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1 Motivations



1.1 Set inversion



Model : ym (p,t) = pre P2L.
Parameters : p1, p»>.
Measurement times : t1,%2,...,tm

Data bars : [yl_, yf], [y2_, yQL], sy [yf;za y'}_”ri_z]
Feasible set :

S = {p € R2,W e{l,....m},ym(p,t;) € [y;,yj]}
= ym (Y.



[llustration with SetDemo



Model : ym (p,t) = p1 sin (2pot).

Parameters : p1, po.

Measurement times : t1 = 0,ty = Te,t3 = 2T, . ..

Data bars : [y7,v7 1, w5, v3 ], [y3, 93], - -
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(Show feasible set with SetDemo).



2 Interval constraint propagation



2.1 Interval arithmetic



If o € {4, —, ., /, max, min}

[zl o[yl = Hz oy |z €[],y € [y]}].

For instance,

[—1,3].[2,5] = [7,7],



If o € {4, —, ., /, max, min}

[zl o[yl = Hz oy |z €[],y € [y]}].

For instance,

[—1,3]+[2,5] =[1,38],
[—1,3].[2,5] =[5, 15],
[-1,3]V[2,5] =[2,5]



[z7 2]+ [y, 9] = [7,7],
[z Ly~ vl = %7
=7 2]V, yT] = [7,7]



|+ yTl= [~ +y 2t +y7],

.y, yT] = w_y_/\af Ty~ AzTyT AzTyT,
xTy” VT Yy~ Vax~ y+\/af;+ +]
Vv ,ytl= [V(z7,y7), V(zT,yT)l.




If f € {cos, sin,sqr, sqrt, log, exp, ...}

flz]) = [{f (=) [z € [x]}].

For instance,

sin([0,7]) = [7,7],
sar ([-1,3])) = [%7]
abs ([-7,1]) = [2,7],

sart ([-10,4]) = [7,7],
og ([-2,-1]) = [?,7




If f € {cos, sin,sqr, sqrt, log, exp, ...}

flz]) = [{f (=) [z € [x]}].

For instance,

sin ([0,7]) = [0,1],
sar ([-1,3]) = [-1,3]*=[0,9],
abs ([-7,1]) = [0,7],
sqrt ([—10,4]) = /[-10,4] = [0, 2],
log ([-2,—1]) = 0.



2.2 Constraint projection

Let =, vy, z be 3 variables such that

xr € [—o00,5],
y € [—o0,4],
z € [6,00],
zZ = T +Y.

The values < 2 for x, < 1 for y and > 9 for z are
Inconsistent.



To project a constraint (here, z = x + y), is to com-
pute the smallest intervals which contains all consistent
values for the variables. For our example, this amounts
to project 3 times (following x,y and z) the subset of
R3 given by

S ={(x,y,2) € [-00,5] X [-00,4] X [6,00] | z = x + y}.



2.3 Numerical method for projection



Since z € [_0075]7y S [_0074]72 S [67OO]7Z —
x + vy, we have

z=x+y= zE€ (7,7

r=z—y= x€E 7, 7]

y=z—xz= ye [7,7]



Since x € [—00,5],y € [-00,4],2z € [6,00] and z =
x + vy, we have

z=x+y= z€ [6,00]N([—00,5]+ [—00,4])

r=z—y= x € [—00,5]N([6,0] —[—00,4])
= [—o0,5] N [2, 00] = [2,5].
Yy=z2—Tr= yc —OO,4]m([6,00——OO,5)
= [—o0,4] N [1, 00] = [1,4].




Notation :

z=z+y < +(2,9)
z=xxy < *(z,7,Y)
y =sin(z) < sin(y,x)
y=1a* & sqr(y,z)
If o € {+, %, max, sin, cos, log, .. . }, is a primitive con-

straint, we define

<>([331]7 ['732]7 - ) — [{(CE]_, L2y - )| © (5131,5132, e )}] ‘

In the special case where [x1] = [—o0, 0], this defini-
tion corresponds to interval arithmetic. For instance

[2] = [z]oly] < [z] = [-00,00], and o(][2],[z], [y])-



For instance

operation result
+(11,7,4) is true
+(0,7,4) is false
+([11], [7], [4]) is ([11], [7], [4])
+([0], [7], [4]) s 0

+([—00,5], [0, 4], [6,0]) is [2,5] x [1,4] x [6,9]




sinus

([/], [=T) = sin([y], [=])




2.4 Constraint propagation

Consider the three constraints
(Cy): y=2?
(C2):  =zy=1
(C3): y=-2x+1

To each variable we assign the domain [—o0, 00].
Constraint propagation amounts to project all constraints
until equilibrium.



T € [~oo0,00]  (y=2?) x € [—o00, ]
{ y€l[-oo00] { y € [0,00]



x € [—oo,00] (zy=1) x € [0, oo]
{ ye,o] { y € [0, oo}



z € [0,00] (y=—2z+1) x € [0,1/2
{yelo,oo] — { yelo,{]]



x € [0,1/2] ( —=12) x € [0,1/2]
{ y € [0, 1] y:> {y6[071/4]






(C1) =
(C2) =
(C3) =

(C1) =
(C2) =

Yy €
xr &
IS

xr &
Yy €

xr €
Y €

._90700]2 — [0700]
1/[0,00] = [0, o]

oc] N ((~2)-[0,00] + 1)
0,00] N ([~o0,1]) = [0, 1]
,o0] N (—[0,1]/2 + 1/2)
0,1/2]
0,1] N [0,1/2]% = [0,1/4]
0,1/2] N 1/[0,1/4] =0
0,1/4]N1/0 =0

o

<l




2.5 Decomposition

For more complex constraints, we have to perform a

decomposition. For instance

x + sin(y) — xz < 0,
S [_17 1]7y S [_17 1]72 S [_17 1]

can be decomposed into

(a = sin(y) z € [-1,1] a € [—o0,00]
b=x+a y€[—-1,1] b€ [—o0, 0]
c=xz » z€[-1,1] c€ [—o0, ]

|l b—c=d d € [—o0,0]

To contract the domains for x, y, z, we should perform

sin([al, [4])
) (01, 121 [a])

([, 2], [2])
(18], [ )

several times.



3 Applications



3.1 Estimation problem




Constraints

P = FEI, E=(R1+ Ry)I;
Ui = Ry1I;, Up=Rol; E=U;+ Us.
Initial domains
R1 € [0,0]Q2, Ry € [0, 00]€2,
E € [23,26]V, I € [4,8]A,

Uy € [10,11]V, U, € [14,17]V,
P € [124,130]W,



Constraints
P = FEI, E=(R1+ Ry)I;
Ui = Ril; Up= Ryl; E=U;+ U>s.
or equivalently
«(P,E,I); +(R, R1, Ry), *(E,R,I);
*(Ula R17 I)’ *(U27 R27 I)’ _|_(E7 U17 U2)
To contract the domains, we apply the procedure
«([P], [E], [1]); +([R],[Ri],[R2]), =([E],[R], [1]);
«([Ua], [Ra], 1])s +([U2] s [Ro] s [1]): +(L£], [Ui], [U2]).

up to equilibrium.



We get the contracted domains

Ry €[1.84,2.31]1Q2, Ry € [2.58,3.35|Q,
E € [24,26]V, I €1[4.769,5.417] A,
Uy € [10, 11}V, U, € [14,16]V,
P € [124,130]W,
instead of the initial domains
R1 €[0,00]Q2, Ry € [0, 0],
E € [23,26]V, I € [4,8]A,
Uy € [10,11]V, Uj € [14,17]V,
P € [124,130]W,



3.2 Resolution of nonlinear equations (M.

Dao)

Consider the equation system

(1

3sin(x)

i reR, yeR.
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(Illustration with Proj2D)



3.3 Proving that a set of constraint is

always satisfied

We use the negation of the constraints.

For instance, showing that

Vo € [z].Vy € [y], f(z,y) <0etg(x,y) <O,

amounts to proving that

{(z,y) € [z] x [y] | f(z,y) > 0org(z,y) >0} =0

l.e.,

{(z,y) € [z] x [y] | max(f(z,y),g(z,y)) >0} = 0.



3.4 Localization (M. Kieffer)

Robot with 24 ultrasonic telemeters
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After set inversion
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3.5 Robot calibration (X. Baguenard)







2121
o |lo oo
S|
oo |lo|lo
o= e
oo |lo|lo
‘< || [\ |ON
| LO
Cllololo|lololo]
Q'
D kNo o oo |o| |
. LO
~ .
<= |lolololo|lo|o
3 _Ow__20 w_2w__2w_2
"'N|IO (=N |<T |LO O




initial domains

contracted domains

ro | [0.4,0.6] 0.494046,0.50101]
di [ [0,0.1] 0,0.000558009]

r1 | [0, 0.1] 0,0.00693694]

dz | [0.49,0.51] 0.498385, 0.501133]
r4 | [0.49,0.51] 0.499216, 0.50114]
by | [0,0.2] 0.0996052, 0.100629
by || [0.1,0.3] 0.199502, 0.200455]
b: | [0,0.2 0.0997107,0.100714]
bz | [0,0.2 0.0996747,0.100712]
b; || [0,0.2 0.0994585, 0.10031]
b< | [0.1,0.3] 0.199535, 0.200642]
b3 | [0.1,0.3] 0.199689, 0.200578]
b; || [0,0.2] 0.0997562, 0.100319]
b3 | [0,0.2] 0.0995661, 0.100557]




3.6 Path planning
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Initial configuration: = (0 0)" Goal configuration: = (17 0)"




Configuration space















4 Topology using intervals (N. De-

lanoue)



