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Finding all parameter vectors that are consistent with the data in the sense
that the error falls within prior bounds is a problem of set inversion, solved
in the general nonlinear case via interval analysis.
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Abstract—In the context of bounded-error estimation, one is
interested in characterizing the set of all the values of the
parameters to be estimated that are consistent with the data
in the sense that the errors between the data and model
outputs fall within prior bounds. While the problem can be
considered as solved when the model output is linear in the
parameters, the situation is far less advanced in the general
nonlinear case. In this paper, the problem of nonlinear
bounded-error estimation is viewed as one of set inversion.
An original algorithm is proposed, based upon interval
analysis, that makes it possible to characterize the feasible
set for the parameters by enclosing it between internal and
external unions of boxes. The convergence of the algorithm
is proved and the algorithm is applied to two test cases. The
results obtained are compared with those provided by
signomial analysis.

1. INTRODUCTION TO BOUNDED-ERROR
ESTIMATION
THis PAPER Is concerned with the problem of
estimating the unknown parameters of a model
from experimental data collected on a system
under given experimental conditions (e.g.
location of input and output ports, shape of
inputs, measurement times). Let y e R™ be the
vector of all these data. It may consist for
instance of n, scalar measurements performed at
given times on a single-input-single-output
dynamical system, but multi-input—multi-output
dynamical systems or static processes could be
considered as well. A parametric structure M(.)
is assumed for the model of this system, i.e. a set
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of models parametrized by a vector pe PcR™
to be estimated, where P is the prior feasible set
for the parameters. For the experimental
conditions used, each model M(p) generates a
vector output y,,(p) homogeneous to the data y.
The dependency of y, in the experimental
conditions needs not to be made explicit since
these are assumed fixed. The vector function y,,
is assumed to be continuous and locally
one-to-one (or identifiable). Define the error
between the data and model output by

€n(P) =Y — Ym(p)- )
In the context of bounded-error estimation (e.g.
Walter, 1990; and the many papers on the
subject in Banyasz and Keviczky, 1991) it is
assumed that e, (p) must belong to some prior
feasible set EcR™ to be admissible, and the
problem to be solved is that of finding the set S
of all admissible values of p corresponding to an
admissible error, i.e.

S={peP|e.(p)E}. @

In what follows, we shall assume that P and E
can be defined by finite sets of inequality
constraints. For any p € S, there exists e € E such
that '

Y=Yn(p) +e. (3)

Although set-membership estimation can be set
in a purely deterministic context, it can also
receive a stochastic interpretation. If P and E
are, respectively, the support of the prior
probability density functions (pdf) for p and for
e,(p) then, from Bayes’ rule, S is the support
of the posterior pdf for p. If P=R" then S is
the set of all values of p such that the likelihood
of the data is nonzero.

The estimation problem can always be
reformulated so as to include the inequalities



1054 L. JauLIN and E. WALTER

defining ® among those defining E, so that only
one prior feasible set needs to be considered. S
can then equivalently be defined as

S=y.'(y—B)=y.'(V)=e;'(E), (4

1 1

where e, and y,, are the reciprocal functions
(in a set-theoretic sense) of e, and y,,, and
where Y=y —[ is the prior feasible set for the
model outputs. The problem to be solved thus
appears as one of set inversion.

The interested reader is referred to the
surveys (Kurzhanski and Valyi, 1991; Milanese
and Vicino, 1991a; Norton, 1987a; Walter and
Piet-Lahanier, 1990) for a bibliography on
bounded-error estimation. The methods to be
used for characterizing S depend on whether
e.(p) is affine (linear) in p or not. In the first
case, the problem of guaranteed estimation can
be considered as solved when [E is a box.
Methods exist to characterize S exactly and
recursively (Broman and Shensa, 1990; Mo and
Norton, 1990; Walter and Piet-Lahanier, 1989).
Ellipsoids and boxes guaranteed to contain S
can also be computed (Belforte et al., 1990;
Fogel and Huang, 1982; Kurzhanski and Valyi,
1991; Milanese and Belforte, 1982; Pronzato et
al., 1989), In the latter case, when the error is
nonlinear in the parameters, guaranteed
bounded-error estimation is far less advanced.
For some types of output-error models, it has
been proven (Clément and Gentil, 1990; Norton,
1987b) that S is contained in a union of convex
polyhedra, which can be characterized exactly or
enclosed in a union of ellipsoids or boxes.

Whether or not the error is affine in p,
computing the smallest axis-aligned box contain-
ing S can be performed by solving 2n, problems
of mathematical programming. Each of them
corresponds to the maximization or minimization
of a component of p subject to the n, inequality
constraints that define P and E and thus S.
When the error is affine in p, this can be
performed by any of the methods available for
linear programming, such as Dantzig’s simplex
or Karmarkar’s algorithm, provided that PP and E
are polytopes. In the general case, global
optimization methods are needed if guaranteed
results are to be obtained. Among the many
methods available for global optimization (e.g.
Dixon and Szego, 1975, 1978; Mockus, 1989;
Zhigljavsky, 1991) only deterministic methods
(Horst and Tuy, 1990; Ratschek and Rokne,
1988) can be used since stochastic methods
converge only in probability. In a large number
of problems of practical interest (such as the
estimation of the parameters of an ARMA
model or of a discrete linear state space model),

signomial programming can be used (Milanese
and Vicino, 1991b).

All the methods available so far to give a
guaranteed characterization of S in the non-
linear case were limited to providing a
simple-shaped set guaranteed to contain it. In
this paper, we propose a new method to obtain a
more detailed description of S based on the use
of interval analysis for set inversion. This
approach is similar to the one currently and
independently being developed by Moore
(1992).

Section 2 describes two test cases which will be
used throughout the paper to illustrate the
various notions needed. Section 3 presents
interval analysis, the basic tool of the new
approach. Section 4 formulates the problem of
set inversion and gives some theoretical results.
A new algorithm for set inversion via interval
analysis (SIVIA) is proposed in Section 5. Using
a new distance between compact sets introduced
in Section 4, its theoretical properties are studied
and the results obtained on the two test cases are
described.

2. TEST CASES

Two test cases will be considered. The first
one deals with approximating a function on a
finite interval. It will show that the technique to
be described can be used even when the

» dimension n, of the data y is infinite. The second

test case has already been studied by Milanese
and Vicino (1991b) who estimated the smallest
axis-aligned box containing the corresponding
set S. It will be used to compare the results
provided by the signomial and interval-analysis
approaches, when both apply.

Test case 1. Find the set S of all values of
peP=][0,5] %[0, 5] = R? such that
lem(@, )|
=ly(@) = ya(@,)I=1 Vte[0,1], (5)
where ‘
y(@O)=£+2t+1
and (6)
Ym(P, t) = p1€xp (p1?).
The vector p is feasible if
Vie[0,1)], —1=e,(p,t)=1, )
Jmin y(5) =y (@, ) = —1, ®
max y(8) = ym(P, ) =1.

Thus, the posterior feasible set S is the same as
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if the data y = (0, 0)” were to be fitted with the
model output

Yn(®) = (min {7+26+ 1y exp (p2)},
=r=1]

T
max {f*+2t+1—p, exp (pzt)}) , (9
O=r=<1

the admissible set for the error being E=
{e|]-1=e=1}, where 1 represents the two-
dimensional vector with all components equal to
one. '

Test case 2. Assume that at times t=
(0.75, 1.5, 2.25, 3, 6, 9, 13, 17, 21, 25)7, the
following data have been recorded (one at a
time) on a single-output system:

y=(7.39,4.09,1.74,0.097, ~2.57, —2.71,
—2.07, —1.44, —0.98, —0.66)". (10)

The scalar output of the model M(p) at a given
time ¢ is described by

Ym(P, 1) =p1exp (—pst) + psexp (—pat). (11)

A MATLAB-like notation will be used (see the
notation section), so that the vector of the
outputs of the model M(p) for all measurement
times t will be denoted by

Ym(P) = p1xp (—pat) + ps exp (—pat). (12)
Following (Milanese and Vicino, 1991b), we

assume that the set of admissible errors E is
given by

E=[e] = [~ emax: €max]
={e| ~emmx =€ =<emu}, (13)
where
€max = 0.05 |y} + 0.11. (14)

ly] is the n,-dimensional vector with each
component equal to the absolute value of the
corresponding component of y and 1 is a vector
of ones. The prior feasible set for the parameter
is the box

P=[2,60] X [0,1] X [-30, =1] X [0, 0.5]. (15)

Figure 1 presents the data. The bars indicate the
uncertainty associated with each datum. S is the
set of all values of p such that each of these bars
contains the scalar model output associated with
the same time.

3. INTERVAL ANALYSIS

Interval analysis has been a very active field in
scientific computation for the last 20 years (e.g.
Moore, 1979; Neumaier, 1990; Ratschek and
Rokne, 1988). There are now commercially

FiG. 1. Data with feasible error bars for Test case 2 in the
(t,y) space. The frame corresponds to the domain
[-1,25] x[-7,13].

available extensions of FORTRAN and
PASCAL that include interval arithmetic among
their features (IBM, 1986; Kulisch, 1987). We
shall now define the notions of interval analysis
that will be used in Section 5 for the description
and analysis of SIVIA.

3.1. Boxes

Using boxes in the context of set inversion
makes it possible to replace point values of
vectors by subsets of the parameter space,
thereby allowing a global analysis of infinite sets
of points with a finite number of operations.
Note that other types of sets based, e.g. on more
complex polyhedra or on ellipsoids could be
used as well.

Definition 1. An interval [x] of R (or scalar
interval) is a closed, bounded and connected set
of real numbers [x]=[x",x*]={x|x"=x=
x+}. ”

Definition 2. A box [x] of R" (or vector interval)
is the cartesian product of # scalar intervals.

The set of all boxes of R” will be denoted by
IR”. Boxes will be specified indifferently in any
of the three following ways:

[X] = [x7, xF1 % [x5, x3] X - - X [x], %]
=[x X [x] X - X [x,] =[x, x].  (16)

Remark 1. Vectors x of R” will also be
considered as belonging to IR”, with x™ =x* =
X.

Definition 3. The width w([x]) of [x] eIR", is
given by w([x]) = max {x —xi}.

Definition 4. The enveloping box [A] of a
bounded subset A  R” is the smallest box of IR"
that contains A. [A] =M {[x] € IR" | A = [x]}.
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3.2. Minimal inclusion functions
The following definition makes it possible to
extend all concepts of vector arithmetic to boxes.

Definition S. Let f be a function from R" to R?.
The minimal inclusion function of £, denoted by
[f], is defined as [f]:IR"— IR?; [x]— [{f(x) | x €
(xD}]- '

[£((x]) is thus the smallest box of IR” that
contains f([x]), i.e. the enveloping box of f([x]).
It is easy to compute for elementary arithmetic
operators and functions.

Example 1. Addition of boxes of IR?.
If ‘
[x]=[x1, 271 % [x2, %3]

= [x,] X [x,] =[x, x*], a7
=0y, y11x[y2, y2]
=lxyl=ly",y] (18)

and if + is considered as a function from
_R*xR? to R? then, since ([x],[y]) is a box of
IR*,

[+1(0x], IyD)
=[xT +y1, x17 +yT]1X [x3 +y37, x5 +y3]
=[x"+y,x*+y*]. 19)

In what follows, [+]([x], [y]) will be denoted by
[x] + [y], and the same notation will be used for
all elementary arithmetic operators.

Example 2. Sum of exponentials.

Consider the function f:R*—>R; p—
P1€xp (p2) + ps exp (p,). From the monotonicity
of the exponential function, we have
exp ([p.]) = [expl([p:]) = [exp (pi), exp (p/)],
and [f]:IR*~IR; [p]— [p1]* exp ([p2]) + [ps] *
exp (pa)0 ¥ p;>0 and p;>0, then
[F1ap~, p*D =[p7 exp (pz) + p35 exp (p3),
pi exp (p7) +p3 exp (pi)].

Example 3. Sinusoid.

Consider now the function f:R*->R; p—

p1sinp,. Taking advantage of the fact that the
two parameters p, and p, appear independently
in the expression of f, we obtain [f]:IR*>— IR;
[pl— [p1] * [sin]([ p2]), where the minimal inclu-
sion function of sin,denoted by [sin]=
[sin~, sin*] is defined by:
If 3keZ such that 2kmw—m/2€[p,] then
sin” ([po])=—1 else sin™ ([p,]) = min (sin p3,
sinpy), if 3keZ such that 2kx + z/2€[p,)
then sin™ ([p,]) =1 else sin* ([ p,]) = max (sin p3,
sinp3), [sin}([p2]) = [sin” ([pa]), sin™ ([p2])}.

Test case 1. Since p, =0, the minimal inclusion
function for y,,(p) as defined by (9) is given by

[y-l([pD
= [ min {*+2t+1—p7 exp (p5t)},

O=t=<1

min {*+2¢+1—p7 exp (p{t)}]

O=r=<1

X [max {+2t+1-pfexp(pst)},

O=r=1

max {#+2t+1—p7 exp (p{t)}].
0=t=1
(20)

One evaluation of [y, ]([p]) thus amounts to
solving four simple one-dimensional optimiza-
tion problems. It is trivial to prove that each of
them can be solved using any local optimization
method twice (once initialized at ¢ =0, then at
t=1).

Test case 2. As p; =0, p;=0 and t>0, the
minimal inclusion function for y,,(p) as defined
by (12) is

[¥J(Ip]D) = [pT exp (—pzt) + p5 exp (—p2t),
piexp(—pzt)+p3exp(—pit)]. (21)

3.3. Inclusion functions

" 'When [f] cannot be computed, it can be
approximated by a (nonminimal) inclusion
function [F.

Definition 6. F:IR"—IR? is an inclusion func-
tion of f:R"”— R? if (i) V[x] € IR", £([x]) = F([x])
and (ii) w([x])— 0> w(F([x]))— 0.

Remark 2. An inclusion function F exists if and
only if f is continuous. Contrary to the minimal
inclusion function [f], F is not unique, and
[f] = F. Any intersection of inclusion functions is
an inclusion function.

Figure 2 illustrates Definitions S and 6. For
any function f obtained by composition of
elementary operators such as +, —,*,/,sin,
oS, exp, . . ., it is easy to obtain an inclusion
function by replacing each of these elementary
operators by its minimal inclusion function in the
formal expression of f (Moore, 1979). The
resulting inclusion function is called natural
interval extension in the literature. Relaxing
Definition 6 by discarding Condition (i), it is
also possible to take into account the effect of
rounding in the computation so as to obtain
intervals guaranteed to contain the exact



























