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Abstract

One of the challenges of interval analysis is to explore and bridge the gap between
trivial illustrative examples for which it is not really needed and actual complicated
applications for which it is still powerless. Two examples of applications pertaining
to this gap are presented in this paper. The first one corresponds to the forward
kinematic problem for a Stewart-Gough platform, a benchmark for numerical and
symbolical computations. All real solutions are isolated in a guaranteed manner.
The second example is relative to the localization and tracking of a vehicle in a
partially known environment from distance measurements provided by sonars. The
unavoidable presence of outliers is taken into account, which makes the method
actually applicable. None of these problems can be solved satisfactorily by the usual
local numerical methods based on iterative refinements, and the advantages provided
by an approach based on interval analysis are evidenced.
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1 Introduction

Interval analysis (IA) makes it possible to obtain numerical solutions on com-
puters to such basic problems as solving sets of nonlinear equations or inequal-
ities or minimizing nonconvex cost functions. These numerical solutions are
provided under the form of sets guaranteed to contain all actual solutions of
the initial mathematical problem. This is a considerable advantage over the
usual numerical methods that deliver a point estimate obtained by iterative
refinement of some initial guess, without any guarantee of exhaustivity.
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Unfortunately, IA suffers from the curse of dimensionality, and many prob-
lems of practical interest turn out to be too complex to be handled. One of
the challenges of TA is thus to explore and bridge the gap between trivial il-
lustrative examples for which it is not really needed and actual complicated
applications for which it is still powerless.

The purpose of this paper is to present two nontrivial but workable examples
taken from the field of robotics. Neither of them can be solved satisfactorily by
the usual local numerical methods based on iterative refinements. Given the
space available, their presentation will be sketchy, but references are provided
for more information. The first application, considered in Section 2, is a classi-
cal problem of parallel robotics, which has become a benchmark for numerical
and symbolical computations. The second application, described in Section 3,
is the localization and tracking of a mobile robot from distance measurements
provided by sonars.

2 Forward kinematic problem for a Stewart-Gough platform

N\

Fig. 1. Stewart-Gough platform

A Stewart-Gough platform (SGP) consists of a base and a mobile plate, con-
nected by six limbs with variable lengths (Figure 1). By acting on the lengths
of these limbs, one can modify the position of the mobile plate relative to the
base. This device is an example of a parallel robot, as opposed to an articu-
lated arm where the effectors attached to the articulations act in series. SGPs
are used in flight simulators, as well as in many other applications where force
and precision are required. What is known as the forward (or direct) kinematic



problem for an SGP is the computation of all the possible configurations of
the mobile plate relative to the base given

e the positions a(i) (i = 1, ...,6) of the connections between the limbs and
base, defined in a frame R attached to the base by the numbers a9 (i), a3 (i)
and a3(i);

e the positions b(i) (i = 1, ...,6) of the connections between the limbs and

mobile plate, defined in a frame R; attached to the mobile plate by the
numbers b1 (i), bi(i) and bi(i);
e and the lengths y; of the limbs.

The configuration of the platform is specified by the vector

X = (Cgacg7cga¢797¢)’r7 (1)

where ¥, ¢ and ¢ are the coordinates of the origin of the frame of the mobile
plate in Rg, and where 1, 8 and ¢ are the Euler angles of the transformation
from R, to Ry. The model computing the vector y,, of the lengths of the
limbs as a function of the configuration x can be written as in Table 1.

The forward kinematic problem can now be formulated as that of computing
all x’s such that y,,(x) = y, where the numerical value of y is known. This
problem has generated a lot of heat among mathematicians, mechanicians and
computer algebraists. It is known that there are at most 40 complex solutions
in the most general case, but of course only the real solutions are of interest.
Hansen’s algorithm for sets of nonlinear equations [1] can be used to solve it
[2] and [3]. This involves a guaranteed numerical search in a six-dimensional
box of configuration space, which is chosen large enough to enclose all so-
lutions. Among the advantages of the IA approach, one may note that the
problem is easily treated on a personal computer even in the most general
case where the base and mobile plate are nonplanar, that all the real solutions
are obtained (and only them), that the trigonometric functions are handled as
such without having to perform an overparametrization to make the equations
polynomial and that the numerical results are provided with a reliable eval-
uation of their accuracy (each configuration vector consistent with the data
is isolated in a very small box guaranteed to contain it). Last and not least,
IA allows uncertainty in measurements and geometric parameters to be taken
into account.

This problem evidences the capability of IA to solve complicated sets of nonlin-
ear equations in an exhaustive and guaranteed manner. IA is already competi-
tive with methods based on computed algebra, over which it has the advantage
of providing a guaranteed evaluation of the numerical accuracy of the solutions
that it delivers. Much remains to be done, however, to speed up computations



Table 1

Model computing the lengths of the limbs as functions of the configuration vector

; . 0,00
input: cj,cy,c3,v,0,¢

r11 := €08 1) coS ¢ — sin cos O sin ¢;
r19 1= — €08 1) sin ¢ — sin cos O cos ¢;
r13 := sin sin 6,
r91 1= Siny cos ¢ + cos 1 cos 0 sin ¢;
r99 := —siny sin ¢ + cos 1) cos O cos ¢;
ro3 := — coS 1 sinf;
r31 := sin @ sin ¢;
r39 := sin f cos ¢;
r33 := cos 0;
fori:=1 to 6

b9(3) := ¢ + r11b} (i) + r12b3 (4) + 71303 (3)

)
bg(i) = cg + 1216} (4) + ro2bd (4) + 7"231);13 7)
)

i
i

(
bg(z) = Cg + 7‘31[)% (’L + ngb%(i) + 7'33()}))(2');

0

2

ym (i) == /(a3 (i) — b9(0))2 + (a9 (i) — b3(3))? + (a (i) — b3(4))?;
end for
output: ym(i), i=1,...,6.

that take up to a quarter of an hour on present day personal computers. The
next section will illustrate the capability of IA to deal with complicated sets

of nonlinear inequations.

3 Localization and tracking of a vehicle

The autonomous localization of a vehicle in a partially known environment is a
key issue in mobile robotics. The problem considered in this section is the esti-
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