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1 Contractors



C([x]) C [x] (contractance)
[x] C[y] = C([x]) CC([y]) (monotonicity)
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Inclusion

C1 C Cr & V[x] € IR", C1([x]) C Co([x)]).



A set S is consistent with the contractor C (we will write

S ~ C) if
C(x]) NS = [x] NS.



A contractor C is minimal if for any other contractor Cq,
we have

S~C, S~C; =C CC;.



We define the negation —C of a contractor C as follows

—~C(x]) =ixex] | x £ C([x])}-

which is not a box in general.



1.1 Separators



A separator S is pair of contractors {Si”, SOUt} such that

S"([x]) US°([x]) = [x] (complementarity).



A set S is consistent with the separator S (we will write

S ~ &), if
S~ S%U and S ~ SN,



We define the remainder of a separator S as
oS ([x]) = S™([x]) N S°*([x]). (1)

Note that the remainder is a contractor and not a separator.
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A separator {Si”, S°UtY is a pair of two contractors.



=S ([x]), =S°U([x]) and OS([x]) cover [x], i.e.,
~8"([x]) U =S°*([x]) U 9S([x]) = [x].

Moreover, they do not overlap each other.



~S"([x]), ~S*"([x]) and aS([x])



Inclusion

S1C Sy < SN S and SUt ¢ S9Ut,

A separator S is minimal it

S1CS=85=6.

S is minimal if and only if S™ and S°Ut are both minimal.



1.2 Paver



We want an enclosure

X" cXcXT



lgorithm Paver(in: [x],S; out: X—, XT)

L= {[x]};

Pull [x] from L;

{x", x>} = S([x]);

Store [x] \[x"] into X~ and also into X;
(x] = [x"] 1 (<"

If w([x]) < &, then store [x] in XT,

Else bisect [x] and push into £ the two resulting boxes
If L #0, goto 2.
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For the implementation, the resulting paving can be repre-

sented by a binary tree.

The ith node of the tree contains the two boxes [x™](3)
and [x°'Y](%).



The binary tree is said to be minimal if for any node 11
with brother 25 and father 5, we have

M (ig) # 0, [x*(ig) # 0
M (5) = [x"|(i1) U [x"] (i)

(x4 (5) = [x°*](i1) LU [x°*](42)



left: before simplication, right: after.



2 Algebra



Contractor algebra does not allow decreasing operations,
I.e., we should have expression £ such that

/ / /
Vi,Ci C C; = £(C1,Ca,--.) CE(C1,C,-- )



The complementary C of a contractor C or the restriction
C1\C> of two contractors cannot be defined.

Separators extend the operations allowed for contractors to
non monotonic expressions.



If S = {Si”,SOUt} is a separator, we define the comple-
ment as

S — {Sout’sin} ‘



We define the exponentiation of a separator S = {Si”, SOUt}
as:

SO ={T,T}
Sk+1 {_lsk out | | (Sin o 8Sk), Sk in (Sout o 851{)} .



Example.
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If S; = {S,}“,S,L-O”t} .1 € {1,2,...} are separators, we
define

S1NSy = Siln U Si2”, St N St (intersection)
S1US, = (SN Sh, Sputy Sgut (union)

{a} {m—q—-1}  {q}

NS = () S (S5 (relaxed intersection)

S1\Sr = S1NSo. (difference)



Theorem 1. If S; are sets of R"™, we have

(i) S1NSy ~ SNS

(i) SjUSy ~ SUS

iy S 9~ 5

iv) S ~ SF k>0
{q} {q}

v NS ~ S

(Vi) Si1\S2 ~  S1\S.



3 Inversion of separators



The inverse of a set Y C R" by a function f : R™ — R™
is defined as

X =f"1(Y)={x|f(x) e Y}.

f can be a translation, rotation, homothety, projection, .. ..



We define
£ (Sy) = {£7H(SY), £1(S§Y) }-



Theorem 2. The separator f 1 (Sy) is a separator asso-
ciated with the set X = f—1 (Y), i.e.,

f=1(Y) ~ F~1(Sy).



Example. If

(n)-(22) e

The separator f—1 (Sy) corresponds to the following algo-
rithm.

Separator Sx(in: [x], Sy; out: {[x'], [x°U{]})
1 [y1] = [=1] + 2[z2];

2 [yo] = [371] — [z2];

3 " =S¢ (IyD): [y = S$ (IyD;
4 [xin = _x_], (x4 = [x]; |

5[] =[]0 ([5] + :37'2n:§ :

6 [z3] = [z5] N ([z7] — [¥5]):

7 xc1>ut] _ [:13 ut] N Eygut_ 4+ :xgut]g :

6 132 = 1280 ([o9] - ")

9 [z =[] N [y - 2[z5];

o 5] = 1N} (1]~ [211):

1 [] = (o5 0 [55] — 2[a3)

12 CEgut] _ [a:%”t] ni <[y<1)ut] [xlutD




A map M



Rot(M)



Rot(M) "M



4 Atomic separators



4.1 Equation-based separators



For instance,

X ={f(x) <0},

we can easily build a contractor S°Ut: f(x) < 0 and a
contractor S™: f (x) > 0. The pair {Si”,SOUt} is then a
separator associated with X.



4.2 Database-based separators



(a) (b)
6S([x]) S ([x]
(©) (d) Sn([x])

Optimal separator using boundaries




5 Path planning



Wire loop game : a metal loop on a handle and a curved
wire. The player holds the loop in one hand and attempts
to guide it along the curved wire without touching.



/\

Wire loop game. Is it possible to perform to complete circular path ?



The feasible configuration space is

M = {(z1,22) € [-m, 7] | f2(x) € Y and f3(x) ¢ Y}

where

fe(x):4<cosaz1 ) _|_£<cos(:c1—|—:c2) >

sin 1 sin (1 + x2)
If Sy is a separator associated with Y, then a separator for
M is
—1 —1 (o
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