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Exercise 1. We have a body rotating with a constant rotation vector. Its rotation matrix R(¢) is Rg at time ¢ = 0 and
R, at time ¢t = 2.

1) Give an expression of its rotation vector with respect to Ry and Re.

2) Give an expression of R(t).

Exercise 2. Consider an axis-aligned parallelepiped with length a, b, ¢ and mass m.

Recall that the inertia matrix of a solid body occupying the volume V is

y? + 22 —xy —xz
I= / p(z,y,2) —zy 2?4222 —yz dz dy dz
v —xz —Yz 2 + y2

where p(z,y, z), the density is assumed to be constant. Draw, the parallelepiped and compute the inertia matrix I with
respect to a, b, c, p.

Exercise 3 (Helicopter). We consider the robot described by the figure below. Propose a state space model for this
vehicle.
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Exercise 1. We have a body rotating with a constant rotation vector. Its rotation matrix R(t) is R at time ¢t = 0 and
R, at time ¢t = 2.

1) Give an expression of its rotation vector with respect to Ry and Ro
2) Give an expression of R(t).

Solution.
1) The rotation vector is

1
w = 5/\*1 log(RoRY)

2) We have
R(t) = et LRy
Let is check this result for ¢t = 2:

R(Q) _ 62c.;/\ "Ry = 82%(/\’1 log(RaRY))A . Ry = elog(RQRUT) Ry = RQRgRU =R,

Exercise 2. Recall that the inertia matrix of a solid body occupying the volume V is

y2 + 22 -y —Iz
I= / p(x,y, 2) —xy 2?4222 —yz dzdydz
v -z —Yz 2 + y2

where p(x,y, z), the density is assumed to be constant. Draw, the parallelepiped and compute the inertia matrix I with
respect to a, b, c, p.

Solution. The first entry of the matrix is

I = g gixi-g4ixiog.5 P 07 +2°) dodyde
_ ' 2,2\ 1,
= g aogg O ) dyds )
= P“./[ b sIx[-¢,2]Y diUd%+Pa,f[,% bx[-g,5] % dydz
= pac [[72 b1y dy + pab ][75 ] 22 dz
22 e
= pac[3y°]2, +pab[32°]7,
3 2 3 2
— pack® & pabd
m 2 2
For the second entry, we get
ho = = Jiog g1~ 4 bix(-5.5) PEY du dy d2
*pcf[fg.%] </ ydy) xdx
- b [7’21”27)]
|
=0
0
We deduce all other components by permutation. We get
- b2 + 2 0 0 I, 0 0
I= E . 0 a®+c? 0 = 0 Ib 0
0 0 a® + b 0 0 I



Exercise 3 (Helicopter). We consider the robot described by the figure below. Propose a state space model for this
vehicle.

Solution.

An helicopter has a main rotor on top and a small rotor on the back. In order to control the helicopter, one can tilt
the angle of each blade on both rotors. The main rotor is used to move the helicopter up and down, and to make the
helicopter tilt forward, backward, left, or right. By tilting a blade to increase the blade’s angle of attack, the pilot can
increase the force of lift that is pushing up on that blade.

We can take the state space model given by

P R - Vg (7“)
R R-(w,A) (1)
0
v, = RT- [0 |+Lf-w AV, (ii4)
g
wy = I (r—w, AT w,)) (iv)
where
To ﬁlw% 0 0 0 (51
1 o 0 ﬂgw% 0 0 u9
™| 0 0 Baw? 0 . Us
T3 —(51&)% 0 0 —54&03 Uy
0 51
f, = 0 and T, = To
—T70 73

In this model, R corresponds to the orientation, p, the position, v, the speed vector expressed in the robot frame, w,
the rotation vector also expressed in the robot frame, 7y is the total thrust generated by the main rotor, 71 is the roll
torque, 7o is the pitch torque, 75 is head torque generated by the back rotor. We may take for instance: w; = we = 100,

51 =0.02, By =3 = %7 B4 = 0.002, 6; = % all expressed in the international unit system.



