A new interval state estimator, application to sailboat been considered for control [10] or source separation [4f,

robotics never for state estimation.
Section 2 shows how the state estimation problem can be-trans
Luc Jaulin formed into a set inversion problem parametrized by the time

Basic notions on interval analysis and the set inversiomralgn

Abstract— This paper proposes a new set-membership state estimator are b_Oth presentfed on Section 3. Section 4 presents theasiitbbe

for estimating the state vector of a nonlinear dynamic robot The method ~ considered and illustrates the procedure to be followedatastorm

combines flatness concepts with interval set inversion techniques. Tw the state estimation problem into a chain of set inversi@blems.

testcases related to the state estimation of a sailboat robare proposed Two simulated testcases are treated on Section 5. Sectiondfucles
to illustrate the principle and the efficiency of the approad. the paper.

Index Terms— bounded-error, constraint propagation, flatness, nonlin-
ear observers, interval analysis, sailboat, robotics, seheory.

Il. APPROACH
This section shows how a state estimation problem can bentast
I. INTRODUCTION a set of set inversion problems that have to be solved at estimni.
This paper presents a new set-membership approach fomeanli Consider the system described by the following state eopsti
state estimation with an application to sailboat robofidss problem x = f(x,u)
is motivated by themicrotransat challengevhere small autonomous { y = gx), (1)

sailboat robots are designed to cross the Atlantic ocean AB] ) )

components of such robots should be as robust as possibe wihereu € R™ is the control vectorx € R" is the state vector

respect to all situations (heavy weather, waves, salt wierlevel andy € R™ is the output vector. The dimension af and that of

of energy, long trip,. .. ). For sailboat robots, two types of sensory are assumed to both equal. All vectors depend on the continuo

can be considered. time ¢. For simplicity, we assume that the evolution functiband

« Reliable sensorswhich could survive to all situations. Suchthe observation funguorg are both smooth.W|th. respect tO.thEII’
gyments up to a given order The system is said to béat with

sensors are the GPS, the compass, the gyrometers and . . :
the flat outputy if there exist two functiongp and ) such that for
celerometers. All these sensors are low energy consuneats, C

be enclosed inside a waterproof tank and can survive forsyea?” t, we have

The GPS gives us the position of the boat and new generation x = ¢ (y75,7 o 7y(r71))
GPS can also return the speed of the boat with a good accuracy . (re1) (") 2
by using the Doppler effect. Since magnetic perturbatiosile u = (y, MERERED 4 Y ) :

the ocean can be neglected, the compass measures the leg\W/, in practice,¢p and > are unknown. To get them, we have to
direction with a rather good accuracy. The gyrometer rgu”ﬂ)roceed in two steps

the rotational speed and the accelerometers provide thamdl
pitch of the robot.

« Unreliable sensorswhich have a high probability to brake down
in case of heavy weather. Anemometers (device that is used

o The derivation step (see [13]) computes symbolically
v, ¥, ...,y with respect tox and u, using (1), to get
an expression of the form

for measuring wind speed), weather vane (which returns the y
direction of the wind), dynamometers which measure theefrc v <
on the sail or the rudder are considered as unreliable. Tteey a =h ( u ) 3

directly in contact with aggressive natural elements (winave,
salt) and can fail down at any time. Yy

On the one hand, to control the robot, it is necessary to know This can be done automatically without any difficulty using
where the wind comes from, what is its power, how strong aee th  symbolic computation. It suffices to take the equatjos g(x)

)

forces on the sail or on the rudder, if the mainsheet is tighta, and to compute symbolically its first, second, rth derivatives
... (see e.g. [23], [12]). On the other hand, a reliable boat lshou  with respect ta. At each stepx should be replaced bf(x, u).
only enclose reliable sensors. The aim of this paper is tidofo « Theresolution stegnverses symbolically the functioh to get

« The first goal is to show that the variables that could be nreasu an expression of the form (2). This operation is difficult bdain
by the unreliable sensors could be reconstructed dynaical  except for simple systems.
from the data collected by the reliable sensors. This is mew i Example. Consider the system
a sailboat context.

. The second goal is to give a new method which combines o= on T2
nonlinear observation techniques [6], basedlamess concepts, T2 = aytu
Yy = X1.

with interval analysis [21]. The first tool makes it possilite
transform the observation problem into equations that hiave For the derivation step, we compugey, ij with respect tax and u.
be solved at each time whereas interval analysis provideswe get

systematic way to solve the inversion problem [18] taking in y = o1
account some interval uncertainties on the measuremeat dat y = T1=2x1+ 22
Note that combining interval analysis wiflatness has already § = i1+ de =1+ x2+ 23+ u.
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For the resolution step, we have to isolateu to get an expression
with respect toy, 7, §. We get

T = Yy
Tz = Y—T1=9Y—Y
u = - (ritatad)=g-9- G-y’

As a consequence,

. _ Yy
Py = ( gy ) 2
V(90 = §-9—-@-y)".
|
Equation (3) can be rewritten as
z=h(w), 4)
where
y
y X
z = : andw:<u). (5)
y(r)

Assumption. We assume that for all variables involved in EquatimF

(4), membership intervals are available [25]. These imtisncan
either be punctual if the value of the corresponding vaeiaknown,
small if the variable is measured with a good accuracy or letua

] — oo, 00[ if nothing is known about the variable. For our stat

estimation problem, we have three types of variables.
« The input variables.;,i € {1,...
known exactly or with a good precision, i.e., the correspogd
interval [u;] can be assumed to be small or punctual.
e The derivativesJEj) of the output variableg; ,i € {1,...,m},
j€

applications, the intervals for derivativeﬁj) can often be

obtained directly via derivative-based sensors (such ak-lo
Doppler system, gyrometers or accelerometers). When rlo suc

sensor is available and whepn is not too noisy, a robust
derivation method (see e.g. [20]) can provide an estimdtion

the derivativeSyZ(j ) (but without any estimation of the error).

This estimation might help the user to get interv%gl@@], but
without any reliability.

o The state variabless;, i € {1,...
unknown. The corresponding intervals] are thus] — oo, oo|.

Define the boxes

wl = [ea] x - fa] x fua] -+ x un],

[x] [u]

and
[z]: [y1]><---><[ym]><--->< [yir)} X oo X [ygr:)].
N——

vl

]
The posterior feasible set fav is
A

{we[w],Fz € [z],z
[w]nh™ ([z]).

B}

,m} can be assumed to be

0,...,r}, are measured with a known error. The interval
[yf” containingyl(” can be considered as small. For roboti

,n} are considered as

is a singleton [4], [8]. Here, since no such assumption iseddine
setX(t) generally encloses an infinite number of elements. However,
its size can be small enough to allow us to find a control thaitdit

all state vectors insid&(¢).

Remark 2. When the system iflat, we may already have an
analytical expression foh~! and thus interval methods are not
required anymore for the inversion. However, for our sgiliboat,
or for many other engineering systems, the inversion cabeatone
symbolically and a reliable inversion procedure, such asghovided
by interval set inversion, is necessary.

Ill. SET INVERSION WITH INTERVAL ANALYSIS

With an interval approach, a random variablef R is represented
by an interval [x] which encloses the support of its probability
function. This representation is of course poorer thanghatided by
its probability density distribution, but it presents seeadvantages.
(i) Since an interval with non zero length is consistent withrdimite
number of probability distribution functions, an intervapresenta-
tion is well adapted to represent random variables with euise
robability density functions(ii) An arithmetic can be developed
or intervals, which makes it possible to deal with unceries in
a reliable and easy way, even when strong nonlinearitiearoi)
When the random variables are related by constrairgsgquations
or inequalities) a propagation process (which will be exyd later)

eprovides an efficient polynomial algorithm that computeteiivals

enclosing all feasible values for the random variables.

A. Interval arithmetic

An interval is a closed and connected subseRofConsider two
fhtervals [z] and [y] and an operator € {+,—,.,/}, we define

%] o [y] as the smallest interval which contains all feasible vafoes

z oy, if z € [z] andy € [y] (see [21]). For instance

[_173] + [275] = [L 8]7
[—1,3].[275] = [_5a 15]a
[_173]/[275] = [_%’%]

If fis an elementary function such sis, cos, ... we definef([z])
as the smallest interval which contains all feasible valioesf(z),
if x € [x].

B. Contractors

Consider a constraird (i.e., an equation or an inequality), some
variablesr1, z2, . .. involved inC and prior interval domaing;] for
thex;’s. Interval arithmetic makes it possible to contract thendins
[x;] without removing any feasible values for the's. A contraction
operator is called aontractor.When several constraints are involved,
contractors are called sequentially, until no more sigaiftccon-
traction can be observed (see [17], for more details). Thenal
propagation method converges to a box which contains alitisols
of our set of constraints. If this box is empty, it means tlinare is
no solution. It can be shown that the box toward which the oetth
converges does not depend on the order with which the cdatsac
are applied [17], but the computing time is highly sensitiwethis

Characterizing the s&¥ for a givent is thus a set inversion problemorder. There is no optimal order in general, but in practaee of

[18] which can be solved efficiently using interval analystnce
W has been computed, the posterior feasibleXsdor x is easily
obtained by a projection dfV onto thex-space.

Remark 1. If the system is observable, if the vectows and
y@,j < r —1 are known without any errors, then the $étt)

the most efficient is calletbrward-backward propagatiart consists

in writing the equation under the forjg = h(x). Then, using
interval arithmetic, the intervals are propagated franmo y in a
first step forward propagatiof and, in a second step, the intervals
are propagated fromg to x (backward propagation



C. Algorithm for set inversion We shall propose a simple deterministic model that will teuased
J3y our state estimator to describe the dynamic of the sdtil(see

We shall now present an algorithm [18] to characterize the s ; g ) ]
igure 1). This model is given by following state equations

W = [w]nh™ ([z]), as required by Equation (6). The corresponding
algorithm is given by the table below. The inputs of this aion,

are [w] which is a (possibly huge) box enclosing all feasikle= z = v cos @ + pracos )
(x,u) for all ¢, [z] is the box defined as the Cartesian product of o= vsinf + piasiny
the intervals[yl(j)} enclosing the outputs!”’ of our system at time 0 = w
t (see Equation (5)). The s&F" is a subpaving (i.e., a union of o= L Sm(ssff;;mulfpzv
boxes) which encloses the feasible ¥ét w o = Lolpampg confol cpafe Con iy opase
¢ = @
Algorithm SIVIA (in: [w], [z], out: XT) v o= 0
1 = {[w]} fs = p4asm(9'—1/)+5s)
2 repeat fro= PsvSIN UL
3 pull ([w], £); vy = cos (6 — ) + cos (uz)
4 while the contractions are significant 5y = { = 0+y if §_0
5 compute[w] enclosing[w] N h~* ([z]) sign (sin (0 —¢)).u2  otherwise.
6 end repeat
7 bisect[w] and push the resulting boxes infb wherep; is the drift coefficientps is the tangential frictionps is the
8 until all boxes ofg have a width smaller thaa angular friction,p, is the sall lift, ps is the rudder lift,pg is the mass
9 Wtr:=ug of the boat ang is its angular inertia. The distancgs, p~, ps are

represented on Figure 1. All parametgrsare assumed to be known

exactly. The sailboat has two inputsi = J.. is the angle between

the rudder and the sailboat ang = J, is the maximum angle of the

aail (which is limited by the length of the mainsheet). Thisdal is

Wsimilar to that described in [15], except that hefi¢,we added the
Girection of the windy and its amplituden as state variables and
(i) the control is not anymore the sail angle, but the length ef th
mainsheet, which is more realistic.

The list £ contains boxes, the union of which enclos&s It is
initialized at Step 1 with the single bopw]. At Step 2, a repeat-
until loop is run until all boxes of¢ have a width smaller than a
given accuracye, which is chosen small enough to have a goo
accuracy on the result and large enough to respect the allo
computing time. At Step 3, the largest box is pulled out frdm t
list. The forward-backward contractor is iterated at Stepndil no
more significant contraction can be observed, i.e., urgiHlausdorff
distance between the current box and the contracted boxatlesm Remark 1. To apply the method proposed in Section II, the model
than a given threshold. At Step 7, the current oy is bisected had to be deterministic. This is why we took a constant wine:

into two smaller boxes. These two boxes are pushed at the fendéo= 0 no swell,... in the model.
the queueg. At Step 9, the algorithm returns the subpaviig" Remark 2. Recall that the sailboat model is proposed in order to
made by the union of all boxes storedfn The properties of &1A illustrate the new state estimation approach developetisnpaper.

(time and space complexity, convergence,) have been studied in The main advantages of this model is its strong nonlineatitthe

[18]. The complexity has been shown to be exponential wiipeet hybrid behavior due to the fact that the mainsheet may be tigh

to the dimension ofw. not. This makes the estimation problem very difficult to solsing
existing deterministic approaches and easily solved byptheented

IV. STATE ESTIMATOR FOR THE SAILBOAT approach.
A. Model used by the state estimator

The application to be considered in this paper is the estmat
of the state of a sailboat in order to reconstruct the forog tue
direction of the wind. Three types of models are generallysatered

when dealing with robotics applications. They are listed ngth an . . .
. . 9 0'1€s app y The state estimator to be proposed is based on the previodsl mo
increasing degree of fidelity. LT . .
. . and assumes that y, 0, z,y, 0, %, §, 0 are known with a given error.
« Themodel for the controllerit should be as simple as possibleryis assumption is rather realistic if our robot is equippeith a
(if possible linear) in order to be able to control the robot | Doppler GPS and accelerometers. Otherwise, robust diffet@n

a robust way. For instance, if one use a proportional-iategr 1 athods should be considered [20] to get, i, i, 0, 6. From the
derivative (PID) controller to control the heading of a badlt, ¢iate equations of the model, it is easy to check that
the underlying model that is assumed is a second order linear '

system, which behaves approximately as a sailboat (in aalont
point of view).

« The model for the state estimatoit should also be simple but
should behave approximately as the actual robot. This model
should take into account the nonlinearities of the robot tued
nature of the noise.

« Themodel for the simulatort should be as realistic as possible
taking into account the environment (the swell, interactigth
other boats, . .), the sensors, the actuators, the communication,
... [7], [?]. As a consequence, it is generally complex and non
deterministic.

B. State estimator

|
=
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(@) Fig. 2. Left: simulated experiment (Testcase R)ght: estimation of the
wind

represent the unknown wind vector, which is time dependeot.
the simulation, we took

a = 0.2.cos (0.1¢) ®)
1 = —0.1sin (0.1¢)
with @ (0) = 10 and+ (0) = 2, whereas our state estimator believed
that the wind is constant. Thus, for this testcase, the medel is

(b)
0
Fig. 1. Sailboat considered to illustrate the new statemedtr 8
e(t) = 0
whereh is given by the following expression 0
0.2.cos (0.1t)
z —0.1sin (0.1¢t)
Yy
0 The parameters for the simulation have been choserpas=
vcost + pracosy 0.1,p = 100 Kg.s™!, p3 = 500 N.m.s, pa = 500 Kg.s~!,
h(w) = vsing 4 prasiny ps = 70 Kg.s™!, ps = 1.1m, pr = 1.4 m, ps = 2m, py = 1000Kg
(fo. 51060 fs Sinulj‘;zv)cose ] anc_iplo = 2000 N.m.&. These parameters are_known py t_he_state
7o —wvsinf estimator. For alle, y, 0, %, 9, 0, &, 4,6 a small uniform noise inside
Ussindefosihur—pav) il 4y cos f the interval[—2.107%,2.10~%] has been added.
fo(p—pr cos ) —psfr cosu) —pgw The results obtained by our state estimator are represéigede

e 3. The intervals defining the frames for the variables[dre [0, 17],

, ST [a] € [0,15], [v] € [-2,2], [¢] € [0,2n], [6,] € [-2,2], [f,] €
box [z] enclosingz = (w,y,é’,w,yﬁm% 9) , we compute the [_1000,1000] and [f.] € [—10000,10000]. At time ¢, = 0, the
feasible sefW = [w] N h~! ([z]). The Tchebychev center (i.e., thespeed of the boat is small and the state estimator does neidgro
center of the smallest cub®) provides us an estimate for the statea good precision. At time;, andts two sail angles with different
vector and thus an estimation for the direction and the spéd¢de signs fit the data which yield some estimation problems.dmghe
wind. interval [t2, t3], we havey < 0, the boat is thus head to wind and the
mainsheet is not tight. We checked that the interval enes@ways

V. TESTCASES contain the true signals. Figure 2 (right) represents omibrel frame

all feasible wind vectors

and fs (w), fr (w),0s (w),v(w) are given bTy (7). From the the

We shall now propose two testcases to illustrate the behafio
our state estimator. We shall assume that the actual roblesisribed
by

{ x(t) = fx(t),u(®)+e() B. Testcase 2
y(t) = sg(x(t),
where e () is the difference between the evolution used by our We shall now consider a new simulation where the win.d is still
estimator and the actual robot. The vectoft) is called model 9iven by (8). But we also added a drag force along the sail
error. It is small quantity which encloses the model approxinreatjo
unpredictable perturbations (variations of the wind, $waljae on farag= 30.a. cos(0 + §, — V)
the keel,...) or any other state noise.
which slows down the robot and a swell perturbation (the wazme
A. Testcase 1 from East) which applies a yaw torque given by

We consider the simulated experiment represented on Figure . ¢
(left). The duration this experiment ifmax = 17s. The arrows Towen = 30.5in 0. cos 0. cos(75)-
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Fig. 3. Envelopes obtained by the state estimator for Test¢a

Fig. 4.
wind

As a result, the model error (unknown by our state estimaagiven
by
0
0
0
elt) = %.a. cos(f + 6y — ). cos b,
p3—1(:J. sin(6). cos(6). cos(5)
0.2. cos (0.1t)
—0.1sin (0.1¢)

Figure 4 (left) depicts the actual motion of the simulatedbsat
with the perturbation. Note that on this figure, the tackitgring
between starboard and port tack) has been perturbed by bvsavel.

The results provided by the state estimation are depicteigure

4 (right) and Figure 5. The frames are the same as for Testcase
except that now € [0, 25]. Most of the time the true signals (painted

grey) are inside the envelope (painted black) provided Iy state
estimator. When it is not the case, these true signals ase ¢tothe
envelope.

a
)4
5. \-—fr_J_
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Sr
fs
| I
v ) S 4

Fig. 5. Envelopes obtained by the state estimator for Test@a

Note that the model we have used for the simulation should be
made more realistic to validate our state estimator. Thisdcbe done
by building an accurate model using recent ship modellingrigues
(see e.g. [2], [11], [1]).

The C++ code of the simulation as well as movies illustrating
the simulated experiments with the interval state estimaém be
downloaded at

www. enst a- bretagne. fr/jaulin/getw nd. htni

VI. CONCLUSION

This paper has presented a new approach for nonlinear state

Left: simulated experiment (Testcase Rjght: estimation of the estimation. This approach combines some nonlinear stéitaat®n

techniques [6] based ofiatness [5] with interval set inversion.
Flatness makes possible to transform the state estimatiaigm

into set inversion problems parametrized by timénterval analysis
solves rigorously and efficiently the resulting set estioraproblem

for eacht. The resulting state estimator has several advantages over
classical approaches.

« The state estimatois reliable with respect to nonlinearities
Thanks to interval analysis, it is able to deal with nonlinea
(or nondifferentiable and even noncontinuous) state émpst
without linearizing (as done by the extended Kalman filte)2
or approximating them.

« The state estimatadoes not require the interval integration of
differential equation Such integrations are needed by all other
interval state estimation methods [14], [16], [22], [9] whi
makes them inefficient for high dimensional systems.

« The state estimatatakes into account bounded noises the
outputs and their derivatives. To my knowledge, it is note&lon
by existing algebraic nonlinear state estimators.

« The state estimataran be used for real time applicationSor
eacht, interval set inversion has solved the state estimation of
our sailboat problem within a time smaller thén sec.



The approach has been illustrated on the state estimaticm of
sailboat. The sailboat estimation problem has severalrddgas (i)
it is motivated by the fact that we want to build a reliable towahout
unreliable sensorgji) it is simple enough to illustrate the principle
and the generality of presented approach @dit is difficult enough
to make all existing other deterministic nonlinear apphescfor state
estimation fail.
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