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Motivations (see Eric's talk)
Context: automatic validation of numerical programs

@ Infer invariant properties both in floating-point and real number semantics
o Abstract interpretation based static analysis (affine arithmetic/zonotopes)

@ Bound the implementation errors

o Implemented in the abstract interpreter FLUCTUAT

A difficulty in error analysis: unstable tests

@ When finite precision and real control flows are potentially different

o If discontinuity of treatment between branches, joining error analyses from
each branch is unsound

@ When considering sets of executions, most tests are potentially unstable
(just issuing a warning is not practical)

We propose here to compute discontinuity errors in unstable tests

@ Bound the difference between the computation in two branches under
conditions of unstable tests (mix constraint solving / affine arithmetic)

@ Makes our error analysis sound in presence of unstable tests

@ Provides a robustness analysis of the implementation
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All tests are unstable, but the implementation is robust, the conditional block
does not introduce a discontinuity
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float main(floa porenial overfiows

{
paire R1[3];
float R2[3];
float res;
Threats

R2[0] = 2.25; e
;SE} = 0'1; 1 A\ Unstable test (machine and real value do not t

o 2 A Unstable test (machine and real value do not t
R1[0].x = 0;
R1[1].x H B
R1[2].x = 25; %

|

R1[0Ly = O; =

R1[1].y = R1[1].x * R2[0];

R1[2]y = R1[1].y + (R1[2].x - R1[1].x) * R2[1]; Variables / Files.
R1[2].x (float)
R1[2).y (float)
R2[0] (float)
R2[1] (float)

E = FBETWEEN_WITH_ULP(0.0,100.0);

Variable Interval
Float :

0 3.32500000e1
Real :

-8.58306885e-6 3.32500001el

Journée ME,

if (E < R1[1].x) N
res = (E-R1[0].x)*R2[0] + R1[0Ly: R2[2] (float) Global error :
else if (E < R1[2].x) main (float) »»l.44600869e—5 1.00731850e-5
res = (E-R1[1).x)*R2[1] + R1[1].y; res (float) Relative error : k
else : : -00 +00 }
res = (E-R1[21.x)*R2[2] + R1[2l.y; inteTpolateliErels Higher Order error :
0 0
FSENSITIVITY (res); At current point 31) : *
-1.22666e-05 1.22666e-05
return res;
Last analysis : 0.01 sec / 16384 Kilo Bytes a

alcul ensembliste et interprétation abstrai

Robustness anal

is of finite precision implementations



But disco
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#include
#include <math.h>
#define sqrt2 1.414213538169860839843750

void main() {
double x, y;

X =
__BUILTIN_DAED_DREAL_WITH_ERROR(1,2,0,0.001);

if (x>=2) {

¥ = sqre2*(L+(x/2-1)*(.5-0.125%(x/2-1)));
}else {

¥ = T+-1*(5+(x- 1)*(-. 125 +(x-1)*.0625)); |

} Warnings Variables / Files Variable Interval
Potential overflows signgam (integer) Float : ‘
x (double) 1.00000000 1.45362502 |
y (double) Real :

1.00000000 1.45312500
Global error : |

UIEELD -3.94114776e-2 3.89556561e-2
Type Relative error : |
1 A\ Unstable test (machine and real value do not take _ -3.94114776e-2 3.89556561e-2 |
REWREWSqIEC Higher Order error : ‘
g |

0 0
At current point (10) : * |
-0.0389847 0.0389847 i
oK |
Last analysis : 0.00 sec / 16384 Kilo Bytes //J
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Test interpretation

Fluctuat: computes rounding errors and propagates errors and uncertainties

@ Relying on affine forms both for real value and error terms;

o With two sets of constraints on the noise symbols, resp. corresponding to
real and finite control flows

Main idea to interpret test, informally

o Affine forms are unchanged, translate the test condition as a condition on
the noise symbols ¢;

@ The test condition is interpreted as a restriction of the set of inputs, that
lead to an execution satisfying the condition: functional interpretation

v

real x = [0,10];
real y = 2xx;

if (y>= 10)
y = x

@ Affine forms before tests: x =5+ 5¢1, y = 10 + 101

@ In the if branch €1 > 0: condition acts on both x and y
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Test interpretation and set operations - informally

Example

x=[1,3] +u; // [1]
if (x <= 2) /) [2-1]
y = x+2; /) [2]

else // [3-1]
y = x; // [3]
/] [4]
}
(xi,51) = (R+e+u,T) eae€df=[-11]
(et y1) = (x,y)N(x <2); e € d% =0,1]
(x2,y2) = (xe1,x1+2); £1 € DX
(xa1,y31) = (x,y)N(x >2); e € dF =[-1,0]
(x3,y3) = (x31,x31); g1 € DY
(xa,ya) = (x,y2)U(xs,ys); e € df =[-1,1]
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Abstract domain in Fluctuat

Abstract value at each control point ¢

@ For each variable, affine forms for real value and error:

= (ag+ D afel) +( & + Deief
i ~ I
center of the error ——
real value uncertainty on error due to point /
+ D miel )
i
—

propag of uncertainty on value at pt i

o Constraints on noise symbols coming from interpretation of test condition
o " € ®f for real control flow (test on the r*: constraints on the ef)
o (e,e°) € d>,)f< for finite precision control flow (test on the fX = r* + e*:
constraints on the e/ and &7)

Unstable test condition = intersection of constraints ¢” € X M ®):

@ unstable test: for a same execution (same values of the noise symbols ;)
the control flow is different

@ restricts the range of the ¢;: allows us to bound accurately the
discontinuity error
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Formally, sound abstraction (with discontinuity errors)

Abstract value

An abstract value X, for a program with p variables x, ..., Xp, is a tuple
X = (RX,EX, DX, &X, &%) composed of the following affine sets and
constraints, for all k =1,...,p:
R . # = e+ 3n, el where e" € &X
X . aX X X X X
EX 1 & = ety ,ka’—i—zj'lle,,ﬂyksf where (7,¢°) € &5
X . aX
D~ C!k = dok"‘Z, 1d,k5
= 4+ where (¢",£°) € OF
EX is the propagated rounding error, DX the propagated discontinuity error

New discontinuity errors computed when joining branches of a possibly unstable

test
Z=XUYis Z=(R* E? D% X Ud) &f Ud)) such that

(R?,®Z U ®F) = (R, dF U OF) LU (RY, ®) U d))
(EZ, ®F) = (EX, ®F) L (E”, ®})
D? = DX LIDY LI(RX — RY,of M o)) LU (RY — RX, &) n&))

Robustness analysis of finite precision implementations
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Example: sound unstable test analysis

x = [1,3] +u; // [1] 5

if (x < 2) 4

y =42 // [2 ; i

else —-"—‘_‘——:X—

y=x //[3] i == &

/] 14] ! i
O_1 0 1

Atcpt 1 Py =2+er; &y =u

Journée MEA, calcul ensembliste et interprétation abstraite, 19/03/2015 Robustness analysis of finite precision implementations



Example: sound unstable test analysis

y

x = [1,3] +u; // [1] 5

if (x < 2) 4

else

y=x //13] 2

// 14] ! ol
0

P =24+¢l; &y =u
[1] 1 =) ¢[r2]: <0

Test x < 2, real flow:
Oy =2+4ep <2
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Example: sound unstable test analysis

y

x = [1,3] +u; // [1] 5

if (x < 2) 4

else

y=x //13] 2

// 14] ! ol
0

Py =24¢el; & =u
[1] L =] <I>[,2]: <0

Real at [2]: (i =4 +¢f, o)

Real at [3]: (7} = 2+ ¢1. )
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Example: sound unstable test analysis

y
ST 5 |
if (x <2) \
4 ;
y=x+2; // [2 : _——
else {d | -
=% // 3] 2 | .
1 |
// 1] : .
Fh=24+¢l; &y =u |
[1] L ) ¢[r2]: el <0l ¢[r5] e >0

Real at [2]: (7 = 4+E17¢[2]) ol o < —u
Real at [3]: (7, =2+ <1, oP) |
|

Test x < 2, float flow:
o By e =24l tu<2
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Example: sound unstable test analysis

y

x:=[1,3] +u; // [1] 5 |

if (X S 2) 4 ?Z _ I _

y=x+2// 2] S R )

else "] ! ____———"'A;

y=x//13] 2 & ™

// 14 1 »
0-1

Real at [2]: (7% =4+ <1, o)
Real at [3]: (7 =2+ =1, o)

Error at [2]: &) = &}, + de5
Error at [3]: &; = &
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Example: sound unstable test analysis

x:=[L3] +u; // [1]
if (x <2)

y=x+2; // [2]

else

y=x//[3]

// 4]

O P N W b o <
T
>
=

Real at [2]: (7 = 44 ¢, 0H)
Real at [3]: (7 =2+ =}, &)

¢[f3]: g1 > —u

Error at [2]: &, = u+0s5

Error at [3]: &%, = [E—
rror at [3] B =Y ¢[,2]I_I¢[f3]:—u<5{§0

Unstable test, first possibility:
oPnoll: —y<ef<o
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Example: sound unstable test analysis

y
x=[L3] + v // ] 5 |
if (x <2) 2y !

) 4 == : 2y
y=x+2;//[2] gy | fig -
else @l : D

- r:.
y=x//[3] 2 r 5
// 14] 1 f
0
Real at [2]: (7%, = 4+€',¢[r2] ) :
[2]: (7 1 ) o r <o ol er >0

Real at [3]: (7 =2+ =}, &)

Error at [2]: &, = u+0s5
Error at [3]: & = u

Unstable test, second possibility:
[3] 2] _
P NeS =0
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Example: sound unstable test analysis

y
=[13]+u //[1] 5 ;
if (x <2 £ ;
tlx=2) 4 {lgl --= ry
vy =x+2; // [2] he= | iy .
i e
y = // 3] ? ? i
1
/] 1] ! ; e
Real at [2]: (7% = 4 + &}, o) * Nl 1
o) = 1, % Coer<on 1 ol o
Real at [3]: (f]*2+ [r3]) Friesl | a——
¢L2] el < —u <I>[f3] g1 > —u
Error at [2]: é[yz] = u+de5 3 3
Y I
Error at [3]: &; = u ool “h<er<o

~ T 3 2 A 3 2
Error at [4] :&, U (5 — Py ,¢[]|_|<1>[])—e[2]LIe[3]+(r[3] ol m o)

{ek

y
o4l

Journée MEA, calcul ensembliste et interprétation abstraite, 19/03/2015 Robustness analysis of finite precision implementations



Example: sound unstable test analysis

y
x:=[1,3] +u; // [1] 5 ;
if (x <2) 4 (24 . .
y = x+2; // 2] | oot fiy
3 P ===
else 2 : o= 24
- ] 4
y=x//[3] ? ? i
1
// 14 ) ; ss
1 —iu 1
Real at [2]: (7 = 4+sl,¢[2]) o2 o <ol 0 OB or >
Real at [3]: (7 =2 + 1. o)) —
! ¢L3]: g1 > —u
|
|

Error at [2]: &) = u+ 05

E t [3]: &, =
rror at [3] &y = U q>[,2]|‘|¢£3]:7u<€§§0

Error at [4] :&, L &y + (P — Py, CDB] nod) = u+ 65 — 2X[—u,01(€1)
——

2y oy
& iy
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Example: sound unstable test analysis

y

x:=[1,3] 4+ u; // [1] 5

if (x <2) 4 7 _ )

y=x+2; // 2] s @ )

else ") _____——"A;

y=x//[3] ; i

/] 1] 1 .
O-1 —u 0 1

Error at [4] :&), U &% + (75 — Py O M o) = u+ de5 + —2x(_u0 ()
~——— ~—— —

% %y Q &0

Real value ?[ﬁ] =34¢4 € [2,4]

Float value ?[i]:?[ﬁ]+é[ﬁ]:3+6£+u+55§€[2+u75,4+u+5]
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Householder algorithm for square root

uctuat — Householder_sqrt ]
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#include
#include <math.h>
#define _EPS 0.00000001 /*10A-8%/
int main ()
{

float xn, xnp1, residu, Input, Output,
should_be_zero;

inti;

Input = FBETWEEN(16.0,16.002);

xn = 1.0/lnput; xnpl = xn;

residu = 2.0*_EPS*(xn+xnpl)/(xn+xnpl);

xnpl = xn *(1.875 +

Input*xn*xn*(-1.25+0.37 5*Input*xn*xn)); 0 =
residu = 2.0*(xnp1-xn)/(xn+xnpl);
xn = xnpl;
it Variables | Files Variable Interval
} Input (float) Float :
Output = 1.0 / xnpl; Output (float) -1.18123876e-6 1.18123956e-6 |
should_be_zero = Output-sqrt(input); i (integer) Real :
, return 0; — main (integer) -1.02630258e-8  1.02636675e-8
Warnings residu (float) Global error :
(R GRS should_be_zero (float) -1.17097598e-6 1.17097576e-6
Eror at . ; . . |
Ve ot fn‘;"""', signgam (integer) Relative error : .
-00 0o
Hotseholderisqrre Higher Order error :
Threats 0 Y
Tyme At current point (17) : * !
1 A\ Unstable test (machine and real value do not take the si -9.17837e-07 9.17837e-07
2 €3 Unstable test (machine and real value do not take the i :
3 © BUILTIN bounds not exactly represented ¢
[ ok | Last analysis : 0.42 sec / 28672 Kilo Bytes P
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Conclusion

@ Error bounds now sound even with unstable tests
o Candidate input values for unstable tests given by ®F M ®Y

@ Robustness analysis and discontinuity error bounds applicable to general
uncertainties (not only finite precision)

@ ALl techniques allow to extend error analyses compared to more classical
interval-like techniques

@ Natural potential on these robustness aspects for more interaction with
constraint-based approaches to the verification of finite-precision
implementations such as, e. g. O. Ponsini, C. Michel, M. Rueher: Refining
Abstract Interpretation Based Value Analysis with Constraint
Programming Techniques. CP 2012
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