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Introduction

Introduction

We consider global optimization of Mixed Integer Non Linear
Programming problems in a deterministic and reliable way.

' f
XyYGXX@ER"me (X’ y)
s.t. gi(x,y) <0,V e{l,..,p},

he(x,y) =0, Vk € {1,...,q}.
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' f
X,YGXXrnYIE]R"sz (X’ -y)
s.t. gi(x,y) <0,V e{l,..,p},

he(x,y) =0, Vk € {1,...,q}.

e Comparison and Combining different kinds of reliable linear
relaxation method.

= Accelerate resolution of a Branch and Bound Algorithm based
on Interval Analysis J
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Principle

Linear Relaxation Techniques

Xrgi[Q] f(x) min ¢y, V(y, 2) ET[y] x [Ib, best _sol],
st g(x) <0, = yEly] = z=c'y,
hlk((x)) =9 st. Ay <b, Ay < b.
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Xn.ne|[Q] f(x) min ¢y, V(y, 2) ET[y] x [Ib, best _sol],
st g(x) <0, = yEly] = z=c'y,
hlk((x)) =9 st. Ay <b, Ay < b.

C([x] x [Ib, best_sol]) —
o Contract the hypercube with the polyhedral feasibility domain,

e Contract the gap between the best known solution and the
lower bound.

<

Certification the result of the LP solver

e Linear Interval Program = linear interval solver (LURUPA)

e Reliable Linear Program = Computing the residual of the
dual by Interval Arithmetic
(A. Neumaier, O. Shcherbina, Math. Program., Ser. A 99: 283-296, 2004)
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Inclusion Functions based on Taylor's Expansions

Let f be a univariate differentiable function, and x, y and &, 3
variables of X an interval of R.
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Let f be a univariate differentiable function, and x, y and &, 3
variables of X an interval of R.

x—y)?  —
f(x) = f()/)+(X—y)f’(y)+(2Y)f”(y)+. : .+Qf(")(g)
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n

x—y)? X —
f(x) € f(y)+(x—y)f’(y)—|—(2y)f”(y)—i—. . .+(n!y)F(”)(X),Vy € X,

= Inclusion functions:
Ti(y,X) = f(y) + (X — y)F'(X)
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Gradient-based Method

Representation of the Taylor Inclusion Function

f(m(x]))+f".(x-m([x]))

N

F(m(x))+£.(x-m(ix))) e ()

X X
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Gradient-based Method

X-Newton Method: |.Araya, G. Trombetonni, B.Neveu

e Choose several point among the 2”7 corner of the hypercube:
= Different heuristics could be used.
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Gradient-based Method

X-Newton Method: |.Araya, G. Trombetonni, B.Neveu

Choose several point among the 2" corner of the hypercube:
= Different heuristics could be used.

Compute the linear relaxation associated to each chosen
corner.

Generate the linear program and Solve it.

Validate the result with the Neumaier-Shcherbina’s criteria.
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Affine Reformulation Technique

Affine Arithmetic: J.L.D. Comba, J. Stolfi (1993)

Each quantity is represented by an affine form x

X = 0+§ Xi€j,

with Vi € [0, n], x,ERande,—[ 1,1].
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Affine Reformulation Technique

Affine Arithmetic: J.L.D. Comba, J. Stolfi (1993)

Each quantity is represented by an affine form x

n
X = Xxg + E Xi€i,
i=1

with Vi € [0, n], x; € R and ¢; = [-1,1].

e Example: A=[1,3] and B =[-2,0],

//4\ — 2+€1,

E — —1+4 ey,
1+ A 3+ €1,
5xB = —5+5¢,
A+B = 1+e+e
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Affine Reformulation Technique

Non-Affine Operator

Multiplication

n+1 n+1

(xo+ > xier) X (yo + ) _ yi€i),
i=1 i=1

n
Xoyo + Z(Xoy,' + Xiyo)€i+

x>

X
<>

Il

i=1
n+1 n+1

X0Yn+1 + Xn41Y0 + Z | xi | x Z lyi ] | ex.
i=1 i=1

Log, exp, / power, cos,...

f(X) = ¢ + aX + bex,

n
with o, 6, € R and X = xo + E Xi€;.
i=1
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Affine Reformulation Technique

Visualization of AA by expression tree

Vx € [1,2]x[2,6], f(x) = x1x3 —exp(x1+x2)

S,
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Affine Reformulation Technique

Visualization of AA by expression tree

Vx € [1,2]x[2,6], f(x) = x1x3 —exp(x1+x2)

/

15+ 0.5e1 e
4—1—262 e 4+ 2¢o

1.5+ 0.5¢;
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Visualization of AA by expression tree

Vx € [1,2]x[2,6], f(x) = x1x3 —exp(x1+x2)

/ : w 0.52 + 10.04¢; + 40.17¢; + 1430.22

16 + 16€ + 4ey
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Affine Reformulation Technique

Visualization of AA by expression tree

Vx € [1,2]x[2,6], f(x) = x1x3 —exp(x1+x2) € [~2940.9579, —12.0855]

—1476.52—2.04¢; — 16.17€x + 14446.22¢

24 4 8e1 + 24er + 166/ WO.SQ + 10.04€; 4 40.17¢2 + 1430.22

16 + 16€p + 4es
1.5+ 0.561 e e 5.5+ 0.5¢1 + 2e2
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Jordan Ninin Linear Relaxations in Global Optimization May 8, 2013 14 / 24



Affine Reformulation Technique

Reformulation Method
000000

Graphical Representation

Jordan Ninin

error of affine form

Interval under study

affine form

f(x)

lower bound
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Affine Reformulation Technique: J.Ninin, F.Messine,
P.Hansen

AF1 and AF2 = automated way to linearize every function. l
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Affine Reformulation Technique: J.Ninin, F.Messine,
P.Hansen

AF1 and AF2 = automated way to linearize every function. |

n fixed = affine transformation 7 between
xeXCR"and z € e =[-1,1]".

Error Error
~ =~ n ~ =~
F)="f +> fizi+Frex.

i=1

Linear Approximation

Vx € X,z =T(x),f(x) = > fiz; € [fo — fu, fo + fi]
i=1
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Reformulation of a NLP problem

min  f(x)
xeX
s. t. g(x)<0,Vle{l,..,p},

he(x)=0,Vk e{l,...,q}.
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min  f(x)
xeX
s. t. g(x)<0,Vle{l,..,p},

he(x)=0,Vk e{l,...,q}.

= Reformulate each equation with Affine Arithmetic =

n

min E fiZi
ze[-1,1]" 4 1
-

s. t. Y (&)izi < (&)« — (&1)o . vle{1,..,p},
Soim1(he)izi < (hi)+ — (hi)o Vk e {1,...,q},
=Y i(h)izi < ()« + (hk)o, Vke{l,..,q}.

v
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min  f(x,y)
X,y
st. gi(x,y) <0,
hk (X7 y) =0.
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Reformulation-Linearization-Techniques

min  wy,
XYW
min  f(x,y) S e TN
Xy N wy, = exp(xs),
s.t. g/(X7.y) < 07 Wky = Wiy Wiy,
he(x,y) = 0. Wiy = Ya/ Wi,

@ E. Smith and C. Pantelides. A symbolic reformulation /spatial branch-and-bound
algorithm for the global optimisation of nonconvex MINLPs. Computers &
Chemical Engineering, 23:457-478, 1999.
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Reformulation-Linearization-Techniques

min  wy,
XY, W
. s.t. Wy, = X
min f(x,y) ki 1Y1, i
x,y Wk, = exp(xs), min wi,
st gxy) <0 = _ =4 .
; AT Wis = Wiy Wi, , linear relaxation
k(x,y) = 0. Wiy = Ya/ Wi,

@ E. Smith and C. Pantelides. A symbolic reformulation /spatial branch-and-bound
algorithm for the global optimisation of nonconvex MINLPs. Computers &
Chemical Engineering, 23:457-478, 1999.

@ W.P. Adams and H.D. Sherali, A reformulation-linearization technique for
solving discrete and continuous nonconvex problems, Nonconvex Optimization
and Its Applications , Vol. 31, Kluwer Academic Publishers, 1998.
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Numerical Results

Integration in IBEX: G.Chabert et al.

IBEX is a library containing a deterministic global optimization
algorithm based on Interval Arithmetic.

e Compare XNewton reformulation, ART and a combination,

e Improve only the lower bound or Contract the domain of each
variable.
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IBEX is a library containing a deterministic global optimization
algorithm based on Interval Arithmetic.

e Compare XNewton reformulation, ART and a combination,

e Improve only the lower bound or Contract the domain of each
variable.

161 problems from the COCONUT database
(a library of global optimization test problems)

less than 50 variables
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Comparison: Contracting the box

Numerical Results

Nb of | Nb Success | Time | Time only
success only by if success
ART 128 3 140.67s | 2444 s
XNewton 128 3 143.06s | 28.35s
Combining 131 - 132.03s | 29.16s
Jordan Ninin Linear Relaxations in Global Optimization May 8, 2013
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Numerical Results

Performance Profiles

o
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...... Combi
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ratio alpha
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Conclusion

Conclusion

Preliminary results:

e Gradient-based Method and Affine Arithmetic-based method
seem to be equivalent.

e The combination slows down the performance, but we need to
test the merge of the two linearizations into one LP.

IBEX

http://www.emn.fr/z-info/ibex/
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