, B. Krogh & A.Rajhans.
Parameter synthesis for hybrid
systems with an application to
simulink models.

HSCC 2009:165-179.

L7+
165+

16
10

Initial longitudinal speed &o


http://www.dblp.org/db/conf/hybrid/hscc2009.html#DonzeKR09

Al Monitoring of Hybrid Systems
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MOde"ing — hybrid aUtomaton \ GUARDS & ACTIONS

Non-linear continuous dynamics
Bounded uncertainty

.

CONTINUOUS
DYNAMICS

State Estimation
— reconstruct system state variables

switching sequence

00000

continuous variables o
Important issue A
Control & Diagnosis ... El ‘4
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Nonlinear Hybrid Reachability
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Hybrid reachability
Continuous reachability
Event detection, jump & reset
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Guaranteed event detection & localization

An Iinterval constraint propagation approach
(Ramdani & Nedialkov, Nonlinear Analysis Hybrid Systems 2011)
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Guaranteed event detection & localization

An Iinterval constraint propagation approach
(Ramdani & Nedialkov, Nonlinear Analysis Hybrid Systems 2011)

Timegrid > fHi<ti<tbh<---<ty

A

[x/] [xj+1]

L [t7] Lj+1

Compute [t*, t"] x [X7]
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Guaranteed event detection & localization

An Iinterval constraint propagation approach
(Ramdani & Nedialkov, Nonlinear Analysis Hybrid Systems 2011)

x(t) = f(x,p,t), to<t<tn, x(tg) € [x0], P € [P]

Time grid — o < 1 <t < --- < tpn

a priori [X;]

[x;] / [x;+1]

@ Analytical solution for [x](t), t € [t;, tjt+1] J

[x](2) = [x;] + kZ;ll (t — )" fU([x], [p]) + (¢ — ) FNI([%;], [p])
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Guaranteed event detection & localization

An Iinterval constraint propagation approach
(Ramdani & Nedialkov, Nonlinear Analysis Hybrid Systems 2011)

Timegrid > fHi<ti<tbh<---<ty

A

[x;] [xj+1]

[&7]

E[X

tj (7] tj+1

Compute [t*, t"] x [X7]
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Guaranteed event detection & localization

An Iinterval constraint propagation approach
(Ramdani & Nedialkov, Nonlinear Analysis Hybrid Systems 2011)

Timegrid - th<ti<tbh<---<ty

@ [x](t) = Interval Taylor Series (ITS)(t, [x/], [X;])
o ¥(X|(£)) = 0 J

= o ITS(t,xj, [%;]) = ¥(t,x)) )

Solve CSP ([tj, tj+1] X [XJ],¢(., ) ) 0)

65
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Hybrid Reachability Computation

Detecting and localizing events

Improved and enhanced version. A faster version.
(Maiga, Ramdani, Trave-Massuyes, IEEE CDC 2013, ECC 2014)

based on HC4

G
y() 0
[x;]) l -

/4
_

.

b

('] if width ([t°])>e; then bissect([t"])

>
t
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Hybrid Reachability Computation
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Detecting and localizing events

Improved and enhanced version. A faster version.
(Maiga, Ramdani, Trave-Massuyes, IEEE CDC 2013, ECC 2014)

A based on HC4 A

o 3
0
l y( )= C, based on HC4 vel)=0

i j+1
(€]

> >
t

_
_

.

L

(r—
—

.

[S—}

if width ([t"])>€, then bissect([t"]) t
J
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u k_l . .
Solution set: X](t) = [x] + ; (t— )£ ([x;], [p]) + (¢ — ;) ¥ ([%], [p])

Mean value form + Lohner’s QR transformation method

xI(t) = A(®)[r](t) & [v](t) - MSBP

Alr] [v]
° = = |Arev,re(r],velv]]
x](t) = c(t) ® R(t)B*" IS a particular zonotope
c(t) = A(t)mid([r](t))+mid([v](t)),
R(t) = (A(t)diagrad([r](t)) | diagrad([v](t))).

6/
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Hybrid Reachability Computation
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(Maiga, Ramdani, Travé-Massuyes, Combastel IEEE TAC 2016)

Reduce over-approximation in event-detection

Solve Redundant constraints

CglR - (76 (‘U + A;r) — O) A ('Ye(z) — O) A (z = U+ A;T)
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(Maiga, Ramdani, Travé-Massuyes, Combastel IEEE TAC 2016)

Reduce over-approximation in event-detection

Solve Redundant constraints

(glR - (76 (v + A;r) — O) A ('Ye(z) — O) A (z = U+ A;T)

Change-of-coordinate-aware approach to discrete
transitions with nonlinear guards

Zonotope computation

Inclusion of family of zonotopes. Zonotope extension

68
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Hybrid Reachability Computation

Detecting and localizing events
Improved and enhanced version

4 T 4 1 N 1 FI 1 o 1
To T |-~ ~ _Flow transmons ' o ] ~Klow transitions
3 ~,..,_h~~“ ........................................... O 3k \& o - ')l(xla .’132) 0
? i ‘ "
Y SR S III ....................................................... . R, ............... S - 2 _mode 1 [ -
Iy | =
7 : \
1 ............................................................................... ., ................................... ....................................................................................... 1 \
\ Discrete transitions
0 ,Dlscrete transmons Frontiers \
| : or \
! 5 !
1 : 1 .
I J
(. ' v
\ \
\
3k R 3k
O ——— : 4k
Reachable sets
'5 1 L l 1 1 1 5 L L 1 L 1 1 L L
: (08 . QHS 0.2 . i~ 058 -1 0.8 0.6 -0.4 0.2 0 0.2 0.4 0.6 0.8
Time (s) T
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S¢ > 07 S¢ > 08

Detecting and localizing events 0'0.0
Improved and enhanced version

st < 0.65 st < 0.75

(e) Stxt (f) YxX space
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Detecting and localizing events
Improved and enhanced version

Bouncing ball in 2D.
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Detecting and localizing events
Improved and enhanced version

Bouncing ball in 2D.

|

2
1y f
A
;:</ " N\\p//
-0.5

/
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Detecting and localizing events

Improved and enhanced version

Impact of uncertainty on sliding mode control
(Maiga, Ramdani, Trave-Massuyes, Combastel, IEEE TAC 2016)
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Detecting and localizing events

Improved and enhanced version

Impact of uncertainty on sliding mode control
(Maiga, Ramdani, Trave-Massuyes, Combastel, IEEE TAC 2016)
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Set-membership Parameter Estimation

with Hybrid Systems
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Parameter estimation with hybrid systems
Branch-&-bound, branch-&-prune, interval contractors ...
(Eggers, Ramdani et al., 2012), (Maiga, Ramdani et al., 2015)

S — {p S IP)()' (Vt € [tO>Tend]7
flow(q) A Inv(q) A guard(e))

/\th = {t17t27 ---aTn}agq(xa pat) S Yj }
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Parameter estimation with hybrid systems

Branch-&-bound, branch-&-prune, interval contractors ...
(Eggers, Ramdani et al., 2012), (Maiga, Ramdani et al., 2015)

S — {p S IP)()' (Vt € [t07Tend]7
flow(q) A Inv(q) N guard(e))
/\th = {t17t27 ---aTn}agq(xa pat) S Yj }

Need an inclusion test!
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Frontier of the reachable set = union of zonotopes

(a) Test: is true
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Frontier of the reachable set = union of zonotopes

(a) Test: is true (b) is ambiguous
75



IS Inclusion test

UNIVERSITE D'ORLEANS

Frontier of the reachable set = union of zonotopes

(a) Test: is true (b) is ambiguous (c) is false
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Al Inclusion test

Zonotope Z = c® RB?
Strip S; = {z € R"| [n'z — d;j| < 0;} = [yl

Zonotope support strip S; ={r €R"| ¢z <n'z < q,}

¢u =minn'z =n'c—
ASYA

gq =maxn'z=mn'c+
S A

Theorem [(Vicino and Zappa (1996))]

ZﬂSj=@ <~ (QdZdj—Uj)/\(Qu<dj‘

ZCS; < (qu<d;j—0;)V (g > dj-

/6

R'n)
IR'n

1
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Zonotope Z=c® RB?
Strip S; = {z €R"| |[n'z —d;| < 05} = [yy]

Zonotope support strip S; ={r €R"| ¢z <n'z < q,}

¢ =minn'z =n'c—[|R"nl;
YA

ga = maxn 'z =mn'c+ R |

Theorem [(Vicino and Zappa (1996))]
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Hybrid Mass-Spring
Velocity-dependent damping. Mode switching driven by

To < —0.9 To > —0.9
T9 < 0.5 9 > 0.9
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p2

Hybrid Mass-Spring

case 1 : Parameters acting on continuous dynamics.

0.7

0.62 |
06 |
0.58 |

CPU time approx. 140 mn!

L L L
2.05 21 215 2.2
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Parameter identification
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p2

Hybrid Mass-Spring

case 1 : Parameters acting on continuous dynamics.
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Hybrid Mass-Spring

case 2 : parameters acting on discrete transition.

CPU time approx. 40 mn E x;.ﬂ r IE

0.6 T T T - 1

058 | o

0.54 |

PO I S st S S

0.4 1 l l -1.5 1 1 1 1 1 1 1 1
2 2.05 2.1 2.15 2.2 0.6 0.4 -0.2 0 0.2 0.4 0.6 0.8 1 1.2

p1 x1
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Hybrid Mass-Spring

case 2 : parameters acting on discrete transition.

CPU time approx. 40 mn 7y < —T 1y > —T
To <V To > U

0.6 T T T - 1

058 | o

0.54 |

PO I S st S S

0.4 1 l l -1.5 1 1 1 1 1 1 i 1 1
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p1 x1
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