Verification of the convergence
properties of non-holonomous
robots using interval analysis and
Lyapunov methods.
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Problem Definition

e Validate that the mobile will follow a time-
dependent trajectory .

 Equivalent to say that the mobile will stay in a
time-moving bubble.

e Validate the regulator and the trajectory.




Problem Definition

* Uncertainties occur in the system evolution =2
differential inclusions.
x € F(x)

* Allow to:
- adjust parameters of the controller
- specify the maximum uncertainties
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Contractors

The operator Cyx : IR"™ — IR is a contractor for X C
R™ if

x » | Cx(]x]) C [x] (contractance),
Vix] € IR ’{ Cx([x]) N X = [x] "X (completeness).



Contractors

A m;
5 [x] C([KD\
L AN
set(C)__)&_l/ p set(C) | }\__ ~.§
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e




SIVIA

 The algorithm used to solve the problem is a

SIVIA (Set Inversion Via Interval Analysis) with
contractors.

e Contractions and bissections



IBEX

e C++ librairy which allow easy contractors
implementation.

IBEX

http://www.emn.fr/z-info/ibex/
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V-Stability or Lyapunov method

S:x = f(x)
Due to system evolution uncertainties , we get:
S: x € F(x)
which represent a differential inclusion

e Definition:
- S is Lyapunov-stable if 3 V(x) > 0 such that
Vix) <0ifx #0,
Vix) =0iffx=0

-Sis (V, vT)-stableiff V(x) € [0,vT] = V(x) <0

With V a Lyapunov function and v™ > 0.



How to use V-Stability

« DefineA={x e R"/V(x) <v*}and B={x € R*/V(x) < 0}.

« IfSis(V, v)-stable then

{Vx(O) €A At >0tqx(t)EB
vx(t) € BVt >0,x(t+Tt) €EB

e Theorem:

( dv -0
=

a € F(x)
V(x) €[0,vT]=A\B

inconsistent & x € F(x) estV stable




V-Stability or Lyapunov method
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From V-stability to « A to B moving »

* Non-holonomous mobile and 2D-projection
(x,y) of the results

- Need to restrain the initial set A.

T T




A to B moving

Set A no more define with function V but with inequalities :
A ={x|Vie{l,.. dim(B)} a;(x) <0}

V(A) € R*
B = {x|Vie{l,..,dim(B)}, b;(x) < 0}

« A to B moving » if

vx(0) € A,3t; > 0 tq {x([O, ) < A

x(ty) € B

Condition ¥V < 0 is not enough to garanty « Ato B
moving ».



A to B moving

e Theorem 1: Assume that
(Dx€e A\B= V(x) <0

(ii) x € A\ B,a;(x) =0= (f(x),Va;(x)) <0

Then the system is A to B moving

(i) > x will leave A\ B at time t,

(ii) = x(t;) will be in



A to B moving

(i) & ! (ii




A to B moving

* Theorem 2:
{ x€ A\Band V(x) >0

or i, {(f(x),Va;(x)) = 0and x € 0A\ Band a;(x) =0 s tnconststent

= the systemis A to B moving

* We use contractors to implement this system.

_ . — Y . -
C = (CA N CIB N CVZO) U (CGA N CIB N U(C<f(x),ma;(x)—0) N Cai(x)=0))
[
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PLAN

e Application with a non holonomous system



Application with a non holonomous
system

X =vcos0 + ¢,
* State equation :{ Y = vsinf + g,
0=u
* Lyapunov function:
V(x,y,6,t) = %((x - )2 +y?) -4



Application with a non holonomous
system

e |nitial Set :

A {(z) cos(0" +m—0) < —cos(Conespery)
((DV(x) <Vt

* TargetSet B : {(x,y,0,t) | V(x) < 0}



Is it « A to B moving » ?

( € A\B
1. - (x, Y 0) \ is inconsistent
- V(x)>0
(x,v,0) € A\B
2 {a(x)=cos(8"+m—0) =—cos(Conesery
(Va(x),f(x)) >0

IS Inconsistent
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Outcomes

* Simulation regulator :
2atan(t —x) +

UV = Upin Umax_vmin)

2T
u=K(©0"—0)
me y
avec 6" (y) = —2 — atan (;)
| %\




Outcomes

T
Conetpheta =16

TC

e Simulation values : Yinf=7
K=5

€x=0.02

£y=0.02

yt=2
t=5

* Simulation parameters : €p5,es = 0.2



Outcomes

v = 0.5 Vg = 1.5 Vin= 2.0 Vyax = 3.0 Vmin= 0.2 Doy = 0.5
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To go further

3D mobile evolution (x,y,z,t)

Curve following and obstacle avoidance.
Position dependant uncertainties.
Multi-vehicule



Thank you for your attention



