Chapitre 5

Kalman Filter

The purpose of the Kalman filter [3] is to use measurements that are observed over time that contain
noise (random variations) to estimate the state vector of a dynamic system. The Kalman filter has many
applications in technology, and is an essential part of the development of space, military technology and
mobile robotics.

5.1 Covariance matrices

5.1.1 Definitions and interpretations

Consider two random vectors x € R"™ and y € R™. The esperances of x and y are denoted by X = F (x),
y = E (y). We define the variations of x and y by X =x —X and y = y — y. The covariance matriz is given
by
=~ - T
]."xy:E(x.y ) :E((X—X)(y—y) )
The covariance matrices for x and y are

Iy = Tw=EXZ)=F <(x CR) (x — ;—c)T)

w=EF3)=E(y-9-9")

ﬂ

'y =

Note that x, y, X, y are random vectors whereas X, ¥, I'x, I'y, I'xy are deterministic. A covariance matrix I'x
of a random vector x is always positive definite (we shall write I'x > 0). A random vector can be represented
by a cloud of points. Consider the following program

rand(’normal’) ;

x=2+rand (1000,1) ;
e=rand(1000,1) ;

y=2%x."2+e;

plot2d(x,y,-1) ;
xbar=mean(x) ; ybar=mean(y) ;
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58 Ten lessons of automatic control

xtilde=x-xbar ; ytilde=y-ybar ;
plot2d(xtilde,ytilde,-1) ;
G_xy=mean(xtilde.*ytilde) ;

We get Figure 5.1 which provides a representation of the random variables x, y, , y. The program also yields
the following evaluations :

7~ 1.99,7 ~ 9.983,T, ~ 1.003,T, ~ 74.03, T, ~ 8.082.
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Figure 5.1 — A cloud of points to represent a pair of random variables

The two random vectors x and y are linearly independent (or uncorrelated or orthogonal) if I'yy, = 0. On
Figure 5.2, both clouds of points correspond to uncorreleted random variables. Only the right subfigure
corresponds to independent variables.

15y

Figure 5.2 — Left : dependent but not correlated ; Right : independent

The left subfigure is generated by the following program

rand(’normal’) ; rho=10+rand(2000,1) ;
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rand (’uniform’) ; theta=2xJpi*rand(2000,1) ;
x=rho.*sin(theta) ; y=rho.*cos(theta) ;

The right subfigure is obtained by the following program

rand (’normal’) ;
x=atan (2*rand (3000,1)) ;
y=atan(2*rand (3000,1)) ;

5.1.2 Properties

A covariance matrix is symmetric and positive, i.e., all its eigen values are real and non negative. The set
of all covariance matrices of R™*" is denoted by St (R").

Decomposition. A covariance matrix can be decomposed as
r=R'DR

where R is a rotation matrix (i.e. RTR = I and det R = 1) and where D is a diagonal matrix with positive
elements on its diagonal.

Power. For o € R and I defined as above, we define
r“ =R 'D“R,
where D is the diagonal matrix whose diagonal elements are the d;. The matrix I'“ is also a covariance

matrix. The eigen values of I'* are the d;. The matrix T'2 is called the square root of T'.

Order. The set ST (R") is a convex cone in R™*". As a consequence, if I'; and 'y belong to ST (R™), then
I' =T + I’y also belongs to ST (R™). We define the following order

I'' <I's & FQ*F1€S+(Rn).

In such a case, the confidence ellipsoid (see next subsection) of level a of I'; is included inside the confidence
ellipsoid of T's.

5.1.3 Confidence ellipsoid

A random vector x of R™ can be characterized by pair (X,I'x), to which we can associate an ellipsoid of R™
that is assumed to enclose consistent values for x. In practice, for graphical reasons, we are only interested
by two components w = (z;,z;) of x. The mean W can be obtained from X by extracting the ith and jth
entries. The covariance matrix I'y, can be obtained from T'yx by extracting the ith and jth rows and columns.
The confidence ellipse associated with w has the form

Ew: (w—w)T ! (w-—w)<d?

_1
where a is a positive threshold. Since T',! = 0, it has a square root denoted by I'y,? which is also positive
definite. Thus, we can write
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Figure 5.3 — The ellipsoid is the image by a linear application of the unit disk

or equivalently

1
IIs|| <1 withs=-Tyw?(w-—w).

Q=

1
The ellipse & can thus be defined as the image of the unit disk by the affine function w(s) = W + a.I'¥s
(see figure 5.3).

Remark. Consider a two-dimensional normal unary and centered random vector s. The random variable
z = s's follows a 2-dimensional x? low. Now, the probability density function of a m-dimensional x? low, is

m—2 z
z 2 e 2 :
ITa— if z 2 0
Wz(z) = ZTP(%)

0 otherwise,

©  m—1

where I' (m) = [, 2™ e~ *dz is the gamma function. Thus, for m = 2, we have

1 z .
ru(2) = 5 exp (—5) 1‘f z>0
0 otherwise.

For a given a > 0,

CL2
1
n 4t orob (Ilsl] < a) = prob (s's < a®) = prob (z < a?) = / 5 &P (—%) dz=1-e37,
0

or equivalently
a=+/—2In(1—mn).

To plot the boundary of £ we should thus use the following SCILAB function
function Draw_Ellipse(wbar,G_w,eta) ;

s=0 :0.05 :2%%pi+0.05;

w=wbar*ones (s)+sqrtm(-2*log(l-eta)*G_w)*[cos(s) ;sin(s)] ;

xpoly (w(1, :),w(2, :));

endfunction



Kalman filter 61

Figure 5.4 — A Gaussian vector is the image by an affine function or a white Gaussian vector

5.1.4 Generating Gaussian vectors

Theorem. If x and y are two random vectors related by the relation y = Ax + b (where A and b are
deterministic), we have

y = AX+b
Iy, = AT.A"

Proof. We have
y=FE(Ax+b)=AF(x)+b=Ax+Db.

Moreover

I, = BE(y-9-9")=E((Ax— A% (Ax—A%)")
_ B

Ax-%)(x—%)T AT) — AE ((x ~ %) (x— >‘<)T> AT AT, A" H

Since I'x, I'y are symetric positive definite, they have squared roots that are also symetric positive definite.

As a consequence, if x is a unit random Gaussian vector (i.e., X = 0 and I'y = I), the random vector I‘}%,ery
will have an esperance of ¥ and a covariance matrix equal to I'y (see Figure 5.4). Therefore, to generate a
Gaussian random vector with a covariance matrix I'y and an esperance of ¥, we have can use the following
ScILAB function

function y=Randcov(ybar,Gy) ;

rand (’normal’) ;

x=rand(ybar) // x is Gaussian and has the dimension of ybar
y=ybar+sqrtm(Gy) *x ;

endfunction

We can also directly use the SCILAB statement grand (1, ’mn’ ,ybar,Gy) where grand and mn stand Generate
random and multivariate normal, respectively.
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5.2 Orthogonal unbiased estimator

Consider two random vectors x € R” and y € R™. The vector y corresponds to the vector of measurements,
which is not available yet, and x is the vector to be estimated. An estimator is a function ¢ (y) Figure 5.5
shows a non-linear estimator which corresponds to E (z|y).

E(xly)

=

Figure 5.5 — Nonlinear estimator E(x|y)

Now getting an analytical expression of a good nonlinear estimator is not easy and we often prefer to deal
with linear estimator. A linear estimator is a vector function of the form

X=¢(y)=Ky+b, (5.1)

where K € R**™ and b € R". The estimation error is

e=x—-x=Ky+b—-x. (5.2)

The estimator is said to be unbiased if F (e) = 0. It is orthogonal if E (syT) = 0. Figure 5.6 represents a
probability distribution function for the pair (x,y) and a linear estimator. Take any pair (x,y) in the plane
randomly with respect to the corresponding probability distribution function. The probability to be below
the line is high, i.e., the probability to have & > z is small. This amounts to saying that E (¢) is strictly
negative. The estimator is thus biased.
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Figure 5.6 — Biased estimator

Figure 5.7 represents 4 different linear estimators. For (a), E(e) < 0 and for (c), E(g) > 0. For (b) and (d),
E(e) = 0 and thus the estimator is unbiased. For (d), E (ey) < 0, (if § > 0,¢ tends to be negative whereas
if § < 0,¢ tends to be positive).

Figure 5.7 — Which one is the best linear estimator ?

Theorem. There exists a unique unbiased orthogonal linear estimator. It is given by
x=x+K. (y—-y) (5.3)

where

K =Ty T,* (5.4)
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Figure 5.8 — Unbiased orthogonal linear estimator

is called the Kalman Gain.

Example. Consider again the example of Section 5.1.1. We get

E=24+Tl, " (y—9)=2+0.1x(y—10).

Proof. We have
EE)® BE(Ky+b-x)=KE(y)+b—E(x) =Ky +b —%.

The estimator is thus unbiased if E () = 0, i.e.,

b=x—-Ky. (5.5)
In such a case, we have
e Ky +b-x P Ky 4+x—Ky—x=Kj-x%. (5.6)
The estimator is orthogonal if
STy _g (29 e
E(ey')=0 & E(Ky-x.y')=0
& E(Kyy'-xy')=0
< KI'y —T'xy =0
& K =T,y Ty!
As a consequence,
~ (51)
X =" Ky+b
2 Ky+x-Ky
= x+K(y-y).
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Theorem. The updated covariance matrix of the orthogonal linear estimator is
e =Tx — KTy (5.7)

and it is minimal (i.e. there is no other linear unbiased estimator which leads to a smaller T'¢).

Proof. The covariance matrix of €

r. = E(ec) ¥ ((Ky %). (Kyf;c)T)

= E(Ky-X) (TKT—NT))
E(Kyy'K' —xy'K" — Kyx" + xx")
— (KTy — Tyy) KT — KTy + Ty

Assume that K = Ko + A with Ko = Ty, I'; !, we have

T
Te = ((Ko+A)Ty —Tyy) (Ko +A) — (Ko +A)Tyy + Ty
Txy Dyt 4A
= ATy (Ko+ A)" — (Ko + A)Tyy + Ty
= AT K{ + ATyAT — KTyy — ATy, + Ty
N—

=Tyx

= ATyAT — KoTyx + Tk

Since AI‘BT, AT is always positive (i.e., its eigen values are positive and real), the covariance matrix is minimal
for A =0, i.e., for K = I‘xyI‘;l. In this case, we obviously have I'c = 'y — K.I'yx. B

5.3 Application to linear estimation

5.3.1 Principle
Assume that y and x are related by a relation of the form
y = Cx+ 6,

where 3 is a centered random vector, uncorrelated with x. The covariance matrix of x and 3 are denoted by
I'x and I'g. Let us find the best linear unbiased estimator for x (see [4] for more about linear estimation).
We have

y = Cx+pB=Cx

I, = EFy)=FE (Ci + ,75') . (Ci + B)T) = CTC" +Tg (5.8)

E(x37) = B (% (Cx+ B)T> —F (i.iTCT + (i.B)T> —T,CT.

-
»%
<

I
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As a consequence, the unbiased orthogonal linear estimator for x with its covariance error is obtained from
I'x,T'g, C,x by the following formulas

(i) %k = x + Ky (updated estimate)

(i) Te &) I'x — KCI'x  (updated covariance)

(i) y &2 y — Cx (innovation) (5.9)
(iv) Ty &8 CI'xC! + T3 (covariance innovation)

(v) K (5.455) I‘XCTI‘};1 (Kalman gain)

5.3.2 DC motor

The angular speed 2 of a brushed DC electric motor satisfies the relation :

Q= {E1U + .TQT,»,

where U is the input voltage, T, is the resistive torque and x = (7, {E2>T are the parameters to be estimated.
The table below presents the data that have been collected on the motor for different experimental conditions.

U(V) 10 13]15] 15
T,(Nm) | 20 | 20 | 10 | 30
Q(rad/sec) | 109 | 141 | 173 | 163

We assume that the variance of the error measurement is constant and given by 25. Moreover, from the
prior knowledge on the motor, we know that z; ~ 8 and x5 >~ —0.5 with a variance equal to 9. We shall
thus apply the formulas (5.9) with

10 20 % 0 0 0 109
8 9 0 13 20 0 25 0 0 141
X (0.5)’ (0 9)0 15 10 p 0 o0 25 o | ™Y 173

15 30 0 0 0 25 163



We get
39
~ 47
= — C_ =
y y X 58
58
4525
4770
'y, = CIkC I'g=
y x0T le 3150
6750
0.0179
K = I,C'rgl=
Ty < 0.0216
~ 11.7
¢ — %4Kv—
x = x+Ry ( 0.4 )
0.254
' = I'x —KCI'x = < 015
The corresponding SCILAB program is
y=[109 ;141 ;173 ;163] ;
C=[100 20; 130 20;150 10;150 30] ;
xbar=[8;-0.5] ;
G_x=9*eye(2,2) ;
G_Beta=25%eye(6,6) ;
ytilde=y-Cxxbar
G_y=C*G_x*C’+G_Beta ;
K=G_x*C’*inv(G_y) ;
xhat=xbar+K*xytilde
G_eps=G_x-K*C*xG_x
5.3.3 Linear equations
Let us consider the following linear equations
221 + 322
3x1 + 222
1 — T2

The first equation is assumed to be twice more reliable than the others. We translate the problem into

4770
0146
3555
7155

0.0126
0.00369

—0.15
0.102

3150
3535
2950
4725

) |

8
7
0.

6750

7155

4725
10150

0.0926
—0.0489

8 2 3 . B

7 1=1|3 2 <x1>+ 8,
2

0 1 -1 B3
x N——

y c B

Kalman filter
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We take
2 3 100 8
1
iz(S),l“x—< 0000 10000>;C— 3 2 ,Tg=| 0 4 0 and y=| 7
1 -1 0 0 4 0
We get
8
y = y-Cx=|7
0

13001 12000 —1000
I, = CI,C'+Tg=| 12000 13004 1000
~1000 1000 2004

K —= I.C'r-!= —0.0886 0.288  0.310
Y 0.355 —0.155 —0.244

X R 1.311
X = xtKy= ( 1755)
0.722 —0.517 )

. = I'y —-KCIy =
€ C ( —0.54  0.44

5.4 Kalman filter

This section presents the Kalman filter (see [1] for more information). Consider the system described by the
following state equations

Ye = Crxi + B,

where o, and 3, are centered, independent, white random signals. The Kalman filter alternates two steps :

{ Xpr1 = Apxip + Brug + o

the prediction and the update steps. We now introduce the following notations
E(vlt) = E(vlyo,...,ye¢), where v is any random vector
Ree = E(xxkll),
Ty = E(xex4]0).

Prediction. Assume that we know an estimate Xy, of x; deduced from the measurements yo, ...,y
and the associated covariance matrix I'y);. Let us compute an estimate X, of x; deduced from these
measurements yo, ...,y with the associated covariance matrix I'y 1. We have

Kipie = E(Xpr1lk)

E (Agxi + Bruy, + aglk)
= AkE (Xk‘]@ + Bkuk + F (ak\k)
N—— ——

-4
Rilk =0
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i.e.
K1k = AxXyr + Brug. (5.10)
Moreover
i = B ReniXEalk) = B (A, + an) (A + )" k)
= E ( (ArXp + ) (;CEAE + &E) |k)
~- E (Akxkxk AT + %P AT + Apxpog + aka’,ﬂk)
= AWE (%L |R) AL + B (@i k) AT + AyE (Ryaf k) + B (axai k).
=T =0 -0 —Ta,
Thus
Tpirr = Ap Ty AL + T, (5.11)

Kalman filter. The whole Kalman filter is thus given by the following equations

Xk+1]k

| RS

(5.10) ApXp, + Bruy, (predicted state estimate)
(651D ATy AL + T,  (predicted state covariance)
621 Kpolh—1 T KrYk (updated state estimate)
(5.2 (I -=KiCg)Typp—1  (updated state covariance)
(5.9,ii) Yk — CrXpjp—1 (innovation)

(52t CiTy—1Ci + T3,  (covariance innovation)

A
.CT‘

Il
“

I‘k|k_1CE Slzl (Kalman gain)

Figure 5.9 shows that the Kalman filter only memorizes the vector X, and the matrix Ty ;. Its inputs

are yg, Ui, Ak, Bi, Ck, I'a, and I'g, . The quantities Xz, g, Vi, Sk, K are auxiliary variables.

The following ScILAB function implements the Kalman filter. In this program, we have the following cor-

respondences : x_predle Xj |, G_predle I'y ) (prediction), x_upd« Xyx, G_upde Ty, (update).

function [x_predl,G_predl]=kalman(x_pred,G_pred,u,y,G_alpha,G_beta,A,B,C) ;

S=C*G_pred*C’+G_beta ;
K=G_pred*C’*inv(S) ;
y_tilde=y-Cxx_pred ;
x_upd=x_pred+Kxy_tilde ;
x_predl=Axx_upd + B*u;

G_upd=G_pred-K*C*G_pred ;

G_predl1=A*G_upd*A’+G_alpha ;

endfunction
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yk uy Ak Bk Ck F(xk FBk

N 4

§k+1\k = Akik\k + Bruyg
T
i = ATy Ay + T,
Ned o Xy = Xy tKGF, Xict L >
Ty = (I-KeCp)l gy
Tut . V. = ¥, Cxpa Ty .
7| T L
S, = Ckl"k‘k,l Ck +Fpk
T e
K, = Tu.C's)
delay

Figure 5.9 — Kalman filter
5.5 Applications

5.5.1 Solving linear equations

Let us consider again the following linear equations

201 +3x9 = 8
3r1+ 219 =
r1 — T2 =0

J

As for Section 5.3.3, the first equation is assumed to be twice more reliable than the others. Let us apply a
Kalman filter to solve this system.

G_alpha=0*eye(2,2) ;

A=[1 0;0 1] ;

B=[0;0] ;

CO0=[2 3]; C1=[3 2] ; C2=[1 -1];
u=0 ;

xhat0=[0;0] ; Gx0=1000*eye(2,2) ;
[xhatl,Gx1]=kalman(xhat0,Gx0,u,8,G_alpha,1,A,B,CO)
[xhat2,Gx2]=kalman(xhatl,Gx1,u,7,G_alpha,4,A,B,C1)
[xhat3,Gx3]=kalman(xhat2,Gx2,u,0,G_alpha,4,A,B,C2)
We get the same results as in Section 5.3.3.
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5.5.2 Simple case

Consider the discrete-time system described by the following equations

Xp+1 = AgpXp + Brug + oy
ye = Cpxp+ B
with k& € {0, 1,2}. The values for the quantities Ay, By, u, yx are given by the following table.
k Ay By Cy uk | Yk

0.5 0
0

(1 1)]a]7
1 (1_11> (1 1)]-6]30
HEISIERIEE

We first assume that oy, 8, are white Gaussian noises with a covariance matrices equal to identity, i.e.,

n-nm= (g 1)

The initial condition, is unknown and represented by the estimation Xg_; and a covariance matrix I'g|_p,

o (0 p (100 0
0|—1 — 0 y L0|-1 — 0 100 .

Denote by &y, the ellipsoid with center Xy, and associated with the covariance matrix I'yy. Figure 5.10
provides the ellipsoids obtained by the Kalman Filter.

given by

The corresponding SCILAB program is given below.

AO=[0.5 0;0 1] ; A1=[1 -1;1 1]; A2=[1 -1;1 1] ;

BO=[2;4] ; B1=[1;3]; B2=[4;-1];

Co=[1 1] ;C1=[1 1] ;C2=[1 1];

u0=4; ul=-6; u2=8;

yO=7; y1=30; y2=-6;

G_alpha=1x*eye(2,2) ;

G_beta=1xeye(1,1) ;

xhat0=[0;0] ; Gx0=100*eye(2,2) ;
[xhatl,Gx1]=kalman(xhat0,Gx0,u0,y0,G_alpha,G_beta,A0,B0,CO) ;
[xhat2,Gx2]=kalman(xhatl,Gx1,ul,yl,G_alpha,G_beta,Al,B1,C1) ;
[xhat3,Gx3]=kalman(xhat2,Gx2,u2,y2,G_alpha,G_beta,A2,B2,C2) ;

5.5.3 Parameter estimation

Consider again the brushed DC electric motor with an angular speed 2. We have the relation :

Q=x1U + z2T,,
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En

Figure 5.10 — Graphical illustation of the Kalman filter on a simple example

where U is the input voltage, T, is the resistive torque and x = (1, scg)T are the parameters to be estimated.
The table below presents the data that have been collected on the motor for different experimental conditions.

k o[ 1[]273
U(Vv) 10 | 13 ] 15| 15
T,(Nm) | 20 | 20 | 10 | 30
Q(rad/sec) | 109 | 141 | 173 | 163

We assume that the variance of the error measurement is constant and given by 25. Moreover, from some
prior knowledge on the motor, we know that x; ~ 8 and z9 ~ —0.5 with a variance error equal to 4. To use
a Kalman filter, we shall take the following state space model

( 10 0 0
Xg+1 = 0 1 Xp + 0 U + 0
N——— N—— N——

Ak, Bk Q.

\ Cy
Using a Kalman filter, we get the same results as the linear estimator presented at Section 5.3.2. The

corresponding SCILAB program is

y=[109 ;141 ;173 ;163] ;
C=[10 20; 13 20;15 10 ;15 30]
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xhat=[8;-0.5] ;

G_x=9xeye(2,2) ;

G_alpha=zeros(2,2) ;

G_beta=25;

A=eye(2,2) ;

B=zeros(2,1) ;

for k=1 :4,
[xhat,G_x]=kalman(xhat,G_x,0,y(k),G_alpha,G_beta,A,B,C(k, :));
end ;

5.5.4 Temperature sensor

The temperature of room x can be modeled, after some discretization, by the following state equations

Th+1 = T+ o
Yk = xp + B

We assume that both aj, and 3, are Gaussian with variances given by I'y, = 4 and I'g = 3. Let us use a
Kalman filter top estimate the temperature.

L1k = Thlk
Prvae = The + Loy
Trp = Trpp—1+ KUk

L = (1 — Ky) Ty
Uk = Yk — Thjk—1
Sp = Fk\k—l + Pﬂk
Ky = Fk|k715k_1

i.e.
. . Thlh— .
Tht1lk = Thlk—1 T Fk\kiﬁ (yx — $k|k71)
_ Trre—1
Dioape = (1 - m) D1 + Ty
When k — oo, we have I'y {1, — Tpj—1 — 0, 1.6, Tppqp — Do, Thus
I'o
lww=(1—-==———|T r
= < F00+Fﬂk> oo T How
i.e.
I'2 — T4l — Lo, I'g, = 0.
There exists a unique positive solution given by
Lo+ T8 + 400, Ts, 44 /T6F 45443

I, = _ _
*° 2 2 6

and thus the estimator is given by

. . 2 .
Tpy1 = T + 3 (yk — Tk) -
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The accuracy of the estimator is characterized by the variance I'o, = 6.

Consider now, the situation where I',, = 0. We get I', = 0. This means that after a long period, the

Kalman filter returns the exact temperature.

5.5.5 Dead reckoning

The robot represented on Figure 5.11 is described by the following state equations

T v cosd cos O
U vcosdsin 6
0 | = vsind+m
v Ul + oo
5 U2 + o3

where a1, ao, a3 are white Gaussian continuous-time noises.

Figure 5.11 — Tricycle

The robot is equipped with a compass which returns 6 with a very high precision and an angle sensor which
provides the front wheel angle §. At time ¢ = 0, we know that x = 0,y = 0,v = 1. Using a Kalman filter, let
us build a predictor for this system. If we set z = (x,y,v), we get

0 O cosdcosl 00 0
z=1] 0 0 cosdsinf |z+| 0 0 |u+ 0
00O 10 a9
After discretization, we obtain
1 0 dtcosdcosb 0 0 0
Zk+1=| 0 1 dtcosédsinf |zx+| 0 0 |up+ 0
0 01 dt 0 dt.as

x=[0;0;%pi/3;1;0] ;
zhat=x([1;2;4]) ;
G_z=0*eye(3,3) ;
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(k) + ayylk — 1)+ asy(k — 2) = byu(k — 1) + byu(k — 2) y(@

=
n

N N
ity
SN’ N

estimator >

A
S O
[ 3] -
~ T~

=

Figure 5.12 — Estimator of the parameters of a linear system

Bk=[0;0 ;dt] ;

G_alpha=dt*diag([0.01;0.01;0.1]) ;

while sortie==YF,

draw_voiture(x) ;

//y=x(4) ; Ck=[0 0 1] ; G_beta=0.1; // if odometers exist

y=[1; Ck=[]; G_beta=[]; // if no odometer exists

Ak=[1 0 dt*cos(x(5))*cos(x(3)); 0 1 dt*cos(x(5))*sin(x(3)); 00 1 1;
[zhat,G_z]=kalman(zhat,G_z,uk(1),y,G_alpha,G_beta,Ak,Bk,Ck) ;
noise_x=zeros(x) ; noise_x([1 ;2 ;4])=Randcov(G_alpha) ;

x=x+f (x,u) *dt+noise_x ;

end ;

5.5.6 Parameter estimation of a transfer function

Consider a system with a scalar input u(k) and a scalar output y(k) described by the following equation
y(k) + a1y(k — 1) + agy(k — 2) = byu(k — 1) + bou(k — 2).

The problem to be considered is the online estimation of the coefficients a; and b; (see Figure 5.12). We
only know that these coefficients are moving slowly with respect to k. Define the parameter vector p =
(a1, az,b1, bg)T. To take into account the fact that p is almost constant, we shall model its evolution by the
following state equation
p(k +1) = p(k) + a(k),
where a(k) is a white noise with a covariance matrix I',. A Kalman filter based on the following linear
system
p(k+1) = p(k)+alk)
{ y(k) = C(k)p(k) + (k)
with
C(k) = (=y(k = 1), —y(k — 2),u(k — 1), u(k — 2))
where (k) is a measurement noise with variance I'g, can be used to estimate p(k). Such a filter can be used
for instance to recognize vowels in a sound-based signal.
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Figure 5.13 — Kalman filter to estimate the state of the inverted pendulum

5.5.7 Inverted pendulum

Consider the inverted pendulum described by the following state equations

z "? 0
a| ? f 0
| = | zsinf0 —gcoso) | ¥ 1 u.
:‘L’ 1+Sln229 1+Si1’12 0
0 sin §(2g—0" cos 0 _ CO§92
1+sin? @ 1+sin” 0
or equivalently
I3 0
. Z2 0
X = —sinza(z2—gcos ) + 1 U
1+Sin2 T2 1+Sin2 z9
sin :1:2(29—:132 cos x2) COS T2
1+4sin? 22 1+sin? 2
Vv
f(x,u)

The controller needs an estimation X of the state vector x that will be estimated using a Kalman filter (see
Figure 5.13). Around x = 0, we can linearize the system using the first order approximation method

sinza(gcoswa—x3)+u _ (zate)(g(Ate)—Le)tu _ (zate)(g+e)tu

1+sin? xo 1+(wa+e)? T+e =grot+u+te
sinz2(2g—a32 coswa)+coswau  (wate)(2g—e(1+e))+(1+e)u 92
1+sin? z - 1+(z2+a)2 ez Tute

We thus get the following linear approximation :

»

Il
o O O O
Q@ O O
o O O =
O O = O
_— =0 O
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An Euler discretization with a sampling time of dt yields

1 0 dt 0 0 a1 (k)
0 1 0 dt 0 as (k)
k1) = k k
x(k+1) 0 datg 1 0 |[XET| g [P 0w
0 2dt.g 0 1 dt. ay (k)
N\ ~ N, o’
=A =B

where the vector « (k) is noise vector which takes into account the model errors as well as the discretization
noise. The observation equation is

(1000 B, (k)

C

A Kalman filter can thus be used as an observer to estimate the state of the pendulum. If now, we replace
in the prediction step of the Kalman filter, the statement

Xpt1lk = ApXpp + Brug

by
)A(k+1‘k = )A(k‘k +f ()A(k“g, Uk) .dt

which corresponds to an Euler prediction, then, the prediction will be more accurate. This principle yields
the extended Kalman filter (EKF).
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Kalman filter for localization

Consider a car robot described by the following state equations

T T4 COS T5 COS X3
To T4 COS T Sin x3
IE3 — T4 Sgl’l s

Ty Ul

jj‘5 ug

where (z1,z2) represents the position the coordinates of the center of the robot, 3 is its heading, x4 its
speed and x5 the angle of the front wheels. The robot is surrounded by landmarks m(1), m(2),... with
known positions. The robot is able to see the landmark m() only if its distance to the landmark is less than
15m. In this case, the robot measures the angle §; with a high precision. Moreover, at each time ¢, the robot
is able to collect angles x3 and x5 without any error. It is also able to measure it speed x4 with an error of
variance 1. The figure below illustrates the situation where two landmarks m(1) and m(2) are seen by the
robot.

m(3)

\ 4

To use a Kalman filter for localization, we need linear state equations, which is not the case here. Since
x3 and x5 are assumed to be known, the nonlinearity can be cast into linear time-dependent equations, by
setting z = (x1, 2, r4). We get

Z1 T T4 COS T5 COS I3 0 0 coszscoszs 1 0 0
29 = | a9 = T4 COS T5 Sin x3 =| 0 0 cosxzssinxg z2 |+1 0 0 Ju
Z3 Ty uy 00 0 23 1 0
An Euler discretization yields
1 0 dt.cosxs.coszs 0 0
z(k+1)= 0 1 dt.cosxs.sinxs |.zi+ 0 0 |up+ g
0 01 dt 0
~ N——

A(k) B(k)
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which is a linear evolution equation. We shall take dt = 0.03s. When the robot sees the ¢th landmark
m (i) = (2 (1), Ym (i))" with an angle &;, we have

(T (1) — x1) sin (x3 + 0;) — (Ym (i) — x2) cos (z3 + d;) = 0.

i.e.,

“Tm (7) sin (3 + ;) + ym (i) cos (x3 + ;) = ( —sin (z3 4 §;) cos(z3 + d;) ) < i; ) + 0.

TV
known

known

where (3; is a Gaussian noise with a variance 1, witch has been inserted to take into account the uncertainties
on the measured angles. If {i1, i, ... } are the numbers of the landmarks that are seen by the robot, we have
the following linear observation equation

0 0 1
—sin (x3 +6;,) cos(zg+d;,) O
yE) =1 _gn (z3 + 0iy) cos(zz+0,) 0 |7 (k)
clk)

Note that the dimension of y depends on k. The first equation is provided by the odometers which return
the speed. All other equations correspond to the detected landmarks..

1) Download the following program
www.ensta-bretagne.fr/jaulin/ensi_kalman_gonio.sce

and propose a Kalman filter for localization. The initial state is assumed to be unknown.

2) After a simulated experiment, draw the volume of the confidence ellipse with respect to time. Give an
interpretation of the results.

3) Consider now the situation with two robots R, and R that can communicate via wifi. When the distance
between the two robots is less than 15m, using cameras, they can measure the angles ¢, and ¢, with a good
precision (see the figure below).

Rs

Xp2 )

Xa2

Xal Xpi
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We can see the two robots as a single system the state of which is given by
X = (Tal; Ta2, Ta3, Tads Tas, Tbl, 62, Th3, Tods Tbs) |
When the robots are able to detect each other, we have the relation
(xp1 — xa1) sin (a3 + ©,) — (Tpa — Ta2) cOS (43 + @,) = 0.

Define the vector

T
z = (ZTal, Ta2, Tads Thl, Th2, Tha )

and show that z satisfies a linear state-space equation. Show that

( —8in (a3 + @,) €08 (a3 +¢,) 0 sin(xaz + ¢@,) —cos(xe3+@,) 0 ) z=0

4) Propose a centralized Kalman filter for the localization of the two robots.



